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Correlations in a system of N classical, coupled oscillators are studied, with a view toward obtaining
a more complete understanding of Griffiths-type inequalities. The potential energy is assumed to be
U=1%} Z(Z;Jg?&l} - EHM;, with ~00 < x; < wandJy; = Jiio The N X N matrix with elements {Ji}
is assumed positive definite. Sufficiency conditions for the correlation functions to satisfy Griffiths-type
inequalities are found to be: (i) X;; > 0 for all i, j, where K = J-* and (ii) X;K,;H; > 0 for all /. The
class of systems obeying (i) and (ii) contains those for which J;; < 0,/ # j, and H, > 0 for all k; these
are direct analogs of Ising ferromagnets. It is proved that a necessary and sufficient condition for
Griffiths-type inequalities to hold for arbitrary {H; > 0} is simply (i) above. The sufficiency conditions (i)
and (ii) are broader than those available to date for Ising models (only the sufficiency condition of ferro-
magnetic coupling is known). The necessary and sufficient condition (i) has no known Ising counterpart

at present.

I. INTRODUCTION

The mathematical description of Ising ferromagnets
has been enhanced in recent years by the considera-
tion of inequalities for spin correlation functions.
Such inequalities were proved first by Griffiths’ for
spin-} systems with pairwise forces. They have been
generalized to include the spin-3 case®2 and the
arbitrary spin case®® with many-body forces. They
have been useful tools in the rigorous proofs of various
statistical mechanical and thermodynamic properties
for Ising ferromagnets,®~! and have been investigated
to some extent for quantum and classical Heisenberg
models,*271% and other models.?

In the present paper, Griffiths-type inequalities
are studied for classical, coupled-oscillator systems.
Such inequalities are found to hold under well defined
circumstances. The model is tractable enough so that:
(i) rather broad sufficiency conditions for their
validity can be established, and (ii) a necessary and
sufficient condition for their existence can be obtained.
This provides the only nontrivial example (known to
the author) for which such extensive conditions re-
garding the existence of Griffiths-type inequalities are
known. For Ising models, ferromagnetic coupling is
known to be a sufficient condition for Griffiths’ in-
equalities, but broader sufficiency conditions are
lacking and necessary conditions have yet to be
ascertained.

In view of the still incomplete understanding!® of the
nature and scope of such inequalities, the establish-
ment of sharp criteria for their existence, even for
oversimplified models such as the present one, may
shed light on the general picture. It is felt that this
hope justifies publication of the present findings.
The mathematical techniques employed here differ
substantially from those employed in previous correla-
tion inequality studies. Some novel aspects of matrix

analysis and the theory of cumulant expansions are
central to the discussion. Perhaps such techniques
will find further utility in the consideration of other,
related problems.

In Sec. II, the coupled-oscillator model is introduced
and its canonical partition function is derived. In Sec.
II1, the correlation functions are introduced and their
connection with the cumulants of the canonical
probability distribution is discussed. The Griffiths-
type correlation inequalities are investigated in Sec.
IV; the major results are stated succinctly in Theorems
1-3. In Sec. V, certain monotonicity properties, which
are consequences of the correlation inequalities, are
elucidated for the thermodynamic potentials. Section
VI contains a summary and interpretation of the
results. This section closes with a brief discussion of
the corresponding quantum mechanical problem,
which leads to some interesting and apparently
unsolved matrix-theoretic problems.

II. THE MODEL

The basic model under consideration is a collection
of N particles in one dimension,)” coupled together
such that each one executes oscillations about its own
equilibrium position. The coordinates (x;, - -, xy)
are measured relative to the N equilibrium positions.
The potential energy is assumed to have the form

N N
U =3 3 Jx; 2 0, 0
where —o0 < x; < o fori =1, -, N. xrepresents
the N-dimensional vector with Cartesian components
(X3, , xy), and equality in (1) occurs only for
x=(0,-++,0)=0. The real coefficients {/;;} are
assumed to satisfy the symmetry condition

J;; =J;; for all pairs (i, /). @
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The right hand side of (1) may be thought of as a
truncated Taylor series expansion about x = 0, using
the convention U(0) = 0. Equation (2) then results
from equality of the mixed second derivatives of the
full potential energy (assuming the latter is continuous
and has continuous first and second derivatives).
Properties (1) and (2) imply that the matrix J of the
coupling coefficients {J,,} is a real-symmetric, positive-
definite matrix.'®

Although a formal resemblance between (1) and the
Ising model Hamiltonian for pairwise forces is evident,
it is helpful to delineate explicitly some of the similari-
ties and differences for the two models: (i) Both are
bilinear forms in their variables. (ii) Here, each x,
varies continuously from — oo to 4 oo, while for the
Ising model, each x; either takes on a discrete set of
values (quantum case) or a continuum of values in
some bounded domain (classical case). (iii) For the
Ising model, the Hamiltonian is preceded by a minus
sign, while (1) contains no such prefactor. [If a minus
sign were included in (1), the inequality U > 0 would
then make J a negative-definite matrix.] Thus, the
case for which J;; <0, is j, here corresponds
directly to the ferromagnetic Ising model. This point
is clarified further in Sec. IV. (iv) Since J is positive
definite here, J,; >0 for i=1,---,N. For the
Ising model, J;; is usually chosen to be zero for all 7.
However, at least for the spin-} case, if all the J;; are
chosen to be nonzero for the Ising model,the Griffiths
inequalities are unaffected. (v) The positive-definite
character of J here does not imply that all off-diagonal
elements of J have the same algebraic sign. In the
usual treatment of Ising ferromagnets, on the other
hand, one chooses J;; > 0 for i j and does not
specify that the corresponding matrix is positive-
(or negative-) definite.?

The coupled-oscillator system can be modified so as
to simulate external magnetic field interactions by
using the total potential energy

N
Up(x) = U(x) —kngkxk’ 3

where H, is the “magnetic field”” acting on particle .
The condition H, = H, for all k! (uniform
magnetic field) can be used in the final results, if so
desired, but it is convenient in their derivation to work
with the set {H,}.

The canonical partition function Z for the system
described by (1)-(3) is

Z(H) = (AYN)™ f "L f ? dx™ exp [~ U ()]

= (AVN)TZ(H). @
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The last line defines the configurational partition
function, Z,(H). A is the thermal wavelength, A =
(2rm{Bh%)%, which depends nontrivially on the inverse
temperature § and the mass m of the oscillators; 4 is
Planck’s constant.

For H= (H,, -+, Hy) =0, Z,(0) can be evalu-
ated explicitly by transforming to a basis in which J
is diagonal. The result,?® which is well known, is

Z,(0) = (27/B)¥*(det 3)2, (5)

Notice that detJ > 0 since J is positive-definite.
For H 5 0, a similar procedure is possibie. Let R
denote the real-orthogonal matrix which diagonalizes
J, ie.,

RIJR! =D, (6)

where D is a diagonal matrix whose elements D,, =

27> 0 are the eigenvalues of J.2! Define y = Rx,
so that, using an obvious inner product notation,

Ug(x) = 4(y, Dy) — (v, RH) = Uy(y). (7)

Since R is real-orthogonal, the Jacobian of the x —y
transformation is unity, and

zay={"- oy e -t ®
Rewriting (7) as

N N
Un(y) = %glﬂ?[yi ~ RH)AP ~ %kgl(RH)ilf,
©

and defining new variables z, = y, — (RH),A;%, it
is clear that

N
21D = 20 exp [ 18 3 (RE?

N N
= Z,(0)exp [%ﬁjzl IglK,-kHij] (10)
where
K=J1 (1)

is the inverse of J, i.e., the matrix with eigenvalues
{357,

Notice that the existence of K is insured by the
positive definiteness of J. Also, K is positive definite
since its eigenvalues are all positive, and it is symmetric
because J is. That is, the transpose of JK = KJ =1
is KTJ = JK” = I; thus K” = K.
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ITII. CORRELATION FUNCTIONS AND
CUMULANTS

The correlation function (x;) is defined by
oo = 2 [ [ axen) exp (= pUa00)

_ g2
= F7' 5y Un 2:80)

N
= ZKUHJ'
j=1

= (KH),. (12)

The symmetry of K was employed in conjunction with
Eq. (10) in obtaining the third line in (12).

The binary correlation function (x;x,) can be
written

connd = (2001 [+ [ ax )

X exp [—pUx(x)]

=~ + 0,0 (5 2. (1)

im
The factor (1 + §,,), where J,,, is the Kronecker
delta, arises because of the symmetry of J. Using (5)
and (10), the right-hand side of (13) can be evaluated
explicitly. This process, though instructive, is some-
what tedious and is carried out in the appendix. An
equivalent and more direct approach to obtain
(x;x,,) is to recognize that, due to the structure of
UH (X),
9(x,)

. Bl(xxm) — (X)X (14)
Using (12), it is seen that
d(xy) -
o, (15)
whereupon (14) reduces to
x¥1X) = 7Ky + (KH),(KH),, . (16)

Of course, the analysis beginning with (13) (see
Appendix) also leads to (16).

In analogy with (14), higher order correlation
functions can be obtained generally by differentiating
lower order functions. The differentiations can be
carried out with respect to components of H or
elements of J. For example,

0(X;X,,,)
0H,

Using (16), the left hand side of (17) can be evaluated
explicitly, in which case (17) can be rearranged to

= ﬂ((xlxmxn> - <xlxm><xn>)‘ (17)
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read

<xlxmxn> = <xlxm><xn> + <xlxn><xm>
+ Cepx ) (x) — 206)(x ) (x,)- (18)

An equivalent procedure for obtaining (x;x,x,) is
to write

0(%,)
aJ;m

Using (12) and (A6), one again is led to (18).

The above discussion can be generalized and ex-
tended in scope in the following way. Let P denote
the set of all particle indices (1,2, ---, N) and let 4
denote a subset of P; i.e., A-< P. Further, define

X, = X;.
A ;]g[ 7

= —BlxXXn) — XXX + 8) 7" (19)

(20)

The various correlation functions (X, ) can be
generated conveniently in terms of the cumulants??
of the canonical probability distribution. The cumu-
lants may be defined as follows. For a set of N real
numbers {&}, 1 <k < N, consider the “moment
generating function ”’

(oo [280])

O i[ﬁézf]<x;1...x,vw>

=0 vy=o| i1 v;!
N EV,
= exp :Z’ l:]_[ —’](x{l cexpy c}. (21)
{vj} Li=1 'Vj!

In the last line, each »; runs from zero to infinity, but
the primed summation excludes the term for which
v; = 0 for every i, 1 < i< N. For a given set of
integers (v, ***, vy) (not all zero), (21) defines the
cumulants (xj*---x@),. If »,=1 for ie 4 and
v, = 0 for i ¢ A, then the latter cumulant is written
simply as (X,),. Clearly, since

VS I S

o= [Tz (e[ 28]
(X4) can be related to the cumulants, using (21). In
fact, it turns out?? that each correlation function
(X4) is expressible in terms of the corresponding
cumulant (X,), and products of lower order cumu-
lants; similarly (X4), can be expressed in terms of
(X 4) and products of lower order correlation functions.
For example,

() = (e

)

=0

(23)
and

<xlxm> = <xlxm>c + <xl>c<xm>c' (24)
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It can be shown?? that, in general,
(X = 3" TT{Xpe,

where the doubly-primed summation is over all parti-
tions of A4 into distinct sets B;, whose union {J B;
is A4 itself. For each term in the series, i runs over the
number of elements in the corresponding partition.

Equation (25) is instrumental in proving the theo-
rems in the next section. A further property which is
needed is: For the coupled-oscillator model,

(25)

<ﬁ x§‘> =0 for Izv:v,- =3 (26)

=1
This property is well known (being most commonly
stated for H,=0, 1 <k<N) to statisticians
familiar with the multivariate normal distribution.
It can be proved as follows. With the aid of (10), the
moment generating function of (21) can be evaluated
explicitly. The result is

/o T, I\ _Z(H+ %)
\TP [Ef’“"’“]/ AT

N N
oxp (183 3 KuH, + B75)H, + 675
= - N N
€xp l:%ﬂ 21 kglK #H;H k}

(27
It follows from (21) that

N 5"/
Z' [H _’:'<x;1 e X2y,

(v} Li=19;!
N N
= %Zlklejk(ﬂ~1§j§k + 2§,H,).  (28)

Equating coefficients of (II,;&}) on each side of (28),
it is immediately clear that (26) is true.

IV. CORRELATION INEQUALITIES

Having developed the basic mathematical formalism
in the last section, it is now possible to obtain the
desired Griffiths-type correlation inequalities, which
are:

GTI: (X, ) >0 forall4d < P.
GTIla: 0(X,)/0H, >0 forall A < Pand
1<n<N.
GTIIb: 9(X4)/0/,,, <0 forall 4 = Pand
1< n,m<N.

GTlIa and GTIIb are referred to collectively simply
as GTII. The major results which follow are stated in
theorem form, for precision.

HARVEY S. LEFF

Theorem 1: For a classical system of coupled
oscillators defined by (1)-(3), sufficient conditions for
GTI and GTII are that the inverse matrix K = J-!
and the external field H be such that: (i) X,,, > 0 for
1<IKN, 1<m<N and (i) JX,K;H; >0
for1<I< M.

Proof: From (26) it follows that the only nonzero
cumulants are (x,;), and {(x,x,,), for 1 < m, I < N.
Furthermore, since (x,), = (x,), it follows from (12)
that

N
(X1)e =j§1KliH7' . (29)
From (12), (16), and (24) one obtains
<xlxm>c = ﬂ_lKlm . (30)

Clearly, if (29) and (30) are nonnegative for 1 </,
m < N, then, due to (25), all moments (X,) are
guaranteed to be nonnegative. This proves the
statement of Theorem 1 regarding GTL.

From (29), (30), and (A6) one has

= K G
a%ch,,) =9 (32)

gi_xmli_c = —(1 = S )[Kim(X¥we + KpulXpmde]
—= O Kim(Xm)er  (33)

6%‘% = B [(KinK oy + KK o)1 = 8,,)
+ KinKonnbpel (34)

Dueto (25), derivatives of (X ,) consist of derivatives of
sums of products of 1- and 2-particle cumulants. But
(31)-(34) together with the nonnegativity of (29) and
(30) [conditions (i) and (ii)] insure that each resulting
term is nonnegative for H,-derivatives and nonpositive
for J,,,-derivatives. This proves the statement re-
garding GTII.

Remarks: The condition K, > 0 for all pairs
(!, m) does not imply the same property for J, nor
does it imply that the off-diagonal elements of J are
all negative. For example, for N = 3, consider

9 36 30 1 £ 3
J=|-3 192 —180), K=|[1 % 1}
30 —180 180 PR
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Here, det J = 2160 and all subdeterminants J® =
det (J;;), 1 £ i, j < k are positive; thus, J is positive
definite.?® The diagonal elements of J are all positive,
as they must be, while Jy, = Jy; <0, Jy3 =J3, <0,
but Ji3 = J5;, > 0. Tt is concluded that the condition
K;; > 0 for all pairs (i,j) does not demand that the
off-diagonal elements of J all have the same algebraic
sign. Furthermore, by reversing the choices of J and
K above, one sees that if J has all nonnegative ele-
ments, K need not have all nonnegative elements,
and therefore Theorems 1 and 2 do not apply in
general when J;; > 0 for all pairs (i, ).

On the other hand, suppose J;; < 0 for all pairs
i # j, and that J;; > 0O for all i. (Recall that J;; < 0,
i # j, corresponds to ferromagnetic coupling in the
Ising model.) Then one may appeal to the following
lemma.

Lemma 1 (Stieltjes~Ostrowski): If J is an N X .N
positive-definite matrix with the property J;; < 0 for
i # j, then K = J=* has the property K;,, > 0 for
1<ILK<N,1<m<N.

Remarks: This lemma was proved first by Stieltjes®®
for positive-definite, real matrices, and only for strict
inequalities (J;; <0, i # j, Kj,, > 0). The general-
ization to J; < 0 for i # j is due to Ostrowski.?
Ostrowski’s proof is less restrictive in that it holds for
a class of real matrices (‘“‘ M-matrices’’) which contains
the class of positive definite matrices. [A real matrix
is an M-matrix if: (i) its diagonal elements are positive,
(i) its off-diagonal elements are nonpositive, (iii) its
determinant and all its principal subdeterminants are
positive.2®]

Theorem 2: For the system of Theorem 1 a sufficient
set of conditions for GTI and GTII is

() J; <0,i %)
and

(i) SV, K, H, > 0for1 <j<N.

Proof: By Lemma 1, (i) implies that K,,, > 0 for
all pairs (/, m). Thus, (i) and (ii) reduce to the suffi-
ciency conditions of Theorem 1.

Remarks: A special case of (i) is H, > 0 for 1 <
! £ N. This contains the uniform field case: H, =
H>0,1<I<N.

Theorem 3: For the system of Theorem 1, a neces-
sary and sufficient condition for GTI and GTII to
hold for all H, >0, 1 <k <N, is K;,, >0 for
1<IK<N,1<m<N.
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Proof: The sufficiency part is clear from Theorem 1.
The necessity can be seen as follows. If (x;) =
> K,,H; > 0forall H; > 0and for all /, then X;; > 0
for all pairs (/, j). This is necessary since, for example,
if K;; < 0 for j = p, then one could choose H; =0
for j # p and H, > 0, whereupon the contradiction
(x;) < 0 would occur. Thus K;; > 0 for all pairs
(1, /) is necessary for (x;) > 0 for all /. Furthermore,
the nonnegativity of K is necessary for

(xx) = K, + (2 Kh'Hi)(z K,;H;) > 0.

To see this, choose H; =0 for all j, whereupon
(X:X,,) = p71K,,,. This completes the proof.

Remarks.: Theorem 3 holds, in particular, for the
uniform field case H, = H for 1 <k < N, and all
H > 0. A further special case of interest is that for
which H = 0.

The following theorem is included here because it
provides a necessary and sufficient condition on the
matrix J such that K = J-1 has all positive elements.
The theorem is relatively complicated to state and its
proof is nontrivial. The interested reader is directed
to the paper by Fiedler and Ptak?® for the details. In
Sec. VI the physical implications of this necessary and
sufficient condition are examined.

Theorem 4 (Fiedler-Ptdk): Let 8, denote the class
of real matrices B with the property that there exists a
vector x° # 0 with components x! >0, 1 <i <N,
for which the components (Bx?%), >0, 1 </<N.
Let AG denote the class of all real matrices J such that:
(i) J € 8, and (ii) no submatrix obtained from J by
omitting at least one column thereof belongs to §,.
Then, J=* has all positive elements if and only if
det (J) # 0 and J € M.

Y. THERMODYNAMIC RAMIFICATIONS

In this section several monotonicity properties of
the thermodynamic potentials are proved for coupled-
oscillator systems for which J,; < 0 and H; > 0 for
1 <i,j < N. These properties are implied by Lemma
1 and Theorem 2 of Sec. IV, and are summarized in
Theorems 5 and 6 below. A similar investigation
without the above restrictions on J and H is possible
(but it is less transparent) and is left as an exercise for
the interested reader.

Theorem 5: For the system of Theorem 1, with
Ji; £0,i5%#jand H, >0, 1 <k <N, the average
total energy and Helmholtz free energy are monotone
decreasing functions of each H,, 1 <k < N. The
entropy is independent of the set {H,}.
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Proof: From (1), (3), (12), and (16) one obtains

N N N
Ug) = %2 kal<xkxl> - ngk<xlc>

k=11=1

N N
= N/2f — %Z szszHz-

(35)
E=11=1
Therefore, using (12), (35), and Theorem 2,
ou
;Tfﬁ= —(x» <0 for 1<nN. (36

The average total energy, (E) is simply (Ug) plus the
average kinetic energy, which is easily seen to be

N/28. Therefore,
oUy) _ KE)
_— = 1 .
o, oM, <0 for <n<N 37

The Helmholtz free energy F = —f~' In Z satisfies
oF
oH,
The entropy is § = kB({E) — F) and, using (36)-(38),
it becomes clear that
N
0H,
The results (37)~(39) establish the desired theorem.

=—(x,)<0 for 1<n<N. (38)

=0 for 1<n<N. 39)

Remarks: The monotonicity properties for the
energy and Helmholtz free energy are shared by a
general class of ferromagnetic Ising models.® For the
latter, the entropy is also a monotone decreasing
function of the external field components. Here, this
is also the case technically. (S is both monotone
decreasing and increasing!) However, the present
entropy behavior is clearly far removed from that of
the Ising model. The entropy constancy is discussed
further in Sec. VI. Notice that, for H = 0, one obtains
(E) = N/, which is consistent with the well-known
equipartition theorem.

Theorem 6: For the system of Theorem 1, with
J; £0,i%#j,and H, >0, 1 <k < N, the average
total energy and Helmholtz free energy are monotone
increasing functions, and the entropy is a monotone
decreasing function of the coupling coefficients {J;;}.

Proof: From (35), using (A6), one obtains
KU
0J

The inequality follows from Theorem 2. It follows
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that
XUm) _ &E)

. TMZO for 1<mn<N. (41)

Furthermore, it is a straightforward exercise to show
that

oF
a']mn

=32 —-0,)Xu Xy 20 for 1<mn<N.

(42)

Again, the inequality follows from Theorem 2. Finally,
using (40)-(42), one sees that

as
a"mn

=—3}k(2-0,,,)K,,, <0 for 1<m,n<N.

(43)
The results (41)-(43) establish Theorem 6.

Remarks: For ferromagnetic Ising models, the
energy, Helmholtz free energy, and entropy are all
monotone decreasing functions of the (positive)
coupling coefficients.® The first two properties are
actually shared in essence by the present model, the
opposite sense of the inequalities being due solely to
the absence of a minus one prefactor in U(x), Eq. (1).
The entropy property here is identical in form with
that for Ising ferromagnets.

VI. DISCUSSION
A. Major Resuits

The present analysis yields new results regarding
the nature and scope of Griffiths-type inequalities.
The content of Theorem 2 provides a direct analog of
Griffiths’ first (GTI) and second (GTII) inequalities
for Ising ferromagnets. Theorem 1 provides broad
sufficiency conditions for Griffiths-type inequalities
and Theorem 3 provides a necessary and sufficient
condition for these inequalities. The sense of the
inequality GTIIb is opposite to that for Ising models,
but this is due simply to the absence of a prefactor
minus one in the zero field potential energy, Eq.
(1). Of course, the coupled oscillator model is more
simple and less interesting than the Ising model.®
On the other hand, it is apparently the only nontrivial
model for which such detailed information regarding
correlation inequalities is known. In view of the strong
resemblance of its potential energy structure and
resulting correlation inequalities with their Ising model
counterparts, it seems reasonable to use it in an
attempt to deepen the understanding of correlation
inequalities. Presumably, corresponding sufficiency
conditions for the Ising model, which are broader
than simply the criterion of ferromagnetic coupling,
and also necessary and sufficient conditions, will be
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found ultimately. Perhaps the present results will aid
or at least provide further stimulus for such efforts.

B. Physical Interpretation

For a 1-dimensional coupled oscillator system, the
condition J,,,, < 0 for m # n is physically reasonable
since the force on particle m due to its pair interaction
with particle » is F,, , = —J,,x,. This is expected to
be positive (negative) when x, > 0 (x, < 0), which
implies J,,, < 0. Thus, if one particle is shifted to the
right all other particles with which it interacts tend
to shift to the right as well. This statement makes the
inequality (X ) > 0, which means in essence that the
oscillator positions are correlated positively, intuitively
reasonable. The effect of a positive field H, is to
shift each average value (x;) to the right, which tends
to enhance the positive correlations between positions.
These statements give physical meaning to GTI and
GTlla.

Since an algebraic increase of an off-diagonal
element, J,,, < 0, decreases the magnitude of the
force F,, , = —J,,x, for a given value of x,, it is
expected that (x,x,) decreases correspondingly.
Similarly, one expects the general correlation functions
(X 4) to decrease under a decrease of some J,,,,. This
explains GTIIb in physical terms.

C. Entropy and Order

The thermodynamic monotonicity properties can
also be argued on physical grounds. Consider here the
entropy property. Since an increase in J,,, for
m # n (J,,, < 0) decreases the magnitude |/,,,,|, this
corresponds to weaker coupling between particles m
and n. This, in turn, tends to increase the localization
of the particles in the neighborhoods of their respec-
tive equilibrium sites; this increased localization may
be thought of as increased order. Similarly, the
increase of a (positive) diagonal coefficient J,; in-
creases the localization of particle i relative to its
equilibrium position. Again, the order increases.
These statements are consistent with Theorem 5,
using the idea that an increase in order is reflected by
a decrease in entropy.®32 An increase in a component
H, > 0 shifts each particle’s average position to the
right (not necessarily all by the same amount) and has
no net effect on the systems order; thus S'is unchanged
under such a variation (Theorem 5).

D. Fiedler-Ptak Theorem

It seems likely that, on the basis of Lemma 1, the
condition K;; > 0 for all pairs (7, j) is implied for a
large class of matrices J, which have “predominantly
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nonpositive, off-diagonal elements.” For example,

the 3 X 3 matrix illustrated in Sec. IV has this

property by virtually any reasonable definition thereof.

(One such criterion is, say, X > J;; < 0; for the
i<j

3 x 3 example this sum equals ——186.> Some such

condition would presumably be sufficient for the non-
negativity of K. On the other hand, Theorem 4 gives
necessary and sufficient conditions on J for the positiv-
ity of K (i.e., K;; > 0, 1 < i, j < N). It is natural to
ask what physical information, if any, can be extracted
from the highly abstract statement of this theorem.
It is shown below that the above intuitive reasoning
is correct and that Theorem 4 has a pleasing inter-
pretation.

Using the notation of Theorem 4, note first that
every positive-definite matrix J is contained in the set
8. This point is proved in the paper by Fiedler and
Ptak.?® This means that for the coupled oscillator
problem there exists a nonzero x°, with nonnegative
components, such that z,. J,.jx‘,’. >0for1 <i<N.
Notice, however, that for the zero external field case,
the net force on particle 7 is

Fi= — 2= =3 Jx,. (44)
j=1

Therefore, the statement Je 8, means that there
exists a nonequilibrium configuration x° for which no
oscillator lies to the left of its equilibrium site, and for
which the net force on each particle is either zero or
is directed toward the left, i.e.,

F0<0 for 1<i<N. (45)

It is instructive to examine condition (45) for the
special case for which J,;; < 0, i # j. Then,

FO= — |70 + 3 10X,

i#d

(46)

and (45) means: For some nonequilibrium configura-
tion of the above type, the force on each particle due
to the binding to its equilibrium site is not exceeded
by the net force due to the remaining N — 1 oscillators.
The former is directed to the left and the latter to the
right.

Now, returning to the statement of Theorem 4, let
R denote a proper subset of the index set P, and sup-
pose column r is removed from J for each r € R. The
condition J ¢ 8§, means that for each set R < P

FUf) = — 2 J,;x5> 0 (47)
#R

for at least one value of i, for every nonequilibrium set
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{x{ > 0}. This may be interpreted as a condition for
“predominantly nonpositive off-diagonal elements,”
confirming the above intuitive expectations regarding
such a condition.

For the special case, J;; < 0, i # j, one has

Fi(R) = =il +Z£|J,.,.x‘}|, for i¢R, (48)
i

P
and
FYR) = 3 17,xY
i¢R

for ieR. (49)

If (46) is nonpositive for all i ¢ R, for some non-
equilibrium configuration {x{ > 0}, so is (48), since
nonnegative terms have been deleted from (46).
However, (49) is intrinsically nonnegative for all
i € R, and for any nontrivial choice of the set {x] > 0}.

For this case, it is clear that for every & < P, JR
(i.e., J, with columns r, r € R, removed) does not lie
in 8,. By definition then, J € M and Theorem 4
applies. Physically, (49) means: The force on the ith
oscillator, excluding the coupling to its equilibrium
site, and excluding any number of other couplings, is
nonnegative for {xj > 0} and x° # 0.

Conditions similar to (45) and (47) may also be
necessary and sufficient for Griffiths’ Ising model
inequalities, but this is left as an open question here.

E. A Converse Problem

A question which is related to the converse of
Theorem 4 has been posed by Kelly and Sherman? in
the context of the Ising model. In the present context,
their question reads: What conditions on the correla-
tion functions (X4) imply that J; <0 for i j?
According to (25), (26), (29), and (30), all correlation
functions are expressible in terms of the elements of
K and H. Therefore, the Kelly-Sherman question for
the present model is related to the following.

Question: What conditions on a real-symmetric,
positive-definite matrix K imply that its inverse J
satisfies J;; < 0 for i # j?

F. Quantum Mechanical Extension

It is natural to ask whether or not the present
results apply to quantum mechanical systems with
potential energy given by (1)-(3). Although the answer
to this question is unknown at present, the problem
leads to some interesting mathematical questions
which are sketched briefly below. Note first that, since
each particle’s position and momentum no longer
commute, the quantum coupled oscillator model is
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not expected to be a suitable analog for the Ising
model.

As in the classical case, the magnetic field contribu-
tions occur as a multiplicative factor in the canonical
partition function. Denoting the partition function
by Z,m (qm stands for quantum-mechanical),

N N
Zon(H) = Zon(0) exp [%ﬂ > gleH,-Hk]. (50)

The zero external field case, involving Z,,,(0), has
been discussed in part by Ford, Kac, and Mazur® in a
paper dealing primarily with time-dependent phenom-
ena for coupled oscillators. They found that for
particles of unit mass

<xlxm>qm = ﬂ_lle’ (51)

where L is a real-symmetric, positive-definite matrix
which commutes with J and K, and which has
eigenvalues
p; = b7 coth (b)), (52)
where
b = hpf2. (53)

They showed also that the binary momentum-
momentum and momentum-position correlation func-
tions satisfy

(PiPmdam = BHKL), (54)
and

<plxm>qm = —<xlpm>qm = %lhélm (55)

For small values of the parameter b (classical limit),
it is clear that

i~ AR 4 AbR (56)
This implies that, to order 52,
L =K+ {bL 57

Therefore, L has all nonnegative elements if K does
(or even if K has very small, negative off-diagonal
elements). It follows that for sufficiently small
values of b, a sufficient condition for (51) and (54) to
be nonnegative is that K be a nonnegative matrix. In
turn, a sufficiency condition for K to be nonnegative
is that J have nonpositive off-diagonal elements
(Lemma 1).
For very large values of the parameter b (extreme

quantum limit),

ui~ b (58)
and, apparently,

L ~ bK?, (59)

where K? is the unique (positive-definite) square root
matrix of K. If K! has all nonnegative elements, then
the same is true for K. Therefore, if for very large
values of b, (xx,%qm = 0 for all (/, m), then the
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corresponding classical result is implied. A meaning-
ful discussion of the converse problem requires an
answer to the following.

Question: Suppose the positive-definite matrix K
has the property K;; > 0 for all pairs (i, /). What then
is implied about the algebraic signs of (K?),; for
i#j?

For intermediate values of b one is led to questions
of the following nature. Suppose that K and L are
the two commuting, real-symmetric matrices defined
above, with eigenvalues {4;*} and {bi;" coth bi;},
respectively.

Question (i) If K has all nonnegative elements, what
then is implied about the algebraic signs of L;; for
i#j?

Question (ii): If J =K' has nonpositive, off-
diagonal elements, what then is implied about the
algebraic signs of (L™Y),; for i # j?

Question (iii): The matrix L — K has eigenvalues
{bA7'C(bA,))}, where £(x) is the Langevin function:
£(x) = coth (x — x™). If K has all nonnegative
elements, what then is implied about the algebraic
signs of (L — K),, for i # j?

It appears that an understanding of correlation
inequalities for quantum mechanical, coupled oscilla-
tors requires answers to well defined, but apparently
nontrivial, mathematical questions such as those
above.

Note added in proof: (a) S. Sherman [J. Math. Phys.
11, 2480 (1970)] has recently obtained necessary and
sufficient conditions on the correlation functions to
guarantee that an Ising magnet with two-body inter-
actions, in a nonnegative external magnetic field, is a
ferromagnet, i.e., J;; > 0. This relates to Sec. VIE
of the present paper.

(b) For the coupled-oscillator problem, suppose
that X;,, < 0 for / % m. Then, by Lemma 1, J;; > 0
for all 7, j. Therefore, due to Eq. (30), a sufficient
condition for “antiferromagnetic coupling” (J;; > 0)
for the coupled- oscillator problem is (x;x,,),
(XX — X1){X,,) < Ofor /7 m. Furthermore, The-
orem 4 provides necessary and sufficient conditions
on the matrix with elements (x,;x,,), for “antiferro-
magnetic coupling.”
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APPENDIX
Here the objective is to derive Eq. (16), beginning
with Eq. (13). From (5), (10), and (13)
<xlxm> = (213)-1(1 + 6lm)
[a In (det J)
X | ——— —
0Jim

83 S (5%)]

0Jim
(A1)
The first derivative on the right hand side can be
written
0In (det J)
0

where J'(i) is obtained from J by replacing the ith
column, {J,;;i=1,---,N} by {0J,/0),.;k =1,
++, N}. Therefore detJ'(i) =0 wunless i=1/ or
i = m. But det J'(/) and det J'(m) are simply the ml
and I/m cofactors, respectively, of J [if / = m, of
course, only ore term in (A2) is nonzero], and it is
well known that J7' =K is such that K,,;, = Im
cofactor of J x (det J)~. Furthermore, since J is
symmetric, so is K. (See the last paragraph of Sec. IL.)
Therefore,

= (det )™ % det J'(i), (A2

0 In (det J) _
In order to evaluate the second set of terms on the

right-hand side of (Al), one needs 0K,,/dJ,, . This
can be obtained by first differentiating

(2 - 6lm)Klm‘ (A3)

N
EJ reKyi = an‘
k=1

with respect to J,,,, which gives

(A4)

N
_ngJ rk(aKki/ aJ lm)

N
=k21Kkj[(6rl6km + 6rm6kl)(1 - 6Lm) + 6rl6klalm]'

(A3)
Multiplication of (AS) by K,, and subsequent
summation over r yields

oK.,
F = _(K'ilij + KimKil)(l - ‘Szm) - KilKjl(slm'
im
(A6)

Using (A6), and (A3) in (A1), one obtains (16).
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both the scalar and tensor fields have intrinsic geometrical significance. This is in contrast to the well-
known Brans-Dicke theory where the tensor field alone is geometrized and the scalar field is alien to the
geometry. The static spherically symmetric solution of the exterior field equations is worked out in

detail.

1. INTRODUCTION

Recently, there seems to be a renewed and serious
interest in a scalar-tensor theory of gravitation, and
attempts are under way to check experimentally
(using the Mariner satellites) the theory suggested by
Brans and Dicke,! as opposed to the purely tensor
theory of Einstein. There is, however, a fundamental
difference between the theory of Einstein and that of
Brans and Dicke. With the general theory of relativity

Einstein has introduced in physics a new principle:
the principle of geometrization of physics. The general
theory, in fact, succeeds in geometrizing the phenom-
enon of gravitation by abandoning the flat space-
time of special theory and identifying the metric tensor
of a Riemannian space-time with the gravitational
potential. It is well-known,? however, that it is
possible to construct meaningful theories of gravita-
tion in a flat space-time, where gravitation, described
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either by a tensor field or even a scalar field, does not
have any geometrical significance whatsoever. In the
theory of Brans and Dicke we have a mixture of these
two approaches because, whereas the tensor field is
identified with the metric tensor of a Riemannian
geometry, the scalar field remains alien to the ge-
ometry. It would therefore seem more in the spirit of
Einstein’s principle of geometrization to have a
scalar-tensor theory of gravitation, where both the
scalar and tensor fields have more or less intrinsic
geometrical significance.

In this paper we suggest the framework of such a
theory. While attempting to unify gravitation and
electromagnetism in a single space-time geometry,
Weyl® showed how one can introduce a vector field
with an intrinsic geometrical significance. Recall that
the geometrical structure of a differentiable manifold
is determined by (i) an affine connection characterized
(in a local coordinate system x*) by its components
%, which are defined by the change due to infinites-
imal parallel transfer of a vector &* from a point
P(x*) to P'(x* + dx¥),

08 = —Tt dxP ! (1.1)
and (ii) a metrical connection characterized by the
metric fundamental tensor g, which is defined by the
measure of length & of &,

£ = g, 648" (1.2)
Riemannian geometry is characterized by the

symmetry of T'%;, that is, ', = T'j, and by the

condition that the length of a vector should not
change under parallel transfer, i.e.,

0§ = 0(g, €)= 0. (13)

By this condition the Riemannian connection is
uniquely determined by the metric tensor

PR B
T {aﬁ}’

where on the right-hand side are Christoffel symbols of
the second kind. Note the asymmetry between (1.1)
and (1.3). Weyl generalized the notion of a Rie-
mannian metrical connection in the following manner.

With each vector & there is an associated measure of
length given by the quadratic form & = g,;£#£% Two
vectors &* and 7* have therefore the same length if
and only if § = 5. Now the quadratic form is com-
pletely determined only when one specifies a nonzero
scale (or gauge) factor of proportionality. At every
point of the manifold one has, therefore, the possibility
of a change of scale (i.e., a recalibration) or a gauge
transformation. In a Weyl manifold it is not sufficient
for the metrical connection to have a measure

(1.4)
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determination at every point; every point must also be
metrically related to the surrounding neighborhood.
The concept of metrical relationship is analogous to
that of affine relationship. The metrical relationship is
determined by specifying the change in the measure of
length of a vector due to an infinitesimal paraliel
transfer. There exists a geodesic gauge in which there
is no change in the measure of length of &* trans-
ferred parallel from P(x*) to P'(x* 4+ dx*). In an
arbitrary gauge, however, £ is assumed to change [in
contrast to (1.3)] according as

8 = —&Q, dxt, (1.5)

where ¢, is a vector function characterizing the
manifold. The metrical connection of a Weyl manifold
is therefore characterized by two independent quan-
tities g,; and ¢, , relative to a reference system (= co-
ordinate system + gauge). If one makes a gauge
transformation, that is, recalibrates all lengths,
£ — & =&, where 2 = A(x) in general, ¢, and g,;
transform in the following manner:

gu). g g—u). = lgul; ¢u - 4514 - }‘—ll,u’ (16)
where A, = 0A/0x*. The components of affine

connection I'4; of a Weyl manifold are now determined
through (1.1) and (1.5) by g,,; and ¢,:

s = | ‘;} + 3Oty + e — g, (1)
where ¢* = gt*¢, . In Weyl’s unified field theory the
vector field ¢, is identified with the vector potential of
an electromagnetic field. Weyl’s hypothesis of non-
integrability of length transfer had been criticized by
Einstein because it implies that the frequency of
spectral lines emitted by atoms would not remain
constant but would depend on their past history.

Lyra® has suggested a modification of Riemannian
geometry which may also be considered as a modifica-
tion of Weyl’s geometry. In Lyra’s geometry Weyl's
concept of gauge, which is essentially a metrical
concept, is modified by the introduction of a gauge
function in the structureless manifold.

The displacement vector PP’ between two neighbor-
ing points P(x*) and P'(x* 4 dx*), in Lyra’s geometry,
has the components &* = x°dx*, where x%(x) is a
nonzero gauge function. The coordinate system x*
together with x° form a reference system (x°; x*). A
general transformation of reference systems is given by

Xk = X (xR, (x5 X)) - (x5 %)
with

y
AY = %’;—", det A% % 0, (1.8)
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Under (1.8) a multicomponent tensor —&%1:%
transforms as follows:

Eouil = NTTALY - ADVATL - ATLERLTE, (1.9)

where 2 = x%/x°. The factor A*~" arises as a conse-
quence of the introduction of the gauge function.

In an affinely connected manifold the components
of the affine connection I'%; can be considered to arise
as a consequence of general coordinate transforma-
tions in the following manner.* Let us suppose that, in
a local coordinate system x*, a vector & is constant—
that is, &% = 0. Then, in another arbitrary local
coordinate system x*, we have in the usual case
(§ = ALE)

g + T8 =0, (1.10)
where
. . . 04y
Doy =—AVAL ., AL, = 87;‘, .
Another way of expressing the fact that & is constant
would be to say that (1.10) is valid in all coordinate
systems, but that I'}, = 0 in the original coordinate
system x*. The transition from an integrable affinely
connected manifold to a nonintegrable one (thereby
from ordinary derivative to covariant derivative) is
made by assuring that I}, # 0 in general.
Now a vector &* in Lyra’s geometry transforms as

£ = QA E, (1.11)
If &, = 0 in the reference system (x°; x*), then, in
the reference system (x?'; x*) we have

h (1/x")e", 4+ Iy, 8" — 1$E° =0, (1.12)
where

, —1 . 1 0ln 42

v =y AL ¢y = = o

The parallel transfer of a vector £* in Lyra’s

geometry is therefore given by

) N A (1.13)
where

Ty = Tl — 10545
Note that the f‘g‘, are not symmetric although I, =
I'4,. The components of the generalized affine
connection are thus characterized not only by T'%,
but also by ¢, which appears as a natural consequence
of the formal introduction of the gauge function in
the structureless space.

The metric or the measure of length of the displace-
ment vector & = x°dx* between two points P(x*)
and P'(x* + dx*) is given by the absolute invariant
(that is, invariant under both gauge and coordinate
transformations)

ds® = g,,x° dx*x® dx?, (1.14)
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where g,; is a symmetric tensor of second rank. The
parallel transfer of length in Lyra’s geometry is
integrable (as in Riemannian geometry) in contrast
to Weyl’s geometry; that is,

6(g,£48") = 0.
From (1.13) and (1.15) it follows that

(1.15)

T = (1) L4 1848, + 0y — gupd?). (1.16)
ap

Thus apart from the factor 1/x° (1.16) is identical
with the components of affine connection in Weyl’s
geometry, not, however, f”;p. In Lyra’s geometry we
thus have a vector field with an intrinsic geometrical
significance without the inconvenience of noninteg-
rability of length transfer of Weyl’s geometry.

In the next section we give an invariant formulation
of Lyra’s geometry. In Sec. 3 we take over the ge-
ometry as the framework for a theory of gravitation.
The field equations are derived from a variational
principle constructed from the scalar curvature.
Variation with respect to g, furnishes the basic field
equations, whereas variation with respect to ¢,
constrains ¢, to be basically the gradient of the gauge
function x° The basic field equations then contain
only the metric tensor g,; and the scalar x° and turn
out to be a special case of the Brans-Dicke field
equations, if x° is identified with the scalar ¢ in the
Brans-Dicke theory. We next consider the static
spherically symmetric solution in some detail.

2. A MODIFIED RIEMANNIAN MANIFOLD

Let M be a connected, second countable Hausdorff
space. By a local reference system on M we shall
mean a triple (U;, ;, f;) where

(i) U, is an open subset of M,
(i) v, is a homeomorphism of U; onto an open
subset of R" for some integer n, and

(iii) f;:U; —~ R — {0} is a (nonzero) gauge function
on U,.

We shall say M is an n-dimensional C* Lyra
manifold if there exists a collection of local reference
systems {(U;, v;,f}); i €I, an index set} on M such
that

(i) Uiél U= M,

(i) whenever U, N U; # ¢, the maps v, o y;"
and y; o y;' are C* on their domains of definition,

(iii) for each i € I the map f; - 7" is a C* function
on p,(U,), and

(iv) the collection is maximal with respect to (i),
(ii), and (iii).

The notions of C® functions and tangent space
T,,(M) at a point m € M can be introduced in the usual
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manner’ on a Lyra manifold M. Consider now a
reference system (U, v;,f) on M. If me U, let
p,(m) = {x}(m), - -+, x*(m)} = x be the local co-
ordinates of m. In local coordinates let the gauge
function f; o ¢ :9;(U)—> R — {0} be denoted by
x%:x > x%x), which, together with the coordinate
map, form (in local coordinates) the reference system
(x%;x#), pw=1,---,n A local reference system
induces a natural basis

2,0m) = XET™ (5%)} in T,,(M),

so that a tangent vector { € T,,(M) can be written as
{ = o’e,(m), " € R,
Let B(M) = {(m, {)|me M, { € T, (M)} and

T B(M)—~> M

be the projection map defined by w(m, {) = m. The
mapping §;:(m, > (e, oo, X" a0, 0" s
then a homeomorphism of =*(U;) < B(M) onto an
open subset of R?". Let (U;, y;,f;) be another local
reference system such that U; N U; 5 ¢ and (m, {) €
72U, O U, I gy(m) = {xV'(m), - -+, x" (m)} = ¥/,
x¥ = f;oy7", and

'i’f(m z) — (xr e x"'; oc" N an')’
where { = «*'¢,.(m), it follows that
—1
Ot""‘(X(x)) A"(m)tx, Aﬂ(m)_,?i__ ,
x"(x) m

2.1

and the transformation

(e, xtal, e a) s (Y, e, XAl e, o)

is C®. B(M) can thus be made into a 2xn-dimensional
C* manifold, with coordinate neighborhoods

{l=2(UD), $:1}.
We shall call B(M) the Lyra tangent bundle of the
Lyra manifold M. A C® vector field on an open subset
U of Misa C®map g:U— B(M) such that 7 o g
is the identity mapon U. In a local reference system
x can be expressed as x = yx"(x)&,, where &, =
(x9)"1x*-19/0x* and the components y*(x) transform
as
g = ANy, A= x"[x" (2.2)
Tensor fields can be defined in an analogous manner,
and it can thus be seen that, under transformation of
local reference systems (1.8), the components of a
multicomponent tensor field transform as in (1.9).
We shall denote by T(M) the linear space of all C*
vector fields and by C*(M) the set of all C* functions
on M. An affine connection on a Lyra manifold can be

581

defined in the normal way, that is, as a bilinear
mapping V:T(M) x T(M)— T(M), such that, for
every fe C®(M) and arbitrary X, Y, Z € T(M), the
following two conditions are satisfied [writing
VY for V(X, V)]:

) VIXY=fVXYs
(i) VxfY=fVxY + X(f)Y.

In a local reference system (U;, y;, f;) the connec-
tion is specified by C* functions I'4, where

(2.3)

V; 8, = D42, (2.4)

In another local reference system we have
Vi 8.

o« = foAﬁ,p;ﬁ().“lA:.é”a) =TI epCure

The properties (2.3) then imply the following
transformation law for the I'%;;

[y = 27 AN AR ALTY, + (X0 A% AL,
—3x° )—Iag:A;,(ln 1.

If we set
Top = Tlp — 305y, (2.5
we obtain the following transformation laws:
T¥, = AN AV AR ALY, + (O AV AL ),
” 2.6

¢y = A AL {5 + (xo)‘l(hl 72) 5}

In a local reference system the connection is thus
characterized by the two sets of C* functions I'%,
and ¢,, which transform as in (2.6).

Given a connection V on a Lyra manifold, we can
define a pseudoconnection V as follows. Let T(M)
denote the set of all vector-valued functions on M
whose components transform as a vector field under
coordinate transformations only (but not necessarily
under gauge transformations). Then V is a bilinear
mapping V:T(M) x T(M)— T(M) defined in the
following way. If in a local reference system Vis
specified by I'4, — 3d54,, then V % = e, . The
torsion of the pseudoconnecnon V is a mapping
Torg: T(M) x T(M)— T(M) given by

Tors (X, Y)=VyY ~ V. X — [X, Y], (27

where [X, Y]is the Lie Bracket of Xand Y. By a Lyra
connection on M we shall mean a connection V with
Torg = 0 which implies that T%; = I';,. Note that
this does not mean that the original connection V is
symmetric.

An autoparallel (or geodesic) of a connection Vis a
curve 5 — x(s) whose tangent vector is transferred
parallel to itself. In a local reference system it is a
curve given by x*(s), with tangent vector components
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& = x(dx*[ds), satisfying the differential equation

%° d x ey dx* dx
e T (x ) ds ds
— 1 - BT =0, 29)
where

$o = (O lin (<11, 29)

The covariant derivative of a mixed tensor field
component £5:.%- in a local reference system is given
by the correspondmg formula in Riemannian ge-

ometry except that %, is replaced by ['; and 9/0x*
by (x°)~10/0x*, that i is

Vot = (x“)‘ls:;;:::g;a, ——2 Lo
— 3(r — 5),L0.

The curvature tensor of a Lyra connection V can be
regarded as a mapping

K:T(M) x T(M) X T(M)—~ T(M)
given by
(X, Y, Z) g K(X’ Y)Z = VXVYZ - VYVXZ
- Vix.yZ. (2.11)

In a local reference system if we set

(2.10)

(2.12)
the components of the curvature tensor are given by
Ax"Ty) 9T
ax o )
+ i, — Twle,. (2.13)
The curvature tensor K can be written as the sum of
two tensors K = R* + ®, where
R¥X, Y)Z = VxVpZ — VpV3Z — Vix 112
2.14)

K(2,, &)é, = Kike,

Kl = (x“)'z(

and
O(X,Y)Z =K(X,Y)Z — R*X,Y)Z. (2.15)
The components of R* and @ in a local reference
system are

Ry = (XY %0 — Dhap] + 5%

— T%T%, — ¥E1Y — $I%), (2.16)
Doy = BN [~ p.]
— $(butby — Dy} 2.17)
so that
K4 = Rily + @ . (2.18)

(2.16) and (2.17) are, for n > 2, uniquely determined
by the curvature tensor (2.13). R}%, and @4 ; have the
following symmetry properties:

Rr:ﬂ + Rr;a = Oa (Daﬁ + q)pa = 0, (219)
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where we have set ®,, = $64®,,. K%, also satisfies
the usual Bianchi identities
V. Kis, + VK4, + VK45 = 0. (2.20)

A metric structure on M is specified by a sym-
metric tensor field of type (0, 2), whose components
in a local reference system are given by

g;u?. = g(é',; ’ 51) (221)
The usual metric is therefore
ds® = (x)*g,; dx* dx*. (2.22)

As in Riemannian geometry a ““Riemannian’ Lyra
connection V is uniquely determined by the metric
field g if one assumes

ZlgX, V)]=g(VzX, )+ g(X,V,Y) (2.23)

for every X, Y, Z € T(M). This, together with the
condition Torg =0, determines a unique Lyra
connection in terms of the metric tensor. In a local
reference system (2.23) and Torg = 0 imply (1.16),
ie,

I, = <x°r‘{ ’;} + 40y + Ol — 2. (229)

Lyra’s geometry is therefore characterized by the
two fundamental entities g,, and ¢,, the latter arising
naturally as a result of the formal introduction of gauge
in the geometrically structureless C* manifold.

A geodesic of the metrical connection is an extremal
curve x* = x*(t) given by

fds—éf((x")” ,,Ad" d’“) dt=0. (2.25)

The Euler-Lagrange equations for the geodesics turn
out to be?® (taking ¢ = 5)

@+{ﬂ}éx_“41‘f
ds® «p) ds ds
X0 9 " i dx* dx?
+_2_(6a¢’ﬂ+éﬁ¢a gaﬁ¢ )_}S——O (2 26)

On the other hand, in view of (2.24), Eq. (2.8) for
an autoparallel curve becomes

-+ Lo

2
odx

ds®
+ 10y + Oy — gw#)] () d;‘ d;
_ Rtz dXT dx*
= }(¢, — dI(x) i ds (2.27)

Thus in Lyra’s geometry, in contrast to the situation
in Riemannian geometry, the autoparallels associated
with the affine connection do not coincide with the
geodesics which arise from the metric. This is, by the



A SCALAR-TENSOR THEORY OF GRAVITATION

way, also the case in Weyl’s geometry. A comparison
of (2.26) with (2.27) shows that a sufficient condition
that the two types of curves be the same is

(2.28)

The above condition is invariant under gauge
transformations because ¢a transforms exactly as ¢,
when x0 — x',

A Lyra manifold where (2.28) is valid, is therefore
characterized by g,; and the scalar x°.

If one substitutes (2.24) in the expression (2.13) for
the components of the curvature tensor and sets
u = B, one obtains for the contracted curvature
tensor (n = 4)

Ko = Khp = Koy + Kpaa »
Koy = Kaay
= (xo)_zRAa + %(xo)—l(ﬁbl;a + ‘?Sa;l)o .
+ 3(x") g0 — % ‘f’ﬂf’ + Hbad, + 42

2gza¢ﬁ¢ + igaa‘f’ﬂd’ s (2.29)
K[la] - K[ﬂl] o o
= %(xo)_l(?sz.a — &) — Hdide — 6295,

where R, is the Ricci tensor of Riemannian geometry
and ¢;., the covariant derivative of ¢, with respect to
the Christoffel symbols {/;}. For n = 4, the curvature
scalar is given by

= (x")*R + 3(x")¢%
+ 3.8 + 34.9% (2.30)
where R is the Riemannian curvature scalar. If we

now choose the normal gauge x° =1, then (2.30)
becomes

K= gaaKAa

K =R+ 34, + $4.¢% (2.31)

which is identical with the corresponding curvature
scalar of Weyl’s geometry.

3. A SCALAR-TENSOR THEORY OF
GRAVITATION

We now consider a four-dimensional Lyra manifold,
endowed with a hyperbolic (i.e., with signature
-+, —, —, —) metric tensor, as the framework for a
scalar—tensor theory of gravitation. We refer to
Dicke’s paper! for various arguments for a scalar-
tensor theory of gravitation.

The exterior (vacuum) field equations are to be
derived from a variational principle

6f‘lvdx"-~ G3.1)

where the integrand is an absolute invariant. The
simplest variational principle involving the curvature

dx* =0,
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tensor is

5J‘K('—g)éx° dxt- - x¥dx? =0, (3.2)

where the gauge factors make the integrand an absolute

invariant under both coordinate and gauge transforma-

tions. Other possible invariants are

W = W=y,

8K »

K iKY, (3.3)

ak + bgaaK(Aa) + CK[la]K[la]’ )
a, b, c constants.

In this paper we shall consider only (3.2) and
heuristically examine its consequences. If we substitute
(2.30) in (3.2) and consider independent variations of

8.5 and ¢, we get
f (GO)OIR(— )] + 3(:)%8(g2(—2)*]

+ 3:)8l4, ()]
+ Hx%)0[ g (— )T} dx? - - - dx*

= (1R — 3R 4 3y
S L sl X
+ 36 B1)(—8) o,y

+ 3¢ + 3610 (—9)tog,} dx' - dx*
= 0. 34
The exterior field equations are therefore
Razﬁ - Jz‘gapR + %(x0)2¢a¢ﬂ - 9;(xo)2gaﬂ¢v¢v
— Mgt + 2ty =0, (3.5)
3o + 3¢ = 0. (3.6)

The two sets of equations can be combined into the
following single set of equations:

Raﬁ 0)20 0

1g,4R — oo(x
=0, (3.7
in view of (2.9), where we have set w = 2

The interior (matter) field equations are then
simply

- %gaﬁR - w(x())——2x0 xoﬂ %w(xo)_zgaﬂx?vxo'v
= —[87G[(x*)*|T,5. (3.8)

If we compare (3.8) with the interior field equations

of Brans and Dicke®®

Ry — 324R — 0d™¢ b5 + t0d g4 4"
= —(877/624))7:1/9 + ¢_I(¢.a;ﬁ - gaﬂl:]qs)’ (39)

we see that our theory can be regarded as a special
case of (3.9), where the Brans—Dicke scalar function ¢

%w(xo) 2gaﬁxf‘vx0 ’
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satisfies
¢’.a;ﬂ - gaﬁD?S =0, (3.10)

and the Brans-Dicke constant w = 4. However, as
we shall see later, the geodesic equations of motion
are different in our case, so that the difference between
our theory and the Brans-Dicke theory is not so
straightforward.

We next consider the static spherically symmetric
solution of the exterior field equations (3.7). So let

x* = x%r)

and

e 0 0 0

0 —¢& 0 31D

=10 0o - o |

0 0 0 —r*sin?6

where
A=Ar), v=1(r)

in a “polar” coordinate system (¢, r, 8, #). Equations
(3.7) then reduce to the following set:

—fr = (1 — ) — (@2)f(r) =0, (3.12)
%2 ~ X'[4 + VYA + (7 = 2)f2r]
+ (02 () = 0, (3.13)
e =X r + (1 = &)/r'] = (w[2)e"f(r) = 0,

(3.14)
where we have put
fr) = [x¥(r)/x ()P (3.15)
From (3.12) and (3.14) we have
vV + X 4 orf(r) =0, (3.16)
or
M= —v — orf(r). (3.17
Substituting (3.17) in (3.13), we get
" 420 + 't 4 (02 (r) =0, (3.18)

which can be solved for » in terms of r and f(r).
Setting u = ¢, we get from (3.18)

u+ p'glr)=0, (3.19)

where
g(r) = —[2[r + (w/2)rf (r)]. (3.20)

Then
u=-¢e" =D+ CH), (3.21)

where

(3.22)

H(r) = f exp ( J g dr) dr

and D and C are integration constants.
On the other hand, integration of (3.17) gives a
relationship between » and A,

¢ = A exp (— f wrf(r) dr)e—V, (3.23)
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where A is another integration constant. Equations
(3.20) and (3.22) enable us to express everything in
terms of ¢(r) and its derivatives, as follows:

- (— J wrf(F) dr) = PH),  (3.24)
(0[2)f(r) = =2[r* = ¢"()[rd'(r). (3.25)

hus
et = Ar'[¢'OF/[D + Co(n)]. (3.26)

Finally, substituting (3.21), (3.25), and (3.26) in
(3.12), we obtain the following nonlinear differential
equation for ¢(r):

(D + CH(1 + r¢'J¢) + Arig> — Crg/ =0
or

(D + CHrdY + Ar'¢’s — Cré2 =0. (3.27)

Apart from the special Schwarzschild solution, we
have been unable to obtain a solution of (3.27) in a
closed form. However, a formal series solution of the
form ¢ = >, a,r " exists, although the question of
convergence of such a solution remains open. Details
of the solution and recurrence formula for a, are
relegated to the Appendix.

The general solution of the form ¢ = >2 a,r™
is as follows:

a, arbitrary,

a, #0, Aa}= D + Ca,,
a2=09

ag arbitrary, (3.28)

a,,n > 3, are determined in
terms of a, and a; by a well-
defined recurrence relation.

If we now impose the usual boundary condition at
infinity, i.e., e’ — 1 as r — o0, we get

D+ Cay = 1. (3.29)
Then, also
el= Ar‘(a%/r4+"‘ +) w_,l’
D4+ Clag+ayfr+---+-+)
as r — 00. A special case of (3.28) is
a, arbitrary,
a, = £[(D + Ca/A}, (3.30)

n>1,

which together with (3.29) gives the Schwarzschild
solution

a,=0,

e =1+ C/JAr,

et =1J(1 + CJ|/4n). (3.31)
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From (3.15) and (3.25) we get for the gauge function Then

x%r) = const
X exp j (~[(@or) + Qor\g$)B dr. (332)

In the Schwarzschild case, thus, x°= constant,
since ¢"/¢p’ = —2/r. This is, of course, also clear from
the field equations (3.12)-(3.14).

It is interesting to note that e” does not contain any
r~2 term. The effect of r—™, n > 2, terms on gravita-
tional red shift (which is determined solely by e’)
experiments is, of course, too small to be detected at
present.

To discuss both the problem of perihelion precession
and bending of light rays, it is necessary to have an
equation of motion of test bodies. As we have seen in
Sec. 2, the geodesics of metrical connection are not
identical with the autoparallels of affine connection.
In view of (3.6), however, the two are practically the
same, i.e., they are given by

ds® {aﬁ} ds ds *ds ds
x*  dx*dx o,
—aX g A D (333
o(Zgﬂds ds (3:33)

where for geodesics « = f = 1 and for autoparallels
f=1% a= —4% Long ago Eddington® considered
the effect of non-Schwarzschild terms in the usual
geodesic equations of general relativity. The combined
effect of non-Schwarzschild terms in the metric and
the extra terms in (3.33) are being investigated.

In conclusion we would like to point out that the
variational principle (3.2) and the consequent field
equations are probably too simple to provide an
alternative to either the general theory of relativity or
Brans-Dicke theory, which is significant from an
experimental point of view. In this paper we have
strived merely to provide a framework for an alter-
native theory should new experimental results make
the general theory unsatisfactory.
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APPENDIX

Consider a series solution of (3.27) of the form

¢ = § a,r ™ (A1

§==30— Do (W)
(¢ =30 =Dar™,  (AY
(D + CHO$Y
=3 D(n — 1a,
+ i (EzCak(n — k-~ 1)2an_k*l) ", (A4)
n=2 \ k=0

=3

crét =3 c(z(k — Datyy(n — k)an_k) 1", (AS3)

o0

4= (30 - Da,ar™)

oo
X [§4(§:(k - D(n—k— l)ak,lan_k_l) r‘"],
(A6)
Artg’®
- —EA[Z [( — Day_,]
X ("k_gz(k D=1 —k+ 3)a,c_1an_l_k+3):lr"".
(A7)

Substituting (A4), (A5), and (A7) in (3.27), we get,
on equating coefficients of
% ayD 4 Cag) — Aad =0,
or a,arbitrary, a, #% 0,
Ad} = D + Cay;
r3: ao[—2(D + Cay)] =0,
or a,=0;
' a,[9(D + Ca,) — 94a%] = 0,
or as arbitrary;

r",n>4; the following recurrence relation
for a,(n>4):

a,a[(D + Cag)(n — 1(n — 4)]

—Ada, Y (k—1)(n —k+ D818 g
k=3

— AT = Dary]

=3

n—1+2

X ( Dhk—Dn—1—k+ 3)ak—1an—l—k+3)
por’

—CSayaan =Dl —n—1)=0. (AS)

1==2



586

* National Research Council of Canada 1967 Science Predoctoral
Fellow.

1 C. Brans and R. H. Dicke, Phys. Rev. 124, 925 (1961); R. H.
Dicke, “Experimental Relativity,” in Relativity, Groups and Topology,
C. M. DeWitt and B. S. DeWitt, Eds. (Gordon and Breach, New
York, 1964).

2 A. N. Whitehead, The Principle of Relativity (Cambridge U.P.,
Cambridge, 1922); G. D. Birkhoff, Proc. Natl. Acad. Sci. (U.S.) 29,
231 (1943); A. Papapetrou, Proc. Roy. Irish Acad. 2, 11 (1948).

3 H. Weyl, Sitzber. Preuss. Akad. Wiss., 465 (1918).

1 The usual summation convention is used throughout.

JOURNAL OF MATHEMATICAL PHYSICS

D. K. SEN AND K. A. DUNN

5 G. Lyra, Math. Z. 54, 52 (1951); E. Scheibe, Math. Z. 57, 65
(1952); D. K. Sen, Z. Physik 149, 311 (1957).

® E. Schrodinger, Space-Time Structure (Cambridge U.P., Cam-
bridge, 1954), p. 27.

7 See, for example, N. Hicks, Notes on Differential Geometry
(Van Nostrand, Princeton, N.J., 1965).

8 D. K. Sen, Can. Math. Bull. 3, 255 (1960).

® In Brans-Dicke’s equation @ plays a role analogous to G-1.
In (3.8) G can be absorbed in x°.

1®A. S. Eddington, The Mathematical Theory of Relativity
(Cambridge U.P., Cambridge, 1930), 2nd Ed.

VOLUME 12, NUMBER 4 APRIL 1971

Magnetic Corrections to the Boltzmann Distribution Function

R. B. THoMAS, JR.
RCA Astro-Electronics Division, Princeton, New Jersey

(Received 26 August 1970)

By means of an expansion in powers of the magnetic field, where classical statistics are assumed, an
expression is found for the gauge-independent equilibrium distribution properly corresponding to the
ordinary Boltzmann transport equation. The validity of the new distribution is demonstrated by deter-
mining the current density induced in a simple system of free electrons simultaneously accelerated by
crossed electric and magnetic fields and comparing the current with that obtained using the gauge-
dependent density matrix formalism. To terms of second order in the magnetic field, the resuits are shown

to be in exact agreement.

1. INTRODUCTION

In preceding work the relationship between the
quantum theory of electrical transport in a magnetic
field and the corresponding Boltzmann equation was
established on the basis of a simple model.*=® By
making use of operator methods alone, it was
shown that the exact gauge-dependent Liouville
equation for the density operator could be trans-
formed into a completely gauge-independent equation
satisfied by a new density operator. The diagonal
elements of this new gauge-independent density opera-
tor were found to satisfy the ordinary Boltzmann
transport equation if certain higher-order corrections
are neglected.*®

The transformation to the gauge-independent
transport formalism is apparently accomplished
without approximation, and the physical content of
the resulting gauge-independent transport equations
should be identical in all respects with that implied
by the initial gauge-dependent equations. To clarify the
role of the magnetic field in its relationship to the
Boltzmann transport equation and at the same time
demonstrate more explicitly the equivalence of the
gauge-dependent and independent transport formal-
isms, an investigation of electrical transport in a
simple system is carried out. The system considered is
that of free electrons simultaneously accelerated by
constant, uniform, and mutually perpendicular elec-

tric and magpnetic fields. Interactions of the electrons
with one another and with a scattering potential are
neglected. For simplicity the electrons are assumed
to obey ordinary Maxwell-Boltzmann statistics,
but the treatment can readily be extended to include
Fermi-Dirac statistics.

In Sec. 2 an expression for the gauge-independent
equilibrium distribution is developed in ascending
powers of the magnetic field from its known relation-
ship to the gauge-dependent equilibrium density
operator. Using this distribution function, we find an
approximate solution to the Boltzmann equation in
Sec. 3 and use it to calculate the resulting current
density to terms of second order in the magnetic field.
On the basis of the gauge-dependent density matrix
formalism, the same current is determined exactly in
Sec. 4 and found to be identical with that obtained
in Sec. 3.

2. GAUGE-INDEPENDENT EQUILIBRIUM
DISTRIBUTION

Consider a collection of noninteracting free elec-
trons moving in the presence of constant, uniform
electric and magnetic fields. The complete Hamiltonian
for each electron in this system is

Hp = Hyz + Hg, (2.1)

where Hp is the Hamiltonian of a free electron in a
uniform magnetic field and Hy the interaction with
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By means of an expansion in powers of the magnetic field, where classical statistics are assumed, an
expression is found for the gauge-independent equilibrium distribution properly corresponding to the
ordinary Boltzmann transport equation. The validity of the new distribution is demonstrated by deter-
mining the current density induced in a simple system of free electrons simultaneously accelerated by
crossed electric and magnetic fields and comparing the current with that obtained using the gauge-
dependent density matrix formalism. To terms of second order in the magnetic field, the resuits are shown

to be in exact agreement.

1. INTRODUCTION

In preceding work the relationship between the
quantum theory of electrical transport in a magnetic
field and the corresponding Boltzmann equation was
established on the basis of a simple model.*=® By
making use of operator methods alone, it was
shown that the exact gauge-dependent Liouville
equation for the density operator could be trans-
formed into a completely gauge-independent equation
satisfied by a new density operator. The diagonal
elements of this new gauge-independent density opera-
tor were found to satisfy the ordinary Boltzmann
transport equation if certain higher-order corrections
are neglected.*®

The transformation to the gauge-independent
transport formalism is apparently accomplished
without approximation, and the physical content of
the resulting gauge-independent transport equations
should be identical in all respects with that implied
by the initial gauge-dependent equations. To clarify the
role of the magnetic field in its relationship to the
Boltzmann transport equation and at the same time
demonstrate more explicitly the equivalence of the
gauge-dependent and independent transport formal-
isms, an investigation of electrical transport in a
simple system is carried out. The system considered is
that of free electrons simultaneously accelerated by
constant, uniform, and mutually perpendicular elec-

tric and magpnetic fields. Interactions of the electrons
with one another and with a scattering potential are
neglected. For simplicity the electrons are assumed
to obey ordinary Maxwell-Boltzmann statistics,
but the treatment can readily be extended to include
Fermi-Dirac statistics.

In Sec. 2 an expression for the gauge-independent
equilibrium distribution is developed in ascending
powers of the magnetic field from its known relation-
ship to the gauge-dependent equilibrium density
operator. Using this distribution function, we find an
approximate solution to the Boltzmann equation in
Sec. 3 and use it to calculate the resulting current
density to terms of second order in the magnetic field.
On the basis of the gauge-dependent density matrix
formalism, the same current is determined exactly in
Sec. 4 and found to be identical with that obtained
in Sec. 3.

2. GAUGE-INDEPENDENT EQUILIBRIUM
DISTRIBUTION

Consider a collection of noninteracting free elec-
trons moving in the presence of constant, uniform
electric and magnetic fields. The complete Hamiltonian
for each electron in this system is

Hp = Hyz + Hg, (2.1)

where Hp is the Hamiltonian of a free electron in a
uniform magnetic field and Hy the interaction with
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the external electric field. We have

Hy = - P* 2.2)
2m
in which P = p — (e¢/c)A(r) and
Hy = —eEx,. 2.3)

In (2.2), e is the (algebraic) charge of the electron
and A(r) is the vector potential. In (2.3), the E,, « =
1, 2, 3, are the components of the external electric
field and the repeated index « implies a summation
over a. The exact density operator for the system, py,
is determined by the gauge-dependent Liouville
equation
Opy
ih— = [Hyp, prl,
ot (Hrp, prl
with H given by (2.1). The expectation value of any
observable quantity represented by the operator
M(r, p — (e/c)A, t) is then given by
M = Tr {psM}. (2.4b)
It was previously shown that the gauge-dependent
Egs. (2.4) can be replaced by the gauge-independent
equations

(2.4a)

a~
inLX = [Hy + Hy, prl

ot
- 2—3— {(p x B)- [r, pz] + [r, izl - (@ X B)},
mec
(2.5a)
and
M = Tr {p, M}, (2.5b)

where p, is the new density operator, Hy = p%/2m
is just the free electron Hamiltonian, and M =
(r, p, t) is the appropriate operator corresponding to
the observable.! In carrying out the transformation
of Egs. (2.4) into Eqgs. (2.5), it is useful to write p,

in the form of an integral operator

PT =f eiP.gRT(g, r, B’ t) dg,

—

(2.6)

which can be taken to define the gauge-independent
function Ry(§, r, B, #). Then g can be written

ﬁT =J.00 eip.gRT(gs r, B’ t) dE’ (27)

where R,(§, r, B, #) is identical with the correspond-
ing function appearing in (2.6).

The usual procedure in treating problems of
electrical transport is to assume the existence of a
well-defined equilibrium distribution in the absence of
an electric field and determine by means of perturba-
tion theory the change in this distribution resulting
from the application of an electric field.® Using this
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procedure and limiting ourselves to terms of first order
in the electric field, we write

Pr = pg + P> 2.8)
where j is linear in the electric field and p is the new

gauge-independent equilibrium density operator which
satisfies the equation

0=[Ho,ﬁ]—2—:;{(px3)-[r,ﬁ]

+ [r, 5]- (p x B)}, (29)

since § is of course independent of time. Following
Kohn and Luttinger,> we set

E, = El", (2.10)
where s is a suitably chosen frequency parameter so
that E, is zero at t = — oo and reaches its full value

EJ at t = 0. Then jz must satisfy the initial condition
(2.11)
Egs. (2.5a) and (2.11) can now be satisfied by taking

Pr = Je", (2.12)
where f is independent of time. The quantity f is the
correction to the equilibrium density operator at
t =0, which is what we want. Choosing a plane
wave representation in which H, is diagonal and
assuming that s <« wy, we find that the diagonal
matrix elements of f satisfy the equation

pr(t = —o0)=0;

0= B Viie + 2 (k x B)-Vify,  (213)

where we have set p, = py, and f; = fi;. Except for
the absence of a potential scattering term, Eq. (2.13)
has the form of the ordinary Boltzmann equation,
where f, is just the correction to the distribution
function linear in the electric field.

Before Eq. (2.13) can be solved, § must be known.
In most treatments of electrical transport based on
the Boltzmann equation, p is incorrectly taken to be
simply the Boltzmann distribution function in the
absence of a magnetic field, it being assumed that
the effects of the magnetic field are properly taken
into account by the magnetic field term

(eh/mc)(k x B) - V. f,.

Actually g itself depends on the magnetic field,
allowing the possibility of magnetic effects not
encountered in the usual treatment of electrical
transport based on the Boltzmann equation. While
p must satisfy Eq. (2.9), this requirement is not
sufficient to determine its exact form. However, p
can be found from the implied relationship between
pr and pyp as expressed by Eqs. (2.6) and (2.7). Let

Pr = PE T P> (2.14)
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where py is linear in the electric field and p is the exact
gauge-dependent equilibrium density operator satis-
fying Eq. (2.4a) at t = — co. From statistical mechan-
ics we know

—ﬁP2/2m,

p = Ke (2.15a)

where f = 1/kT and
2
K = _(2‘n’h /3) 2kT sin
VN m fw,

Placing (2.15) in (2.6) gives the following equation
for determining R(§, B):

e,

(2.15b)

Ke#P'/2m =f ¢ *R(E, B) dE. (2.16)
Once R(E, B) is known, p can be found directly from
2.7.

In determining R(§, B) it is convenient to choose
the Landau gauge A(r) = (—yB, 0, 0), which gives
a magnetic field B directed in the positive z direction.
Setting

R(E, B) = KS,, (&, £,)S.(£.), @.17)

we can factor Eq. (2.16) at once into the pair of
operator equations
e B +P ) 2m

_ f f Pt PRI (B £ dE E, (2.18)
and

e = [ aris ey de,  @19)
—00

since P, commutes with both P, and P,. To solve for

S,(£,), form the matrix of (2.19) using a plane wave

representation. Inverting the result gives

(&) = (2 /3)% ~mgog,

which is identical with the expression obtained
directly from (2.19) treating P, as if it were an ordinary
continuous variable.

Finding S,,(&,, &) is somewhat more difficult
since P, and P, do not commute. It is useful to begin
by factoring the exponential operators appearing in
(2.18). First consider the left-hand side of (2.18);
this can be factored by means of the relationship’
ep2+a2 = (SCC 2C)i‘e(p2/2c) tan 2¢,—(pa/c) In cos 2ce(q2/2c) tan 20’

e
(2.21)

which holds whenever the operators p and ¢ commute
with their commutator [gq,p] =c. Taking p=
i(B[2m)*P, and g = i(B[2m)tP,, we find ¢ = }ifhw,,
which, being a constant, commutes with p and g¢.
The exponential operator on the right-hand side of
Eq. (2.18) can be factored by making use of the

(2.20)
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relationship®

'Y = ¥l Hu] (2.22)

where again u and v are two operators which commute
with their commutator [u, v]. Taking u = iwgmy&,
and v = i§,p,, we find [u, v] = —iwymhé&,E,, which
does in fact commute with u and v as defined here.
Rewrite (2.18), making use of (2.21) and (2.22). Now
assume that fhiw, < 1, a condition that is well
satisfied for a wide range of interesting temperatures
and magnetic fields, and expand the results in powers
of Bhw,, taking care to preserve the order of non-
commuting operators. This gives

. 2k
e—BPzalzm(l — lﬂzmwo Pva
B*Rwy | BR'wiPh  BHwd 2
T4 T em g FePY

+ ﬂ:}hzwo P) ——ﬁPys/2m

f f le§ze"Pv§v

X [1 + Yihogmé,E, + YFihwgmé.E,)’]

X ZOSLZ’(&, £)(Bhoy)" dE, d&,. (2.23)
Here we have let
Sol€es &) = E S (Eas E)BRwg)",  (2.24)

in which the coefficients S;ﬁ’(fz , £&,) are assumed to be
independent of the magnetic field. In (2.23) collect
terms of the same order in Shw, and set their respec-
tive sums equal to zero. This gives the following set
of equations for determining the functions S (£, &,):
PP /2m Py /2m

f f ePetzg PO E £ dE, dE,, (2.253)

—ﬂPz /2mP P —p Py 2/2m

= — f f 1Pa:§xelpv§v

X [3im &,&,S0NE,, &) + BSS(E,, &) dE, dE,,
(2.25b)

iprereronls - L et py

2 3m

14 2 ) —pP2
+Z_(P )]e”” "

=f J. eiP”'s’eiP'E"[%m2§i£2's§g}(£z3 Ev)

Im ﬂé 5 S(l)(fz’ 51/) - ﬂ2s(2)(§x’ 51{)] dE dé
(2.25¢)
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To solve these equations, we begin by setting
SOE,, &)= SD(E)SV(E,). Then (2.252) can be
separated and solved giving

3
(0) —mbe /28
SO, = (277 ﬂ) e,

(0)(5 ) = (_)%e—méflw
v 2 ﬂ *
By using this result, the first term on the right-hand
side of (2.25b) can be evaluated. It turns out to be
identical with the left-hand term, which implies that
S¢) = 0. In this case the second term on the right-
hand side of (2.25c) is also zero. Make use of the
expression for S&) to evaluate the first term on the
right-hand side of (2.25c). In the resulting equation
replace (P.P,)* with P2P, by neglecting a term of
third order in the magnetic field. Then

(2.26a)

(2.26b)

esrsen (L 82 4 B — 1) ortien
m

=38 f f eFetegiPuS ) dg, dg,, (2.27)

which has the solution

1/ m m 2,2
S:(f) — — __.(__) (1 + = Ei + 2 ) —(m/2p) (ks +84")
v = T 24\2np g Gt i)
(2.28)

Substituting our results into (2.17) and expanding
K(B) to the appropriate order, we find

RE B) = h; ( — = 2 (hoof) e + 5:)) o mI2BE"

4 p
(2.29)

which satisfies the condition [R(&, B)yli—o = #3/V
derived previously.*

Making use of (2.29), we find from (2.7) that the
gauge-independent equilibrium density operator is
just

1 2aipd
=5 (5)
9 l: (iiz:ﬂ)z(i( ot — 2)]e—ﬁp2/zm_

(2.30)

This satisfies Eq. (2.9) as it must. In a plane-wave
representation, 5 has only diagonal elements,

1 2ni2p\d (HweB)?
5 o L2TRAYT | (o)
P V( mﬂ) [ + 24

(’S—Z(k + k) — )]e—ﬁﬁzk’/mak,k, (2.31)
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from which one can readily show that the trace of p
is unity.
3. CURRENT DENSITY

As a simple example of the present theory, which
can be treated exactly by other means, we calculate
the current density produced by mutually perpendic-
ular electric and magnetic fields chosen to lie along
the positive x and z axes, respectively. Then Eq.
(2.13) becomes

0px 0 0

0=eEs—"+h (k —km—) . (31
sak, T o\l T ke e G

To solve this equation, assume that f, can be written

in the form

(ka:, ky’ kz)ku5 (3 2)

k=

h (Zﬂhzﬂ eE 0,8
V\ m )
where Q is an unknown functlon depending only on

the square of each component of the wave vector k.
Substituting (2.31) and (3.2) into Eq. (3.1) shows that

Q0= [1 + ilz(hwoﬂf (ﬂ_hz (ks + k%) — )]e—ﬂﬁ2k2/2m,
(3.3)

ot

which is seen to have the form required of Q.

The gauge-independent velocity operator is just
p/m. Then according to (2.5b) the current density is
given by

(3.4)

where n, is the electron density, the equilibrium
distribution contributing nothing to the current.
Substitute (3.2) into (3.4) and carry out the indicated
sum over k. Only the y component of the current
density does not vanish, giving
7 en i’ (27rh2ﬂ)% eE} B

f f fk2[1+—(wohﬂ)2

2
(.ﬂ_ (k + ky) _ 4)]e—ﬂh2k:/2m dkx dk” dkz

0
engc B’ 3.5
a result which is good to second order in Awyf.
Actually (3.5) is identical with the exact result (to
terms linear in E°) obtained using the gauge-dependent
density operator formalism; this is shown in the
following section.
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4. GAUGE-DEPENDENT DENSITY MATRIX
FORMALISM

It is of interest to compare our result (3.5) for the
current density with the exact value which can be
found using the gauge-dependent density matrix
formalism.® Again following Kohn and Luttinger,®
we take oy = gé @1
where g is linear in the electric field and s is a suitably
chosen frequency. We are then interested in g at
t = 0, when the electric field (2.10) attains its full
value E°. To obtain an equation for g, combine (4.1)
with (2.14) and substitute the result into Eq. (2.4a).
This gives

ihsg = = [P%, g] — eE'x,, pl.  (42)
2m

if terms of second order in the electric field are
neglected.

To solve Eq. (4.2), choose a representation g,(r) in
which Hp is diagonal: Hye, = E,¢,. Taking the
gauge A(r) = (0, xB, 0), we have

@u(0) = (L,L) Hu,(x + xp)e™e™. (4.3)
Here » represents the set of quantum numbers
(n, k, , k,) and u,(x + x,) is the harmonic oscillator
wavefunction centered at x, = —k,[o?, where o? =
maw,/h. Form the matrix of (4.2), using (4.3), and solve
the resulting equation for g,,.. We find

Py — Py
By = _eE(a)c Ev —E, [x]vv'
1
Pv — Pv 1 n + 1\*
= —eE, - ( ) Opstme
x Ev _ Ev:d [ 9 n+1,

i
+ (E) 6n—1,n’ - axﬂan,n']aky,ky’ak,,k,' 5 (44)

after inserting an explicit expression for the matrix
[x],, and again assuming s < w,.

The gauge-dependent velocity operator is given by
the commutator of the position coordinate r with the
Hamiltonian Hy:

v=Llm,n=L1r. (4.5)
h m

To obtain the current density, multiply (4.5) by the

electronic charge density nge and insert it along with

(4.4) into Eq. (2.4b). The only nonvanishing contri-

bution to the current density is

. en
Jv = — Tr {PTPV}
" b3
Aw
= 4nqe (_9) >33 (n+ 1)%gnkgkz,n+1 Tyks
2m/) n %y ks
0
= —enyc —E” , (4.6)
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which is seen to be identical with our previous result
(3.5).
: 5. SUMMARY AND DISCUSSION

The current density induced by the application of
an electric field to electrons moving in the presence of
a uniform magnetic field is found by means of a
previously established gauge-independent transport
formalism. In attempting to solve for the gauge-
independent distribution function by the wusual
procedure of finding the correction to the equilibrium
distribution linear in the electric field, it becomes
apparent that the equation for the gauge-independent
density operator is not sufficient to determine the
precise form of the needed equilibrium distribution.
An approximate expression for the gauge-independent
equilibrium distribution is derived from its known
relationship to the gauge-dependent equilibrium
density operator. From this expression the correction
to the distribution function linear in the electric field
is found and used to calculate the current density,
which turns out to be identical with the exact result
obtained using the gauge-dependent transport for-
malism.

In the usual treatment of transport problems based
on the Boltzmann equation, the equilibrium distribu-
tion is taken to be the ordinary Boltzmann distribution
function. In the absence of potential scattering, this
is equivalent to taking

p = Ke#o'/2m (5.1)

with K72 =Tr g, even when a magnetic field is
present. While Eq. (2.9) is satisfied by (5.1), it is
equally well satisfied by any function of p2. It is clear
in any case that (5.1) can not be correct when a
magnetic field is present since it depends in no way
on the magnetic field. Furthermore, any attempt to
solve Eq. (2.9) leads at once to the conclusion that
the equation itself is not sufficient to determine the
equilibrium distribution. This is true even if one takes
(5.1) to be the principal contribution and then
attempts to include the effects of the magnetic field
as a perturbation. More information about p is
required and this is supplied by the known connection
between p and p through the function R(,r, B, t).
p itself is, of course, known from statistical mechanics.
In determining 5 from p, we find that p has as its
principal term just (5.1), as expected [see Eq. (2.30)],
but contains additional terms depending on the
magnetic field. In the particularly simple problem
we have chosen to treat, it turns out that the contri-
butions to the current density arising from the
additional magnetic terms in the distribution function
exactly cancel one another. Indeed, even with the
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limited number of terms we have retained in the ex-
pansion of the distribution function, the supposed
approximate result for the current density is found
to be identical with the exact result at least up to
terms linear in the electric field. The inclusion of
additional terms in the series expression for the gauge-
independent distribution function would probably not
change this result. The identity of our approximate
expression for the current density with the exact
result is very possibly fortuitous and related to the
fact that the same current is also given by a calculation
based entirely on the principles of classical particle
mechanics.

If we used a similar approach, it would be of interest
to investigate further the influence of a magnetic field
on electrical transport by considering a more realistic
system in which potential scattering occurs, particu-
larly scattering by a periodic potential. Such an
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investigation has been undertaken but is complicated
by the necessity of including several higher-order terms
in the transport equation.
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We show that automorphisms of quasilocal algebra %, a C*.algebra with identity on Hilbert space $,
is extendable to the weak operator closure of 2 under a certain physical assumption.

Given a topological group G' and a C*-algebra U
with identity acting on a Hilbert space §, let « be a
homomorphic mapping from G into Aut (%), the
group of *-automorphisms of 2, and «, be the image
of g€ G under «, ie., a:g— o, for g€ G and a, €
Aut (A). Suppose that g — (&, «,(4)n) is continuous
on G forall4 e Aandall &, n € H. Let A~ be the weak-
operator closure of %; then there are two problems:
(i) Can each «, be extended to a *-automorphism of
U~ and (i) s g-— (&, a,(4)n) continuous on G
for all A€W~ and &, ne$H? Aarens solved these
problems when the mapping (g, 4) — «,(4) of
G x U into U satisfies a mild joint continuity con-
dition.! Recently, Kallman? assumed (i) and showed
that (ii) is automatically correct if G has a complete
metric topology. Kadison and Ringrose® showed that
(i) is true if

ey — ¢l <2, M

where ¢ is the identity automorphism of ¥.

However, (1) seems to be a very strong condition
for physical problems. In this short note we will give
another condition based on physical motivation, such

that (i) is true for quasilocal algebra of observables
in quantum field theory, which is the original interest
to study the continuity of automorphisms of C*-
algebras.!

We recall some well-known local structures of
quasilocal algebra of observables: For every bounded
open region O of Minkowski space-time M, there is
a local von Neumann algebra R(O) on a (separable)
Hilbert space §, such that R(0,) = R(0,) if 0, < O,.
Let Q be the union of all local von Neumann algebras
R(0), i.e., @ = Jies R(O;), where I is some index set
such that {J,; O; = M. We choose to designate,
under the name quasilocal algebra of observables, the
C*-algebra U obtained as the norm-operator closure
of Q, denoted by 0", i.e., A = Q"

The symmetries of a physical theory within this
framework are represented by a x-automorphism «,
of A, such that each local algebra R(O) is mapped
isomorphically onto another local algebra R(O,),

%, R(0) — 4,(R(0)) = R(0,),

where O, is the image of O “shifted by g€ G.”
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limited number of terms we have retained in the ex-
pansion of the distribution function, the supposed
approximate result for the current density is found
to be identical with the exact result at least up to
terms linear in the electric field. The inclusion of
additional terms in the series expression for the gauge-
independent distribution function would probably not
change this result. The identity of our approximate
expression for the current density with the exact
result is very possibly fortuitous and related to the
fact that the same current is also given by a calculation
based entirely on the principles of classical particle
mechanics.

If we used a similar approach, it would be of interest
to investigate further the influence of a magnetic field
on electrical transport by considering a more realistic
system in which potential scattering occurs, particu-
larly scattering by a periodic potential. Such an
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investigation has been undertaken but is complicated
by the necessity of including several higher-order terms
in the transport equation.
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We show that automorphisms of quasilocal algebra %, a C*.algebra with identity on Hilbert space $,
is extendable to the weak operator closure of 2 under a certain physical assumption.

Given a topological group G' and a C*-algebra U
with identity acting on a Hilbert space §, let « be a
homomorphic mapping from G into Aut (%), the
group of *-automorphisms of 2, and «, be the image
of g€ G under «, ie., a:g— o, for g€ G and a, €
Aut (A). Suppose that g — (&, «,(4)n) is continuous
on G forall4 e Aandall &, n € H. Let A~ be the weak-
operator closure of %; then there are two problems:
(i) Can each «, be extended to a *-automorphism of
U~ and (i) s g-— (&, a,(4)n) continuous on G
for all A€W~ and &, ne$H? Aarens solved these
problems when the mapping (g, 4) — «,(4) of
G x U into U satisfies a mild joint continuity con-
dition.! Recently, Kallman? assumed (i) and showed
that (ii) is automatically correct if G has a complete
metric topology. Kadison and Ringrose® showed that
(i) is true if

ey — ¢l <2, M

where ¢ is the identity automorphism of ¥.

However, (1) seems to be a very strong condition
for physical problems. In this short note we will give
another condition based on physical motivation, such

that (i) is true for quasilocal algebra of observables
in quantum field theory, which is the original interest
to study the continuity of automorphisms of C*-
algebras.!

We recall some well-known local structures of
quasilocal algebra of observables: For every bounded
open region O of Minkowski space-time M, there is
a local von Neumann algebra R(O) on a (separable)
Hilbert space §, such that R(0,) = R(0,) if 0, < O,.
Let Q be the union of all local von Neumann algebras
R(0), i.e., @ = Jies R(O;), where I is some index set
such that {J,; O; = M. We choose to designate,
under the name quasilocal algebra of observables, the
C*-algebra U obtained as the norm-operator closure
of Q, denoted by 0", i.e., A = Q"

The symmetries of a physical theory within this
framework are represented by a x-automorphism «,
of A, such that each local algebra R(O) is mapped
isomorphically onto another local algebra R(O,),

%, R(0) — 4,(R(0)) = R(0,),

where O, is the image of O “shifted by g€ G.”
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In the present article we shall study only automor-
phisms of a quasilocal algebra with the above local
structures. Before the formulation of the main result
below, some other properties of local observables
will be discussed.

Given a vector state (a vector state @ is a state of
A such that w(4) = (£, An)for A€W and &, ne$H.)
w of A and w(4*4) the probability of w through
A e with |4 £ 1, then w can be determined by
the collection of probabilities w(A4*4) for all observ-
ables 4. However, in an actual experiment, e.g., a
monitoring experiment, one can obtain only a finite
number of probabilities w(4¥4,) for a finite set of
observables A4,, i=1,2,--+,n (indeed, there are
only a finite number of measurements, apparatus,
and experiments). And, moreover, due to the limita-
tion of accuracy in experiments, one is unable to find
exactly w(4#A4,) but p, within a finite accuracy, viz.,

|p; — w(AfA)| < €, 2

for i=1,2,---,n, where the ¢, are experimental
errors. Expression (2) indicates that there are no
actual experiments which enable us to specify a
definite state w, but only a weak *-neighborhood of
w in A*, the dual space of UA.4

If we want to determine an observable 4 € % with
|4l <1 in some vector states w,, instead of fixing
a state through observables, we have also to find the
set of probabilities w,(4*4) for all vector states w;.
Similarly to the above restrictions and limitations in
actual experiments, what can be obtained from
experimental measurements is not exactly w,(4*A4)
but g, such that

lg; — 0 (4*4)] < ¢; 3

for i=1,2,---,n and some ¢; (the errors in
experiments). Expression (3) gives a weak-operator
neighborhood of 4 in ¥, given by the weak-operator
topology of B($), the set of all bounded operators in
$. Hence we are also unable to find an observable
exactly, but only its weak-operator neighborhood.
Another physical interpretation of (3) can be given
in terms of effect and ensemble (Gesambheit) intro-
duced by Ludwig?® as follows, although the notions
of effect and ensemble contain more than observables
and vector states: For an ideal effect 4 and a finite set
of ensembles w,, i=1,2,--+,n, one can always
find a real effect T such that ¢, = w,(T*T), satis-
fying (3) for a given experimental error ¢;. A finite
set of ensembles w; indicates, physically, that there
are only a finite number of apparatus and experiments.
“One can always find a real effect 7°” means that one
can always construct an instrument in experiment
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to measure a real effect. Therefore, (3) is in fact the
notion of physical approximation of ideal effects
given in Ref. 5.

Suppose that 4 € R(0) with [4]] < 1. Since all
experiments (including the locations of instruments
and measurements) are operated in the finite region O,
then the experimental results (real effects) are ob-
tained from O. Mathematically, this means that there
are real effects 7 in R(O) with || T|| < 1 such that (3)
is satisfied. Therefore, there is an open weak-operator
neighborhood of 4 belonging to R,(0), the unit ball
of R(0), ie., 4 is an interior point of R,(0). Let
131(0) be the interior of R,(0) with respect to the
weak-operator topology of B($); then the conclusion
of the above discussion is 4 € 1%1(0).

An observable 4 € @,, the unit ball of Q, has I-
property (“I” for interior) if A 6131(0) for some
finite region O < M. Furthermore, a subset W of
0, has I-property if, for each 4 € W, there is some
finite region O < M such that Aeﬁl(O). Conse-
quently, if W has I-property, then

W < U Ry(0)
iel
for some index set I. )
The purpose of this article is to show the following.

Theorem: Let «, be an automorphism of quasilocal
algebra A as defined above. Suppose each weakly
closed subset of Q,, the unit ball of Q, has I-property;
then «, is extendable to A~

Before we prove the main theorem, we need two
lemmas.

Lemma 1: Let «, be an automorphism of quasilocal
algebra UA. Then «, is ultraweakly continuous on U,
if &, is ultraweakly continuous on Q.

Proof: Let ¢ be a normal state with |®] = 1 on U,
and € > 0. Since 0" = ¥, then for each A € U there
exists T € Q such that |4 — T|| < €/3. Moreover, by
the assumption, |¢[o,(T)] — ¢la, (D]l < ¢/3for Te Q
and g, € G. Hence
l¢[“ﬂ(A)] - ¢[“UO(A)]I

< Blog(4 — D + ¢l (T)] — $lotg (DI
+ |log (T — A
L24—T|+¢3Le

Therefore, o, is ultraweakly continuous on .

Lemma 2: Let Q = Uiz R(O,) for iel, where
Uier O; = M. If a, is an automorphism of quasilocal
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algebra ¥ such that
%,: R(0) — «,(R(0)) = R(O,)

is a isomorphic mapping, then «, is ultraweakly
continuous on Q if each weakly closed subset of Q,,
the unit ball of Q, has I-property.

Proof: Let W be a weakly closed subset of Q,.
By assumption, W has I-property; hence W <

User 1%1(0,-) for some index set I. Furthermore, W is
compact in the weak-operator topology; thus W <

User 131(01) for some finite index subset J/ < I. Hence

w < U R0,

iedJ
for finite subset J of I.

For each 4 € W by assumption there is some O,
such that R,(0,) is a weak-operator neighborhood of
A and, since W is weakly closed, the intersection
of W and R,(0,) is nonempty, i.e., W N R,(0)) =
V, # &. Also, V; is weakly closed, because R,(0,) is
also weakly closed. Clearly, V; is a weakly closed
subset of R(0)), and W N ies Ri(0) = Uies Vi
for finite index set J. In fact, we have

w=UV,
ied
for finite index set J.

Moreover, «, is a isomorphic mapping of R(O,-.)
onto R(0), where O,_. is the inverse image of O
under g € G; then a, is ultraweakly bicontinuous,® or
weakly continuous on the unit ball. Hence, for V; <
Ry(0)), &, (V,) is weakly closed, and for finite index
setJ

o (W) = U o5'(V)
ieJ
is therefore weakly closed, which implies «, is weakly
continuous on @, and thus ultraweakly continuous
on Q.

The proof of the theorem is trivial now. From
Lemma 3 of Ref. 3 we know that «, is extendable to A~
if o, is ultraweakly bicontinuous on U. Since ()™ =
a,-1, we need only to show that «, is ultraweakly
continuous on A, which follows directly from Lemmas
1 and 2.

A final remark is given here to show that for
G = R*, if automorphism «, of a quasilocal algebra
U satisfies (1), then the observable has I-property.

593

Since «, satisfies (1), «, is in a norm-continuous
1-parameter subgroup of Aut (). Let t —a, be
the norm-continuous l-parameter group. If 4 € Q,,
then A4 € R (O,) for some O, = M. Let O be a finite
region of M such that Oy € O; then R(Oy) < R(0)
and 4 € R,(0). For each x € R" and all sufficiently
small ¢, O, can be shifted by tx such that O, + tx < O;
then «,,[R(0,)] < R(O). Hence, for each B € R(0O),

[B: a'ta:(A)] =0 (4)

for small ¢. Furthermore, due to the norm-continuity
of t — a,,, there is a derivation 6 of U such that
%y = eXp (#0). Applying the same method given by
Kadison,” we obtain

[B9 Olt:c(A)] = [B’ A] + t[B3 6(A)]
+ 3B, ¥(A)] + -+ =0

for small ¢, so that [B, 6"(4)]=0forn=0,1,---.
Thus (4) is true for all f and each x € R*, which implies
that «,,(4) € R(O) for all ¢t and each x € R", or more
precisely, «,.(A4) € R,(0) for all ¢ and each x € R™
Moreover, since |a,, — t|| < 2, we have

I(‘Eir [mt:a(A) - A]’71>| <2

for &, n,e$ with &)l <1, {5, £ 1. Therefore,
there is a weak-operator neighborhood U(4; §;, ,)
of 4 given by

U(4; &, n) = {ou(A); 1K€, [n(A4) — Al < 2
for all t and x € R", §,, 1, € § with

Bel < 1l < 1}

which is contained in R,(0). Thus A is an interior point

of Ry(0),or A€ 1%1(0) for some O < M.
Conversely, it is clear to see that I-property does
not imply (1).
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Expressions for the matrix elements of powers of infinitesimal operators of R; are obtained in a basis
reduced according to Ry @ (SU; X SU,). Operators producing the basis functions of any weight from
those of highest weight are considered. The coupling and recoupling procedures for the semistretched
and the other multiplicity-free cases are considered. By use of projection operators the expressions for
the isoscalar factors of both kinds of semistretched Clebsch~Gordan coefficients of R;, as well as a new
formula for the 9j-coefficient of SU, involving only three summation parameters, are obrained. Methods
of obtaining the normalized isoscalar factor coupling the basis functions of two symmetrized representa-

tions of R are discussed.

I. INTRODUCTION

Several papers—® devoted to the problems of the
theory of representations of the group R;, of interest
to physicists, appeared in the 1960’s. In Ref. 1 the
group R; is considered together with the other Lie
groups of the second rank. In Ref. 2 some expressions
for isoscalar factors (i.f.’s) of the Clebsch-Gordan
coefficients (CGC’s), in the basis reduced with respect
to SU, x SU,, are obtained. In Ref. 3 the polynomial
basis for the irreducible representations is derived.
In Refs. 3 and 4 the expressions for matrix elements of
infinitesimal operators (i.0.’s) are considered. In Ref.
4 the invariants and a family of identities relating
various polynomials of degree four in the i.0.’s are
found. In Ref. 5 the bases reduced with respect to
Ry are treated.

In Ref. 6 the properties of the basis functions as
well as of the i.f.’s under the elements of the substitu-
tion group’ (of parameters labeling the representa-
tions) are established; and expressions, in terms of
SU, quantities, have been found for the stretched
and semistretched i.f.’s of the first kind [Egs. (20) and
(29), respectively]. The corresponding expression for
the semistretched i.f.’s of the second kind has not been
given there, because it involves nine summation
parameters and therefore is not of practical impor-
tance. The main goal of this paper is to work out more
powerful techniques of dealing with the basis func-
tions and i.f.’s, enabling us to obtain expressions for
the i.f.’s involving a greatly reduced number of sum-
mation parameters.

In the next section we obtain the expressions for the
matrix elements of powers of i.0.’s using methods
analogous to those used in the theory of SU,.%* In
Sec. II1 we construct the general weight lowering
operator expressed in terms of products of powers of
the infinitesimal operators. This appears to be more
useful than that expressed in terms of powers of

“step-up” and “step-down” operators of Ref. 2,
because in our case the results of Sec. II may be
applied with great success.

In Sec. IV the standard semistretched coupling
schemes are defined together with those nonstandard
ones which can be obtained from the standard ones
with the help of the elements of the substitution group
mentioned above. In Sec. V, by use of the weight
lowering operators of Sec. ITI and of the properties of
the quantities of representations of SU,,' the expres-
sion for the semistretched i.f.’s of the second kind is
deduced, which involves only three summation param-
eters instead of nine as obtained by the methods
used in Ref. 6. A quantity having higher symmetry
than the i.f.’s itself is singled out from this expression.

Section VI is devoted to the consideration of the
multiplicity-free coupling of two symmetrized vectors
as well as of a symmetrized vector and symmetrized
spinor, the main attention being paid to the normaliza-
tion problem. In solving this last problem, the above-
mentioned symmetrical quantity was applied in
carrying out the summation involved in the special
case of the recoupling coefficient needed in the tech-
niques used. In Sec. VII, we examine the semistretched
recoupling matrices which are expressible in terms of
recoupling matrices of SU,.

In the Appendix a new expression is deduced for the
9j coefficient of SU, containing only three summation
parameters. The techniques of the theory of repre-
sentations of R are used for this purpose. This possi-
bility emerges from the fact that quantities of R, are
expressed in terms of SU, as is done to full extent in
Ref. 6 as well as in this paper.

IL. INFINITESIMAL OPERATORS AND THE
MATRIX ELEMENTS OF THEIR POWERS

We take the infinitesimal operators, as is done by
Hecht,? and express them in terms of those of SU,
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with slight differences in normalization. So we write

H, = }(Ey — Es), Foo=Ep, Fo=Eyn, (12)
H, = }(Egs — Es), Fopo = Egy, Fo_ = Eg. (Ib)
T,, = —Ey — Egy, T._= Ey + Ey,

T, = Ejy— Eg, T_. = Ey — Ey. (lc)

Operators (1a) and (1b) are the infinitesimal operators
of subgroups SU,, and those of (Ic) constitute the
bispinor of R,, which transforms like a spinor with
respect to each SU,.

The matrix elements of (1a) and (1b) are obtained
from the theory of representations of SU,, and those of
(1c) are expressed in terms of CGC’s of the subgroups
SU, and reduced matrix elements obtained from
formulas (16) of Ref. 2, omitting the factor  and the
expression J,,(J,, + 2) + A, (A, + 1) in the denomi-
nator, because of the difference in the normalization
and the definition of reduced matrix elements.

Under the term of the power of i.0.’s we understand
the coupling of a certain number of equal operators
into the tensor of highest rank and the highest (or
lowest) projection of this rank. The matrix elements
of powers of (la) and (1b) are known from the theory
of SU,.

The general reduced matrix element is obtained by
calculating this matrix element

/ (KA)

2 |(KAY\
\I',M+aJ+a,J+a

*\M1s/
We obtain the SU, states [IM) and |JN) from the

2
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states |II) and |JJ) with the help of the operators

U+ M) Ny ;
((21)!(1 - M)!) - (32)
(——————(J T N)! )fpg:N (3b)
QD! (J — N)!

F%* in (3a) indicates that the operator F_, is to be

applied 7 — M times, successively, to the state |II).
The same holds for (3b).
We make use of the transposition formula

" alb!(=1)
T++Fb—o=z (=)
ol (v —uw)l(a—u—0v){b— )

b—vv—ua—u—vpu
X Fo T T Fo.,,

(4)

obtained by using the two first equations of the for-
mulas (2.11) of Ref. 8. Further, we use particular
cases of (2) with M =1 (so that I’ =1 + «) and
M 4+ « = —I’ (so that I’ = I — «). Under these con-
ditions the summation in the corresponding expres-
sions disappears.

The result for the reduced matrix element of (2)
(after omitting the Clebsch~Gordan coefficients of
SU,) is the following expression:

/KA | g IR\
N2 K
_ ((2«)! QI+ DI + 1)!)‘%‘ PRALT) o
QJ + 1! P(KAINV(aIl’)

Here J' = J + «, and V(abc) is defined by Eq. (16)
of Ref. 6. The new quantity P is defined as follows:

K+A+T+T+ ) K+A=T+J+ DV E-A+T+J+ D!

P(KALJ) = (

(K+A+T—J+DIK+A—T—J)

A g
(KA T+ DA +T+A K)!)_ ©
(K—A+1—J)!

Further, we obtain a formula similar to (4) with F,_ instead of F_, and make use of the reduced matrix
element stretched with respect to the subgroup SU,. This enables us to obtain the general expression for the

reduced matrix element. It has the form

QI + )T + DU + J' — o) V(I I)V(aJ')

/ <KA>“ . <KA>\
"

x 2

P(KAI'J)P(KALJ)

(=1)y7-I+=t-32i + 1)P¥KAij)

SQFDN e+ T+ =20V =T, IV = J,i, 1)

M

Unfortunately, the expression (7) is not symmetric with respect to the parameters / and J (as well as I’
and J'). It simplifies considerably for the symmetric representations (AA) or (KO).
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It is to be taken into account that the contragredient
operators are —7.,, and 7__, a property which has
been used in comparing the matrix elements of powers
of i.0.’s. Moreover, the powers of i.0.’s generally are
irreducible tensor operators of SU, but not of R;
itself, as was the case in considering the group SU,
(cf. Ref. 9).

iII. THE GENERAL WEIGHT LOWERING
OPERATOR

The formulas (8) of Ref. 2 allow us to change the
weight by one step. However, it is very useful to have
operators allowing us to deduce the state of any
weight from the state of highest weight by one single
operation instead of repeated application of some
operator many times. The reason is that the separate
parts of “step-up” and “step-down’” operators do not
commute, and repeated application gives very awk-
ward expressions.

For SU, such an operator is constructed in the
form of a polynomial in i.0.’s. For R, it is more
difficult to do in this way, because the coefficients in
the polynomial are very complicated.

It is easy to find states satisfying the condition
I+ J=K-+ A, by acting on the state of highest

weight with the operator T2 , the result being a

AND A. P. JUCYS

state of nondegenerate weight. Consequently,
(KA) \
K—oc,K—oc,A-}-oe,A-}»az/
_ ((ZK — 2A — 24) z)‘*Tz, (KAY \
(20! 2K —2A)!) " T IKKAA/
since, in this special case, 7_, acts on the state as
1.0.s of SU,.
The next step is to construct the states with arbi-

trary 7 and J. First, we observe that the following
expansion holds:

(8)

(KA)\ _ K~a—p~1 pA+a—f—J2p
IIJJ/ = g QUKM1T, «BIFE; Fgt TZ.
(KA) \

X .
K-—oc,K-—oc,A+oc,A+ac/

In order to find the coefficients Q in (9), we operate
with the step-up operators F, or Fy, on both sides of
this last equation. The result on the left-hand side
must be zero. By the use of commutators of F,, and
F,, with the operators of the right-hand side of (9), we
obtain recurrence formulas for Q, which together
with the boundary conditions (the degree of the
polynomial in i.0.’s cannot be negative} show that the
coefficients @ must be proportional to the expression

®)

[T UK+ —a—B+DIK—T—a—NIA+T+a—=F+DIA =T +a—pt

X
[K—-oc-—ﬁ+1

I J K—-A ] (10)
~A—a+pf—-1 K—A—2

Here, the quantity in the square bracket is a nonstandard CGC of SU,, because the absolute values of
two of the projections exceed the values of the corresponding angular momenta. For this CGC we use the
expression of Van der Waerden [the first of Eqgs. (13.1) of Ref. 10] and normalize (10). For this purpose,
we multiply (9) by the state contragredient to the state of the left-hand side, the result being equal to unity,
and carry out the calculation of matrix elements of the right-hand side. Then by the use of (3) we obtain

(I+J—K+ A)!
I+J+K—-A+1)!
« ((21+ DERJ + DI + M + NRK -2A)z)%
(I— M) (J — N)!
xS [(20)! 2K — 2A — 2a)1H(=1)%
afuCONK — 1 —a— B A —J+a—lu! Qe — u)!
(K—I—a—f8+u)!
*KoAt+]l T (K-A—It+J—2atu)l(A+J—a—F+u+D)
(KA) \
K—-oc,K-oc,A+oz,A+a/’

B[{KA)1J] being defined by Eq. (15) of Ref. 6.

The expression (11) can be obtained in another form by using other expressions for the nonstandard
CGC of SU, in (9). One of those forms, useful in practice, is obtained by using the Fock-Racah expres-
sion [the second of Eqgs. (13.1) of Ref. 10] instead of that used above. The connection between this new

KN _ gk ATV — A1 J

X FE M-a—fpA-N+a-pp2h

(1)
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formula and (11) can be expressed by this summation
relation

5 (4 + w)!
“ Wl (B — ) (C— ) (D +uw!(S+u+ 1!
1

T BB+ D) (S—A)!(S+C+ 1)

xzu+ww+p+mm+c—A—w
m ul (C — w)' (D + u)! ’

(12)

This formula will be of use in carrying out the summa-
tions appearing in the process of deriving the expres-
sions for isoscalar factors of CGC of R; to be dealt
with in what follows.

IV. ON THE SEMISTRETCHED COUPLING
SCHEMES

We consider multiplicity-free terms in the direct
products of two irreducible representations of partic-
ular coupling schemes, called semistretched of the
first and second kinds, as defined by Eqgs. (27) and
(28) of Ref. 6, respectively. The corresponding iso-
scalar factors we call standard semistretched of the
first kind (s.s.if’sI) and of the second kind
(s.s.i.f.’s IT), respectively. For the fully stretched cou-
pling scheme the conditions (27) and (28) of Ref. 6
are satisfied simultaneously.

We suppose that the symmetry conditions (A.22)
of Ref. 2 when applied to the s.s.i.f.’s give the s.s.i.f.’s
as well. They remain s.s.i.f’s after transposing the
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factors in the direct product according to this relation

[<K1A1> (KaAs) (KA>il
LJ, IJ, 1
— (__ 1)K—A—KH-Al—K2+Az+11+13—I+J1+J2—J

I2J2 I]J] 1J
as well as
[(KlAl) (K,A,) (KA)}
1J, I,J, nJ
— (_ 1)2A1+2A2+2A [<K1A1> <K2A2> <KA>] ( 1 4)
J 1 I 1 J 2I 2 JI '

On the other hand, using the relations (21) of Ref.
6, with respect to the elements of the substitution
group, we can obtain nonstandard semistretched
i.f.’s (n.s.s.i.f.’s) of both kinds. The parameters of the
n.s.s.i.f’s I satisfy the condition

KI—A1+K2+A2=K—A (15)
and those of the n.s.s.i.f.’s 11,
A+ K, =A. (16)

It is easy to prove that under four of the eight
elements of the substitution group, generated by the
elements (3) of Ref. 6, the s.s.i.f.’s T transform into
n.s.s.if’sT and s.s.if’sIl into n.s.s.if’sII. Among
these four elements only two are common. The other
four elements do not change the character of s.s.i.f.’s.

States of any number of representations can be
coupled by the semistretched coupling scheme. For ex-
ample, in the case of three representations the states of
the resulting representation are expressed in this way

(<K1A1, K,A,, KaAg, KipAye; KA)\ — { (KiAp (KpAy) (K3A3) (KA) :|
IMJN i LM J,N, I,MyJ,Ny, IsM3J Ny IMJIN (Kishae
JiN;:
o | Kb N | Kby \ | (Kahg (o
LMUNY LMIN,/ | LMJN,/
Here
[ (KA (KaAy) (K3Ay) (KA)]
IIMIJINI 12M2J2N2 13M3J3N3 IMJN (K12A12)
- [ (K:iAp (KyAy) (K1aAyo) j”: (Ky2A 1) (K3Ay) <KA>jl (18)
512%12 IiMJN, LMyJoNy 11,MygJ oNyg 1L oMyad12Nys  IsMaJgNg IMJIN
124v12

is a generalized CGC of R; in analogy to the case of
SU,, as given by Eq. (21.7) of Ref. 10. In this partic-
ular case, the parameters labeling the repeated repre-
sentation are not needed. The parameters labeling
representations must satisfy the conditions

3 2

DKi+A)=K+A (K, +A)=Kp+Ag,
1 i=1
(19)

i=1

for the semistretched coupling scheme of the first kind,
and 2
>K;=K, K,+K,=K,,
i=1
for that of the second kind.
Equations (19) and (20) represent the generalization
of (27) and (28) of Ref. 6. They may be easily general-
ized to the case of any number of representations

(20)
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whose states are to be coupled by the semistretched
coupling schemes.

The expression for the s.s.i.f.’s I is given by Eq. (29)
of Ref. 6. It is worth mentioning that this formula, as
well as (20) of Ref. 6, giving the expression for the
stretched i.f., can be deduced more easily than in Ref.
6 by taking fixed values of some arbitrary parameters
in (19) and the analogous formulas. For example,
taking i, = i, = 0 in (19) of Ref. 6, we see that ali

[<A1A1> (AAy) Ay +A2,A>]
LI, LI, Iy

AND A, P, JUCYS

other parameters, including summation parameters,
are uniquely defined, and the question of using the
summation formulas no longer arises.

V. THE SEMISTRETCHED ISOSCALAR
FACTORS OF THE SECOND KIND

In this section we obtain the expressions for
s.s.i.f.’s II. At first we obtain the formula

=D V(AALA,)

enrary 2V LIIV(I'L L) ((4A1 + DI(4A, + DIQA + 1!
QAN (2A)! 2A, + 2A, — 2A)!

QI + D@L, + DRI — 2A)1 QA, + 24, — 21')!

Here

I'+J' =A,

}
% . @1
A, = 21DV QA + 20, + 2! 24, = 2I)1 A, + 21, + QI + DI (' + 1)1) @

+ Ay + A;

Eq. (21) is deduced by acting on the state of highest weight of the representation (A; + A,, A) with the operator

(8) and taking the product with the functions

Mdy) N\
1111[1, J - Is/’

Trivial rearrangements give (21).
The next formula to be derived is

[<K1A1> (KaAg) (Ky +K2,A>]
LJ, ILJ, I

— (_1)K1+A1—-11—J1 [(211 + 1)(2J1 + 1)(212

(Aghy)

\

129 I— 119 1212/.

+ 1)J, + D

B(K ADT 4 1B(KpAg) ]

VU'TLIIVGTJT )

X
V(K1 - A1: 11 9 Jl)V(KZ - Aza 12, Jz)v(AAlAz)

( QA + D! (2K, + 2K, — 2I)! I’ — 2A)!
(CA)! QA QK + 2K, — 21 QI + 1! (2 + !

:
), I'+J =K, + K, +A. (22)

For its derivation we use (21) and a formula analogous to (19) of Ref. 6.
By the use of (9) for the s.s.i.f.’s II of the general form, we find the expression

[<K1A1> <K2A2> <K1 + K21A>] a— [Il
Il‘Il Ing IJ Il

ivj1

(KiAy)

wa

I, I}‘l[
I-1, 1 J—J,

x ¥ QIK, + Ky, MY1J, af]

LIy, J — T,

I, Jy I
5 )
28)!

iy — 2IN!1 (2f, — 2J)!

% I:(K1A1> (KA (K; + K, A)] [i.t iy I':H: i e J']
i2j2 I’J' i1 I""il I' J,""j2 j2 J’
FaAj—a—B-——J Ti(ix—d 1) <K1A1> \
hisjy, I = Jy
Kahs)

/

K

NIy, I = I, JoJy

i Ffo 1+ K y—a~f—Ip2lis—Ja) 23)

. ' s e
g,y - 1,12, )2
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The summation is carried out with respect to o, B, iy, iy, ji, ja, I', and J' satisfying the conditions
I'+J =K + K+ A, a=J —A, and =i, +j, ~ I, —J,. These together with one summation
parameter involved in Q, according to formula (23)s give six linearly independent summation parameters.

After substituting the expressions for CGC’s of SU, and those for submatrix elements into (23), we obtain
a rather bulky expression. In order to eliminate the factors 2j; + 1 and 2i, + 1, which are awkward in the
summation process, we use the relation

(=120 + Dliag + mip)! _ ( (iy — iy + mup)! (i = iy + myy)! )’f
i (ip — myy)! Vz(i2ili12)V2(i3iil2) i + DQRi)! Qi) (iy + iy — my)! (i + iy — myy)!
x O e ] e
V(i + i3, 4, )Lis — i3 myp— iy myy— i

following from the equality
s, '][’ B .]<i1i2(im>i3ili3i2(i2+i3>i1i>
t12

My =iy iy Mypllmy, —iy myp— iy
S I L
—l3 Iy lg—1Igllls— 13 Myy— 1y My — I3

For the expressions of the CGC’s of SU, in (24), we select ones such that some of the summation formulas
of Eq. (14.2)-(14.5) of Ref. 10 are applicable to the resulting expression. The result is
[<K1A1> (KoAyy (K; + K2,A>:|

ILJ, IJ, J

(@I + D(J, + DRL + D), + DAY

B ( (249! (2A,)! )

Bl(K, + Ko, MVIJIV(K; + Ky — A, I, DV(LLDV(J I, T)
BUK ADLBUK AN V(K — Ay, Iy, V(K — Ay, 1y, J5)
X z(__1)K1—A1+K3—A2—J1—J2—1+u+v[ Al A2 A ]
u—A v—A, u+v—A —A,
y ((zA1 —W)IQA, — ) (A=A — Ay 4 u + v)z)%
wlo!(A, + Ay + A —u—)!

u,v

x Ky —A =1L+ J, + w!
L+ —K+A -l KA —L+ T, —T+)I(K - A —-L+ T+ T+ u+ D

X (Ky = Ay + I, — Jy + v)! . (26)
o+ Jo =Ky + A=) (Ky—Ag+ I, —Jy— T+ ) (Ky— A+ I, = Jo+ I+ v+ 1)!

Here one summation parameter is involved in the CGC of SU,. Using the appropriate expression for this
CGC, we can bring the sum to the form

T VAMAY) a2 (A Ay — A=)l (J, + Ty — T — )!
y QA, — 21 (A — Ay + Ay + 2)! (), — a)!
L+J,— K+ A —a—2) U+ T+ —a+ DIy +Jy— Ky — A+ A — §+ 2)!
x(11+12+J1+J2—K1—K2+A—oc—ﬁ)!.
B+ L—I =L+ L+ 1~ B+ 1!

Now let us consider the particular case of (26) and (27) when A = A, + A,. Then the summation with
respect to z falls off. Moreover, we then obtain an expression for the stretched i.f. which, according to
formula (20) of Ref. 6, is proportional to the stretched 9j coefficient of SU, . This gives us a new expression for
the stretched 9j coefficient involving two summation parameters, as in Eq. (25.20) of Ref. 10. However, the

_ @A+ 1)5 (—1)ArrAeA+ It Ta=T+a+ ez

27

2 A+ Ay — DIy + Ty — T — a)!
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expressfons are quite different, and the transformation of one into the other is rather tedious. Using the new
expression for the 9f coefficient, we conceal the summation with respect to o and f§ in (27) in the corresponding
stretched 9j coefficient. Afterwards, we use Eq. (25.20) of Ref. 10 for this 9j coefficient and obtain the

expression

[<K1A1> (KaAy) (Ky + Kz,A>j]
IJ, LJ, 1

= (=) NOL 4+ 1)(20, + DI, 4 D), + DA + 1))

y ((21(1 — 2A)! K, + D! K, + 2A, + 2! 2K, — 2A.)! K, + 1)! K, + 24, + DN
(2K, + 2K, — 2A)! 2K, + 2K, + 1)! 2K, + 2K, + 2A + 2)!

Ky |A LT
X K, 1A, I, J,]|.
Ki+K,JA I J

Ky [Ar L Iy

A, I Ty
K+ KA T J

__ BKK, + Ky, A)1J]
B[(K:ADILJL]B[(KyA]5J ]

(28)

V(Kl+K2—A,I,J)(I+J—K1—K2+A)!

X
V(Kl - Al ’ I1 ’ Jl)V(KZ - Az ’ 12 ’ Jz)V(HlIz)V(J-IlJz)v(AAlA2)

y ( (2K, + 2K, — 2A)! QA)! (2K, + 2K, + 1)! (2K, + 2K, + 2A + 2)! 3
(K, — 2A)! QA)! 2K, + D! (2K, + 2A, + 2)! 2K, — 2A,)! QA)! 2K, + 1)! (2K, + 2A, + 2) z)

(=120 — )T = I + I + x)! (2], — p)!

P>

eae XL+ L —T =)y, + T, =T — Wzl (A+ Ay — A = 2)!

=T+ L+ ICA —2)A=-A + Ay + 2)!

X .
Lh+h—Ki+A—x—y=—2)I+IJ+A~-A~L—J,—K;+x+y+2)!

This quantity, which we call 11j coefficient and which
does not belong to the class of 3nj coefficients, is more
symmetric than the if. itself. Permutation of the last
three columns does not change its value nor the phase.
Transposition of the first two rows gives the phase
factor
(_ 1)A1+Aa—A+I1+Iz—I+J1+Jz—J. (30&)
Application of the elements of the substitution
group allows us to deduce other forms of the expres-
sions for the s.s.i.f.’s as well as for the n.s.s.i.f.’s. For
example, using Eqgs. (21b) and (2Ic) of Ref. 6 and
applying (A.22) of Ref. 2, we obtain expressions for
the s.s.i.f.’s which are less symmetric than (28), but are
very useful for practical purposes. By comparing the
two expressions for the same i.f., we deduce this prop-

(29)

erty of the 11j coefficient:

K, I Ji A
Ki+ Ky | Is J3 Ag

—Kl_Kz—z I3 J3 .A.3

= (—1)fztIr+re-Ke K, I J, Al
—Kz - 2 11 Jl A'l
(30b)

By the way, it is worth mentioning that mirror
reflection substitutions (X - —X — 1, X = I, J;, A,,
i =1,2,3) change only the phase factor of the 11j
coefficient.
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VI. ISOSCALAR FACTOR COUPLING TWO
SYMMETRIC REPRESENTATIONS

For this section there is left to consider the coupling
procedure of two symmetrized vectors as well as that
of the symmetrized vector with the symmetrized
spinor, the case of two symmetrized spinors having
been considered in Eq. (26) of Ref. 6. The direct
products under consideration are multiplicity free, as
is quite easy to prove by graphical methods similar to
those used by Speiser™* for SU, or by the algebraic
methods of Bucella and Cattani.'

In the case of the direct product of two symmetrized
vectors (A;A;) and (A,A,), reduced to the representa-
tions (KA), the parameters satisfy the conditions

K—A>0, A +A,—K>0,

A=A +A>0, A,—A+A2>0, (3D

constituting the triangular region. In the case of the
product of a symmetrized vector (A1) with a sym-
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metrized spinor (kO) when reduced to (KA), we have
24 —-2A >0, 2K - 24 >0,
K+A—k>0, k—K4+A>0, (32

the parameters constituting a quadrangular region
which in particular cases degenerates into a triangular
one. The linear combinations of parameters in (31)
and (32) must be integers.

The expressions for i.f.’s under consideration can be
found by the methods of this paper or by those of
Ref. 6. However, the more difficult task is the normal-
ization problem. We consider in detail particular
cases of i.f.’s for demonstrating the derivation of ex-
pressions and normalization procedures. The general
cases can be derived from the special ones by the
methods of Sec. 5, in a way similar to that used for
Eq. (28), the corresponding expressions being too
bulky to be given here.

We consider the special case of coupling two sym-
metrized vectors in which I’ + J' = K + A. Then we
obtain

(33)

[(AIAQ (Asp) <KA>J
LI, LI, IV
— N(A]_Ag, KA)(_I)Al—Aa+I\+Il-Iz+I
x (L, + DI, + DQA, — 2I)! QA + 21, + 2! 2A, — 2I)! @A, + 21, + )
 VLIVULL) ((21( — 221" = 2A) !)*
@r+ niEy + n
xS ("L 4+ I, + T = 2A + u + v — 2)!
useul QA = 21, — W) QI + u + DI QA — u + 1)1 o! QA, — 21, — v)!

» QA+ 20~ -1, — ' —u — v+ 2)!

Here Cly+ o+ D)!IQRA, — v+ DIz K —A=2)1QI' —=2A = 2)! (K + A =20 + 2)!

N(AA,, KA) = No(AAq, KAY2A, + DI Q2A; + DI (K — A)!

((ZK —2A 4 YK + A —=2A, + 1)K + A = 27, 4+ 2A, + 3)2A, + 2A, — 2K
202A; +2A, — K — A 4+ 1A, + DTEA; + )T QA, +2A, — 2A + 1)! )

The expression (33) is deduced with the help of recur-
rence relations in a way similar to that used in Ref. 6.
This means that the basis of the representation (A, A;)
is to be constructed from two bases. These last ones
are taken to be (A;, A; — k) and (k0). Afterwards,
the resultant representation is to be constructed by the
coupling scheme

Mg, Ay — k), (AgAg)(k0)({As, Ay — K))(KA).

—HK+A+3)] -, —1
~K—=A=3 | =24, =2

_2A2 - 2

(34)

Here k satisfies the condition 2k = 2A; + 2A, —
K — A. Hence, all couplings are stretched or semi-
stretched.

The normalization factor Ny(A;A;, KA) is the
quantity reciprocal to the element of the recoupling
matrix of R, given below in (38). In order to find it,
we rearrange the sum on the right-hand side of (33).
At first we reveal the fact that the 11; coefficient
appears as defined by Eq. (29):

‘—12"‘1
—I,—1

I'— KK +A+1)
I'— KK +A+1D).
—K+A—1

(3%)
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In (29) we apply the substitutions
KA LJ—>—-K~2,—-A—-1,I,—-J~—1,
Ky, AL LI —>—K, —2,—-A — 1,1, —-J, — 1, (36)
and obtain a new expression for the 11; coefficient. Then, we express the 11/ coefficient (35) with the help of this
new formula. Comparing this new expression with the old one, we replace the sum in (33) by

(—1PA2TQA, + 2A, — 2A + DI, + I, — I')!
QAL+ DA, + DI(K — A)L 2K = 211 (2A, + 21, + 2)! (2A, + 21, + 2)!
XS (1" 4A + 2 — x)1(4Ay + 2 — »)! 2K — 2A — 2)!
evz XV 2A; ~ 21 — )1 QA — x + DIyt QA — 21, — )IQRA, — y + 1!
y QA +2A, ~2A -1, — L+ I' —x — y — 2)!
2K —=A—=2)1 QI —2A = 2)I QA + 20, —2A —x — y — z + 1)!
For finding the recoupling matrix mentioned above, we use the relation
(Agy Ay = R RON(AAD) A AN KA [(Ay, Ay — E)(AAROY(Ag, Ay — KIXKA))
9 [(Al,Al —ky (Ay, Ay — k) (KA) ]
A A =k Ay—Kk A, K+ A)HK+A)
—_ [(AI’AI — k) (k0) <A1A1> :I
il Ay, Ay — k0 A —i A — i
x [ (MAY (A7) (KA) H (AsAy) (k0) (Ag, Ay — k):’
Ay =i, Ay =i Ay—jAy—j HK+A), - JAy = j, Ay — ] j Ay — kA,
X (Ni(Ay = DAy — UK + M) | A, Ay~ ji(As — k) HK + A))
X (Ay = kj(Ay = DAy — JHK + M) | Ay = &, Ay = j(Ag) (K + A)). (38)
All i.f’s which appear here, as well as the SU, recoupling matrix, are known, except for the normalizing
factor Ny(A;A,, KA) of the second i.f. on the right-hand side. We divide both sides by this factor. Then on
the left-hand side we obtain the square of the matrix element under consideration. Afterwards we apply
the third or fifth of formulas (13.1) of Ref. 10 in order to simplify the expression on the right-hand side of
(38). This allows us to carry out the summation with respect to i to obtain
2(4A, + 1)!
(K+A=2A+1)K+A—=2A,+2A,+3)
y (4A, + QA + 20, — K — A+ 1) )%
(K+A+DIQRA; +2A, — 2K)! A, + 2A; — 2A 4+ 1)!
o (2 (=D"(AA + 2 — ) (K + A = 2A, + x)!1(dA, + 2 — y)!
cax! QA —x+ DIyl QA — y + DA, + 2A;, — 2K — x — y)!
« (K+A =20+ QA +2A;, — K —A —x — y)! )—%. 39)
QA +20 —2A —x —y + DIQK +2A —2A, = 2A, + x + y + D!
It is easy to see that the sum involved here corresponds to the nonstandard 11; coefficient
K+A+1 2A, + 1 2A, + 1 ~K+A-1
~HK+A+D | HK+A+D HK+A+D) HK+A+D |, (40a)
K+A+D) [HK+A+1D) ¥K+A+1) —HK+A+3)
which in absolute value (only the square of our matrix element is needed) is equal to the 11j coefficient
3 K+A+3)|—3E+A+3) —HK+A+3) —HK+A+3)

—HK+A+D|-3K+A+3) —K+A+3) —HK+A+3)| (40b)
—K—A-3 2A, + 1 2A, + 1 —K+A—1

(37

No(AA,, KA) = (
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The last 11 coefficient can be calculated from the expression

AJA A A
AJA A A
AT J L
_ =D)"p—=D'(p—N!(p—L)!
22A+ DA+ DRI+ I+ L-plp—1—=N(p—-1-D(p—-J—-D)'(p+ 1
X [QA = DICA+ T+ 1D)'QA=DIQA+J + DIQA = L)IQA + L + D1
(J+J+L—2MA)QA+L—1~DIQA =L —1+J)!
( QA+L+T—=J+DICA+L—T+J+1)!
QA —~L+T1—DIQA+L+I+J+20 i
QA—-L+I+4+J+ 1! ) 1)

Here
p=A+IT+I+D)

is integer; otherwise, (41) vanishes. This follows from the symmetry of the 11j coefficient.

Equation (41) is deduced with the help of recurrence formula (20) for i.f.’s of Ref. 2. In the general case it
has 12 terms. However, four of them disappear because of the symmetry of the representations to be coupled. We
avoid two terms by specializing the values of parameters of types M and N, and two more disappear because
the corresponding parameters of SU, have maximal values. Of the four terms left, two vanish because of
certain symmetry conditions. Hence, we are left with a recurrence formula involving only two i.f.’s, which
allows us to obtain (41). The last one is a particular case of (29), which, however, we have not succeeded in
deducing by the methods of Sec. 5.

After performing all the operations needed for the normalization factor, we find the expression

QA; + DIQA, + DK — A (A, + A, + A + 1!
UK + A+ DA, + Ay — A)IV(AAA,)
(2K — 2A + DA + DI (2K + 2)! 2K + 2A + 3)!
( (2A; + 2A; — 2A + DI QA, + 27, + 2A + 3)!

N(AA,, KA) =

y Ay + A~ K)I (K = Ay + AYH K + A, — Ay)! ){ @)
QK +2A) — 20, + DIQK — 2A; + 2A, + DUK + A, + Ay +2)!
It is more simple to obtain the i.f.’s in coupling (A1) and (k0). It is easy to find the relation
[(KA) (K0) (M)] _ (__I)K‘A,,-H[K +A+1 K—-A 22+ 1],
i i 00 j—i i—j 0
which can be brought to a form useful for our purpose by the use of Eq. (A.22) of Ref. 2. To obtain (43), we
use a relation similar to (38) and find

(43)

[(KA) (K —A,0) (M):I _ N[ (K—-A,0 (24,0 (kO}:]
ij i—a,j—a 00 i—a,j—a aa ij
» [(KA) (K — A, 0) (M)] l:(M) 2a, 0) (M)] (— 1)
ij i—a,j—a aal]l aa aa 00 ’

2a=k—- K+ A. (44)

The recoupling matrices of SU, give the factor (—1)%*
only. The last i.f. on the right-hand side is unity in
view of the restrictions imposed on the parameters of
SU, and of the normalization condition. The second
i.f. is an n.s.s.i.f. I. It is expressed in terms of a triple
stretched 9j coefficient by the methods of Ref. 6. This

last one reduces to the CGC of SU; on the right-
hand side of (43). Normalization is evident.

The general expression can be obtained by using
the weight raising operator (7,,)*’". The correspond-
ing expression is rather too extensive to be given
explicitly.
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We give here two more special cases:

[WL) (k0)

ii i, k—1i

(KA)
0,K—A
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] = (_1)2A+K+A+k+2i[K —A 2A+1 K+A+ 1]; (45)

k—2i 2i+1 k+1

(a8 @0 AN o (—pmosnen QAL DCA L2+ 1))*

I ij

@b+ DRI+ 1)
X{ A=y =T+

A-¥I'-1+)) b

. (46
A+3G+TI-T+1) A+¥+TI'=141) I+I’+%} (49
As we see, the first one is expressed in terms of a CGC of SU,, and the other in terms of a 6 coefficient of SU,.

VII. RECOUPLING MATRICES OF R;

The recoupling matrices for the semistretched schemes have rather simple expressions. In the case of the

first kind [conditions (19)], we have

UK A KAMN(K oA )X KA KA (K3 Ag) (K A ((KaaAs2))(Ky A ) (KAY)
= <K1 — Ay, Ky — Ay(Kyp — AKs — Ay K — Al|Ky — Ag, K, — Ay(Kgg — Agg)Ky — A K — A). 47

The recoupling matrix of SU, on the right-hand side
can be expressed in terms of a 65 coefficient. Equation
(47) can be proved in this way.

As is well known, the recoupling matrix does not
depend on the parameters labeling basis functions.
On the other hand, its matrix elements are equal to
the scalar product of the coupled states of the form
(18). They are calculated by using the condition of
orthogonality of the functions to be coupled. We take
the resulting basis function, satisfying the conditions

I+J=K+A, M=1 N=J (48)
We then use the inequalities
L+ T <K+ A, I+ 7; <K+ Ay (49)

as well as the triangle conditions. The representations

of the subgroup SU, are coupled by the stretched
CGC’s which are equal to unity. The i.f.’s are to be -
obtained from Eq. (29) of Ref. 6, in which the 9
coefficient becomes double stretched and the corre-
sponding i.f. becomes a CGC of SU, of the form

|:K1"‘A1 Kz"'Az KIZ"AIZ]'
11 —‘Jl I2"J2 112_J12

Hence, only CGC’s of SU, of the type (50) are left in
the expression for the recoupling matrix. After sum-
mation with respect to I; — J; (under the condition of
fixed values of I, + J;), we obtain the quantity iso-
morphic to the recoupling matrix of SU,.

A similar result is obtained in the case of three
representations coupled by the semistretched coupling
scheme of the second kind. Then we have

(50)

(K ANK ALK, + Ky, AdXKsAXKy + Ky + Ky, A)]
(K3 A KA (K + Ky, Ag) XK A XKy + Ky + Ky, A))

To demonstrate this formula, we take the basis func-
tion of the resulting representation satisfying the con-
ditions

I=M=K, +K,+ K,, J=N=A. (52a)

In such a case the expansion (18) involves i.f.’s equal
to unity (from the normalization condition) when
Li=K, Ji=A; I;=K+K;, J;=Ay

(52b)

and vanishes otherwise. Moreover, all the CGC’s of

one of the subgroups SU, are equal to unity. Con-
sequently, the recoupling matrix of R; as a scalar

= <A1A2(A12)A3A I AsAz(Aaz)A1A>- (51)

product of functions is equal to the recoupling matrix
of the second subgroup SU, in this case.

Similar results are obtained in the case of an arbi-
trary number of basis functions coupled by the semi-
stretched coupling schemes. By using the elements of
the substitution group of parameters, we can widen
the class of recoupling matrices of R, expressible in
terms of 3nj coefficients of SU,. Some of the couplings
can become nonstandard; however, the corresponding
3nj coefficients remain standard quantities of the
theory of angular momentum considered in Ref. 10.
This means that the parameters which are the linear
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combinations of parameters of R, satisfy the standard
triangular conditions as required by the theory.

APPENDIX: A NEW EXPRESSION FOR THE
9j COEFFICIENT

The semistretched if. of the first kind may be
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the second kind in Sec. 5. In such a case only one of
four parameters i, iy, j;, and j, are linearly inde-
pendent, as follows from Egs. (49) and (50). Con-
sequently, the number of summation parameters
reduces to four. Comparing the expression obtained
with Eq. (29) of Ref. 6, we deduce the following ex-

treated in the same way as has been done with that of pression for the 9j coefficient:

ll l2 l PR PR

L _ V(jejr IV (irisi)

1 2 - . . . . s
; @1 + DIV L)V i)V )
1 2

mi,mz.%

X

U+m+mm@+mm%—mm7h I, !
2 ((1 —my — my)! (I, — m)' (I, + mz)!) ]
(_l)j—i+m1+m2(i1 +ji— m1)! (iz + Jjs + mz)!

m, my m; + my

(=i +m)l(e—=ja—m)l iy +jo— i+ m)!(iy +j, —j— my!

X

(i+jeo—i+me+u)l—i+j+ u)2i—uw!

Gy+jatitm+Dul+i—f—u)(f—idm+m+u)!

(A1)

For CGC’s of SU, we use the second of Eq. (13.1) of Ref. 10 and renumerate the summation parameters in
such a way that m, is involved in six factorials. The corresponding sum is isomorphic with the expression
of CGC’s of SU,. Applying the symmetry properties of CGC’s, we bring the expression to a form in which
the summation with respect to one of the parameters can be carried out with the help of one of the Egs.

(14.2)-(14.5) of Ref. 10. This gives us the expression for the 9j coefficient:

L1, 1
S B G0\ (69 %)):(C)
o V(i iy )V (ol V(I 1)
Ji J2 J

N z (_1)i1+is—i+h+a'z—i+ac+v+z(l _ ll + 12 + x)! (211 _ x)!
g x (L + L=l = ) =iy 4+ jy— ) (=1, — iy + jy + X + P!
(i+h—L+)(—j+ii+ia—y =2 — i+ Jjo + P! Qi — y)!

VW ti—i— =+ L=+ i+i—y+ DG —h—jo+]+x+))!
(h—je+ji+)G+j—14+2)!

x »
V(i +je—i—2)NA+i—j—2) Q2+ z+ 1)!

involving only three summation parameters as com-
pared with Eq. (25.5) of Ref. 10 which involves four
summation parameters.

From (55) it is easy to obtain particular cases of the
9; coefficient. Unfortunately, the symmetry of the
expression (55) is rather poor. However, it satisfies
the combined symmetry properties, as is easily proved
by substitutions making some of the parameters nega-
tive [cf. Egs. (24.19)~(24.31) of Ref. 10].
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Necessary and sufficient conditions are derived for the analytic extendability of a static two-dimen-
sional space-time. For all allowed cases, explicit analytic extensions are determined together with their
corresponding Penrose—Carter diagrams. Extensions are classified and further discussed in terms of
these diagrams, with special consideration given to the question of bifurcate Killing horizons. The
application of these results to four-dimensional relativistic space-times is illustrated with specific

examples.

1. INTRODUCTION

An important step towards the understanding of
any new solution of the Einstein field equations is the
determination of its maximal analytic extension. The
need for such extensions arises particularly often in
the study of static solutions, and in the following
manner.

To make best use of the time invariance of static
metrics in simplifying the field equations, we choose
coordinates which cast the timelike Killing vector
into the form

:tt) = (07 Oa O’ 1)' (])

In the event that the norm of this Killing vector
should vanish on some hypersurface, defining a
Killing horizon,! a coordinate singularity occurs. We
can cite as well-known examples the Schwarzschild, 34
Reissner-Nordstregm,5® and Taub-NUT?#? metrics
in their usual forms. In each case a maximal analytic
extension has been found.

It should be emphasized that the three examples
are really quite special. In the first place, all are
Petrov type D, a highly restricted class of metrics.!®
Secondly, and of more importance to us at the mo-
ment, the analytic extensions are nearly all of essenti-
ally the same sort, following the form employed by
M. Kruskal for the Schwarzschild solution.* Only in
a few instances, such as e = m for the Reissner—
Nordstrem solution,® does the form of the analytic
extension fall into a second category. This limitation
arises, not from any lack of originality on the part of
various authors, but from the basic character of the
examples themselves.

Recently, the author has made a study of static,
axisymmetric, vacuum metrics, called Weyl metrics
for brevity.!! Among these solutions are many that
exhibit a Killing horizon, yet admit an analytic
extension distinctly different from those of the three

previous examples. Others fail even to admit an
analytic extension, although possessing a horizon
nonsingular in the usual sense. These findings strongly
recommend a systematic investigation of Killing
horizons from the viewpoint of the analytic extensions
they necessitate.

The seemingly most direct approach to the study
of horizons, to analyze carefully the general static
space-time, has one decisive drawback: The general
static space-time is unknown, or at least so poorly
known that little detailed information can be gleaned
from it. Even treating the more specialized general
Weyl solution, which is in principle explicitly known,!
is of limited value. From a technical standpoint, an
analytic extension can be determined only from a
detailed knowledge of the space-time’s geodesics, a
knowledge but rarely available for Weyl metrics. It
is true that the geodesic equations often can be
integrated approximately near the horizon, but this
is not entirely satisfactory either. Moreover, even if
it were technically feasible explicitly to construct
analytic extensions for many Weyl metrics, the welter
of details would obscure the fundamental features we
wish to understand.

For these reasons we subject to study the simplest
possible metric, the general static, two-dimensional
space-time. We call it a space-time only because its
signature is (+4—); it satisfies no particular field
equations.

In this limited domain we are able to establish
necessary and sufficient conditions for analytic
extendability. And when these conditions are met,
we give explicitly the analytic extension together
with its Penrose-Carter diagram.®!? Surveying the
results, we see how special a class Kruskal extensions
actually are. This point is made sharper by a brief
examination of bifurcate Killing horizons!?® as they
occur in static two-dimensional space-times. This
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sort of horizon, consisting of four branches meeting
at a true point (in two dimensions), is shown to be
unique to Kruskal extensions.

The investigation is of primary value, we feel, to
the extent that it provides a more intuitive under-
standing of horizons and analytic extensions by
abstracting their basic features from the complicating
details which so often abound. Nonetheless, it is
fair to ask what specific application the calculations
have to four-dimensional, general relativistic space-
times.

Results seem to be directly utilizable only for static
Petrov type D metrics. These decompose in a natural
manner into two subspaces, one of which has signa-
ture (+—).1% The analytic extension is performed
with regard to that subspace only. Extension of the
Schwarzschild solution, for instance, involves only r
and 7. We use special cases of the lesser known
C-metric'®14 to provide additional examples in Sec. 5.

Application to Weyl metrics in general is more
difficult. However, it appears that the added prob-
lems are only technical in nature. (Reference 11
examines this in detail.) It is not unreasonable to
suppose the same to be true of more general static
space-times.

2. EXTENSION THEOREM

Any static 2-space of signature (4+ —) can be co-
ordinatized so that

ds? = ¢~ 1 dx? — ¢ di?,
X< x<x,, —0<LtL o (2

The connected open domain (x,, x,) is defined by
requiring (i) that ¢(x) be analytic and positive valued
on the domain, and (ii) that the domain be not a
proper subset of any connected open domain also
satisfying condition (i). We assume that ¢(x) itself
admits no analytic extension. If it does, perform
the extension and redefine the domain (x,, x,) as
necessary. The question at issue is whether there
exists some analytic metric of which Eq. (2) is buta
restricted part.

It is evident that the metric can be extended only
from one or both of the surfaces x = x;, i =1, 2.1
Moreover, extension is impossible even at x = x; if
the surface is singular or is located at infinity. We
employ the usual definition for a singular surface:
The curvature scalar, in this case

R = d*$|dx*, ©)
is unbounded in the limit as the surface is approached
by all geodesics intersecting it.'®* A surface is at

infinity if no geodesic can intersect it at a finite affine
distance.
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The geodesics are easily determined by quadrature,

s= 4 f [E? — ed(O] dx, @)

t=E f $(x)~" ds, )
E and e are constants of the motion. The geodesic is
timelike, null, or spacelike as € = 1, 0, or —1. The
affine parameter is s.

Now suppose x; = 4 c0. Additionally, suppose
#(x)/x? is bounded as x — x;. Then Eq. (4) indicates
that s — F oo for all geodesics approaching x;. So
instead suppose #(x)/x* is unbounded as x — Xx;.
However, now the scalar curvature is unbounded. In
either case no extension is possible at x;. This is the
first step in the proof of our principal result.

Theorem: The metric (1) is analytically extendable
from the surface x = x; (i = 1, 2) if and only if x; is
finite and ¢(x) is analytic there.

We next construct an analytic extension from the
surface x = x; (x; henceforth assumed finite) valid
whenever ¢(x) is analytic there. Introduce the semi-
geodesic coordinate system

r = f ( + $e~ dx + 1, 6)
r= f 1+ ¢)P¢tdx + 1. 0

The transformed line element
ds* =drt — (1 + ¢) dr? ®)

is the extension we seek, provided $(x) is analytic in r
and 7 at x = X;.

The original coordinate x is given implicitly in terms
of r and 7 by

r—f=f(1+¢)—*dx. ©)
Therefore, (r — 7) is an analytic function of x at x,
whenever ¢ is. Moreover, d(r — 7)/dx # 0 at x,.
These two facts imply that x is an analytic function of
(r — 7). Consequently, so is ¢. Thus Eq. (8) is an
analytic extension of Eq. (2), and sufficiency for the
theorem is proven.

Proof of necessity for the theorem rests upon the
fact that lines of constant = in line element (8) are
geodesics, the affine parameter being simply r.
Because the scalar curvature Eq. (3) completely
characterizes the space-time locally, it must be an
analytic function of the affine parameter along any
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geodesic if the metric itself is to be analytic along the
geodesic.’®1% An equivalent, but perhaps intuitively
more obvious, statement is that the separation
between nearby members of a family of geodesics,
proportional to (1 + #)? in Eq. (8), must be an
analytic function of distance along the geodesics if the
metric is analytic there. Viewed in either way this
argument requires that ¢ be an analytic function of x
at x, if an analytic extension is to be possible there.

3. KILLING HORIZONS

According to the extension theorem, analytic
extension through a Killing horizon at x; is possible
only if ¢ is expressible as

$(x) = x7f (x). (10)

Here n is a positive integer. The function f(x) is
analytic and nonvanishing at x;, which for notational
convenience has been set equal to zero. The preceding
section presented a coordinate patch adequate to cover
one branch of the horizon at a time. It often proves
valuable to be able to treat both the past and future
branches simultaneously. The appropriate coordinate
transformation is derived below.
Introduce a null coordinate system

ds® = 2y(u, w) du dw. (11)

Equations connecting line elements (2) and (11) are

xal¢ — fad =0,

-""uxw/()‘ll> - tutw¢ = 9.
These may be rewritten in the equivalent forms
ty = X,[$,
ty = —%u/$, (13)
and
Y = 2XuXul$. (14)

The integrability condition on (13), #,, = fyy, is
seen to imply

(15)
1= §£@) — n(w). (16)

In terms of the arbitrary functions & and %, x(u, w)
is implicitly defined as

ie.,

[ ax =g 4. a9
It is necessary only to require that
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be both analytic in ¥ and w and nonvanishing at the
horizon.

Designate the past and future horizon branches,
respectively, by w = 0 and « = 0. We must require
that ¢ - £, therefore be analytic and nonvanishing
at u = 0, with an analogous statement for w = 0.
But x, = ¢ - §,, and so we will demand that x be an
analytic function of » and w at the horizon. The con-
ditions placed on & and % by this requirement may be
determined by formally expanding x as a power series
in ¥ and w and formally solving for the coefficients
using Eq. (17).

Instead, we explore the consequences of the
appealing choice

mhﬁWWM,

wwﬁwww. (19)

The substitution of Eqs. (10) and (19) into Eq. (17)
yields
aln (x) + x"P(x)
= aln () + v "P(u) + aln (w) + w"P(w),
(20)
where P is a power series, [P(0) # 0 forn % 1] and a
is a constant (a % 0 forn = 1).

It is evident from Eq. (20) that, for w bounded
away from zero, x ~ u as u — 0, except when n = 1.
In that case, irrespective of whether w is bounded
away from zero, x ~ u - w as u — 0. In either case, if

we write
z = x[(uw),

1)

we are assured that z does not vanish on the future
horizon branch. With this substitution, Eq. (20)
becomes

Fu,w,z) = (uwz)"taln (z) + P(uw2z)
— (wz)*P(u) — (uz)"P(w) = 0.
(22)

At u = 0, the newly defined function F is analytic in
all its arguments. Moreover, F, does not vanish there:

(Foumo = (1 — mw"1z"2P(0),
(Fz)u=0 = a/z,

n#l,

n=1(23)
Consequently, z is defined implicitly by Eq. (22) as an
analytic function of # and w at ¥ = 0.1 A similar
statement holds for w =0, and also foru = w =0
if n = 1. For n # 1, however, the argument fails at
u=w=0.
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It is evident from Eq. (21) that x is analytic under
the same conditions. Since substitution of the limiting
expression for x cited above into Eq. (18) indicates that
v is neither zero nor infinite at x = 0, we have the
desired result, that Eqs. (11), (16), (17), and (19)
represent an anaiytic extension of Eq. (2) at the
Killing horizon x = 0. Indeed, it represents simultane-
ously an extension for all horizons of (2).

Once again, it should be noted that the extension
fails for u = w = 0 unless n = 1. However, examina-
tion of the geodesic equations reveals that the point
in question lies at an infinite affine distance, so that
the failure of the extension there is to be expected.
This feature of n 5 1 horizons is discussed in more
detail in the following section.

4. THE PENROSE-CARTER DIAGRAMS

Penrose-Carter conformal diagrams for the two-
dimensional Killing horizons are of two basic types,
Fig. 1 for n odd and Fig. 2 for n even. The former
consists of a pair of static (I) and a pair of dynamic ()
blocks, while the latter is an infinite chain of static
blocks (two sets, I and H).

The mathematical complexity of the extension
just given makes these block diagrams particularly
useful in illustrating the general structure of a metric
without requiring that the algebra actually be per-
formed. Starting with the diagram for any horizon
of the metric, one attaches the diagram for the
next horizon at the appropriate shaded corner of the
first diagram. This “building block™ construction is
continued until all extendable horizons of the metric
are included. Finally, the remaining free shaded
corners are identified as singularities, regions at
infinite distance, etc., as the case may be. This was,
in fact, the program carried out to obtain the diagrams
for the examples of the next section. In the remainder
of this section, we focus upon one particularly inter-
esting aspect of these diagrams.

Fi1G. 1. Penrose~Carter diagram
for line-element (11), n odd. Solid
dark lines represent horizons.
Broken lines are typical Killing
vector orbits (lines of constant x).
Dark points, not covered by the
coordinate patch, are at infinite
affine distance. Note, however,
that this last statement does not
apply to the center point for n = 1.
The shaded areas, not necessarily
covered by the coordinates (19),
are shown to facilitate visualization
of where this set of blocks can
attach to others. The nature of the
boundaries of the shaded regions
(light lines) is determined by the
behavior of ¢(x) there. Region I is
static, and region IT dynamic.
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FiG. 2. Penrose-Carter diagram for line
element (11), »n even. Solid dark lines
represent horizons. Broken lines are
typical Killing vector orbits (lines of con-
stant x). Dark points, not covered by the
coordinate patch, are at infinite affine dis-
tance. The shaded areas, not necessarily
covered by the coordinates (19), are shown
to facilitate visualization of where this
set of blocks can attach to others. The
nature of the boundaries of the shaded
regions (light lines) is determined by the
behavior of ¢(x) there. Regions I and II,
though not identical, are both static.

In each diagram the vertices marked by heavy
black dots represent spacelike or timelike infinity,
as perhaps might be expected from the usual properties
of conformal diagrams. In particular, the “origin” in
Fig. 1 is at infinity and so, as previously noted, is not
covered by the coordinate patch. This point serves to
separate the four horizon branches, as the figure
indicates.

An exception to this statement occurs in the case
n = 1, for which the origin is perfectly accessible in
finite time. Hence, the horizon branches actually
intersect there, forming what Robert Boyer termed a
bifurcate Killing horizon.!* We see that, at least
within the realm of this investigation, the bifurcate
Killing horizon can occur only for n = 1. Let us further
inquire into this situation.

An n =1 coordinate singularity in the positive-
definite analog to line element (2)

ds? = ¢1dx® + ¢ dr® (24)

is covered (to first order ignoring constant factors)
by the quasirectangular coordinates

p =~ x¥sin (¢)2),

o~ x¥ cos (1/2). (25)

This is essentially the transformation from polar to
rectangular coordinates, in which the n = 1 coordi-
nate singularity of (24) is the origin. There is, however,
no question of carrying out an extension for any
other value of »: The point in question now lies at
infinity.

In the same approximation an n =1 horizon is
covered by

p = (u — w)[2 = x¥sinh (1/2),

o = (u + w)[2 = x} cosh (¢/2). (26)

No similar representation exists for n > 1. This we
would expect, since such a representation would
cover the origin. The correspondence between the
remarks of this paragraph and those of the preceding
one are fairly clear. That bifurcate Killing horizons
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fail to occur for » # 1 is, from this standpoint,
attributable to the absence of analytic extensions in
the analogous positive-definite 2-spaces.

Incidently, Eq. (26) indicates the relationship be-
tween the present formulation (for n = 1) and the
general n = 1extensions derived by various authors.>14
It also suggests why these other methods are not
readily applicable for n > 1.

5. APPLICATIONS

The analysis presented above finds immediate
applications to static Petrov type D metrics, which
naturally decompose into two parts, one trans-
formable to Eq. (2), the other to Eq. (24).!0
Examples of n = 1>*51% and static n = 2% are ade-
quately covered in the literature. We therefore restrict
ourselves to dynamic n = 2 and n = 3 cases. There are
no known instances of n > 3 among static Petrov type
D metrics. Neither are there any with # not an
integer but a nonintegral real number exceeding two.
For such a case, the space-time would not be analyti-
cally extendable at x,, although the curvature invari-
ants would be regular there.

The two examples are special cases of the C-
metric 10-14;

ds® = (x + p)2{f(x) 7 dx® + f(x) dg?
+ (= (=01 dy? = [=f(=pldt?,
f@y=22+az+b 27

We are interested only in the y — ¢ part of the line
element, the x — ¢ portion being easily extended
where necessary. If we remain away from x + y = o,
which is singular, and x + y = 0, which is at infinity,
the effect of the multiplicative factor (x 4 y)~* can be
ignored. What remains is precisely Eq. (2), with

$(y) =) +ay —b. (28)
Penrose-Carter diagrams of the two examples are

immediately obtainable as follows.
Let constants @ and b be chosen so that

d() = =) —y)%h y>n>p>0. (29)

The block diagram for the horizon at y, is Fig. I,
while that at y, is the dynamic analog of Fig. 2 (i.e.,
rotated through 90°) for n = 2. The diagrams are
joined through region II of Fig. 1. Figure 3 is, strictly
speaking, not the maximal extension, because it
shows all the identical n = 1 blocks attached at both
ends to the same two n = 2 dynamic chains. In fact,
each n = 1 block attaches at one end or the other to
a new chain. The resulting network is difficult to
imagine, much less to draw. No causality violations
arise from the identifications made in Fig. 3.
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FiG. 3. Penrose-Carter diagram for constant x — ¢ slice (x > 0)
of the C-metric. Parameters are chosen such that an #n = 1 horizon
occurs at y = y;, and an » = 2 horizon at y = y,. The wide black
lines, y = o0, denote singularities. The surfaces y = —x are regular
and at null infinity. Dark points are also at infinity. Dashed lines are
Killing vector orbits, indicating that region [ is static, but IT and Il
dynamic.

Next let a =56 =10 so that an n =23 horizon
occurs at y = 0. The result is Fig. 4. In both Figs. 3
and 4 the behavior of the diagrams near the singular-
ities and at null infinity is easily added by considering
the previously neglected effect of (x + y)~2 Both
examples illustrate quite well the building block
fashion in which Penrose-Carter diagrams can be
constructed.

Reference 11 contains applications of our results
to Weyl metrics. There all values of # occur. Moreover,
cases arise where C? extensions are possible although

FIG. 4. Penrose-Carter
diagram for a constant
x — ¢ slice (x > 0) of the
C-metric. Parameters are
chosen (@ = b = 0) such
that an n = 3 horizon
occurs at y=0. The
wide black lines, y = oo,
are singular surfaces.
The surface y = —x is
regular and at null in-
finity. Dark points are
also at infinity. Killing
vector orbits (dashed
lines) indicate that region
I is static, and II dy-
namic.
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analytic extensions are not. These correspond gener-
ally to Eq. (10) but with » any real number greater
than two, rather than only an integer. Minor modifi-
cation of the procedures given in this paper suffice to
provide such extensions.
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be further considered here. With this limitation the footnoted sen-
tence is correct. The author is indebted to Robert Geroch and to
an anonymous referee for a discussion of this point.

18 R. Geroch, J. Math. Phys. 9, 450 (1968).

17 E. Goursat, A Course in Mathematical Analysis (Dover, New
York, 1959), Vol. 1.

18 This is equivalent to the requirement that Fermi normal co-
ordinates be constructable along any geodesic in an analytic metric.
See G. Szekeres, Publ. Math. Debrecen 7, 285 (1960).

¥ We can require equivalently that the invariant quantity
5(“:)5(1)#, equalling ¢, be an analytic function of the affine
parameter. Theoretical justificationis suggested in part by R. Geroch,
Commun. Math. Phys. 13, 180 (1969), or Ref. 14. Whether the
requirement generalizes to other Killing vectors in other space—times
is an interesting question.
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1t is shown that any basis of covariant polynomials for a two-particle scattering process yields invariant
amplitudes free of kinematical singularities, provided (a) the total number of basis polynomials equals
the number of spin space components of the scattering amplitude and (b) the polynomials of each of the
two parity signatures are separately linearly independent at all points where three of the particle 4-
momenta are linearly independent. This result allows one to directly identify good basis sets without going
through the very tedious algebra involved in comparing them to the sets of Hepp and Williams. The
latter are not useful for practical applications because the spinor indices belonging to different particles
are coupled and these sets do not transform into themselves under the relevant discrete symmetry opera-

tions.

I. INTRODUCTION

The description of a scattering process in terms of
invariant amplitudes is useful because they have
simple analytic properties and can trivially satisfy the
various symmetry requirements. For this purpose,
one must find a covariant basis that exhibits the
appropriate symmetries and, moreover, ensures a
decomposition into invariant amplitudes free of
kinematical singularities. In this paper we prove a
theorem that enables one to check by inspection
whether a given basis is a satisfactory one.

Hepp?! has rigorously proven that any set of holo-
morphic covariant functions M(k) can be written in
the form

M) = 3 AL5)Y(k),

where the “standard covariants” Y?(k) are matrices
on the spinor indices and polynomials in the 4-vectors
k = {k;,* -+, k,}. The invariant amplitudes A,(s),
which are functions of the independent invariants
§={s, " ,5, formed from the k;, are holo-
morphic except on the s-space image of k-space
singularities of the functions M(k). In general, a
minimal set of standard covariants, i.e., a set whose
number is just the number of values that the spinor
indices take on, does not exist. But for the case of
scattering amplitudes describing two incoming and
two outgoing particles, and subject to the mass shell
and four-momentum conservation constraints, Hepp
proved that one can find a minimal set of Y*(k)
having positive and negative signature under parity
and whatever other discrete symmetry operations
transform the particular process under consideration
into itself.

To find the relevant standard covariants for any

given M(k), one must find a set of polynomials such
that all covariant polynomials with the same spinor
index types can be expressed in terms of them for all
allowed values of the complex 4-vectors k. Hepp’s
proof s, in effect, a proof that such a basis exists and
that any such basis gives a holomorphic decomposi-
tion (one free of kinematical singularities) into
invariant amplitudes of the given holomorphic
functions M(k). Any other form for physical scattering
functions is equivalent to the 2j + 1 spinor form; thus
Hepp has given a rigorous justification of the pre-
scription originally developed by Hearn? for perturba-
tion theory. Recently Scadron and Jones® have found
some of the relations needed to apply this method to
two-particle processes with arbitrary spins, and many
other relations have been found by the author of this
paper.*

Several examples of sets of covariants that give a
holomorphic decomposition have been given by Hepp
and, independently, by Williams,? but these do not
transform into themselves under the discrete sym-
metry operations. To find a satisfactory basis, it is
sufficient to show how any one of these sets can be
written as linear combinations of covariants having
definite signature under P, C, 7, and exchange
symmetry, with coefficients that are polynomials in
the invariants. For those processes in which two of the
four particles are spinless, this procedure is not too
tedious and all the required covariants have been
found.*¢7

When more than two spinning particles are in-
volved, the algebraic problems become rapidly unman-
ageable as the spins increase.®#7-® Thus, although the
prescription of Hearn and Hepp solves the problem in
principle, it does not solve it in practice.
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THEOREM ON INVARIANT AMPLITUDES

The main aim of this work is to exhibit, in concrete
terms, the origin of the difficulty in obtaining holo-
morphic invariant amplitudes and to develop a
simple criterion that allows one to verify directly
whether any given basis gives amplitudes that are free
of kinematical singularities. The criterion is essentially
this: Any minimal set of covariant polynomials is a
good set if all the covariants of positive parity signa-
ture are linearly independent, and all the covariants of
negative parity signature are linearly independent at
all points where three of the particle momenta are
linearly independent.

The core of the argument is a detailed description
of the constraints that Lorentz covariance and
analyticity impose in neighborhoods of points where
only two of the particle 4-momenta are linearly
independent. Once the nature of the constraints is
clearly understood, the essential requirements on the
standard covariants will be easy to see and the proof
of the theorem will be straightforward.

Aside from the Hearn-Hepp procedure, the only
good criterion that has been previously given for
justifying the absence of kinematical singularities in a
set of invariant amplitudes is that of Williams.5
However, Williams’ arguments were for a particular
set of covariants that has no simple relation to the
discrete symmetries.

One reason that the standard covariants given by
Hepp and Williams have not found practical applica-
tion is that all spinor indices with the same properties
under proper Lorentz transformations are coupled
with Clebsch-Gordan coefficients.? These couplings
join together parts having different discrete symmetry
properties, and also make the results impracticable
for substitution into the unitarity relations. Any
useful basis must avoid coupling spinor indices
belonging to different particles, and this does not
naturally emerge if one starts from the sets of Hepp
or Williams. By our simple criterion, any proposed
basis can be checked directly without comparing it to
all the other polynomials having the same spinor
index types or to the sets of Hepp or Williams.

To apply our criterion, the linear independence of
the basis sets of each parity signature must be checked.
This problem, although not trivial, is simpler than the
one involved in previous methods. A paper dealing
with procedures for checking the linear independence
of basis sets is being prepared.

The general background material needed for this
work is scattered in various places and some of it is
unpublished. Many of the essential results are ob-
scured by the abstruse mathematical forms of the
original papers, and there is no satisfactory account of
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the general situation anywhere in the literature. A
secondary aim of this paper is therefore to provide a
systematic simple description of the previous results
that form the basis of the present work. These include
a theorem of Stapp,’®!! which states that scattering
functions are covariant under proper complex Lorentz
transformations at all points where they are regular,
and some basic properties of sets of complex 4-
vectors.? We also discuss and extend a theorem of
Hepp! and Williams® that allows one to express a
multisheeted invariant function of 4-vectors as a
function of invariants formed from them.

We confine our discussion to those cases in which
all four particles are massive, since Zwanziger'® has
found all the standard covariants having definite
parity signature when one or two are massless.

II. BASIC PROPERTIES OF TWO-PARTICLE
SCATTERING AMPLITUDES

A. The S Matrix

A brief review will establish the notation and
summarize some well-known properties. We consider
a scattering process in which particles 1 and 2 are
incoming, and particles 3 and 4 are outgoing. To each
particle one may assign a wavefunction y, '(k,) with
the norm
i=1

Z ——%i k), k) = 1, 4, (D)

where k, is the 4-momentum and «, the spin quantum
number. The particle type is specified by ¢, = (m;, j;,
g.), where m, is its mass, j; is its spin, and ¢, stands for
all additive internal quantum numbers. It is convenient
to introduce the notation X, = (k,, t,).

The relationship between measurements on initial
and final particles is expressed by the S-matrix ele-
ments

S(Ky; Ko)s
Uy 3 Ug
where the subscripts @ and b indicate incoming and
outgoing particles, respectively. The probability that
the outgoing particles will be in the state specified by
y, if the incoming particles were in the state specified
by Ya is IS(%, %)[2, where

S(¥o5 ¥o) = H E V’aa (ka)’l’a., (k4)S(Kb, K,)

0y s &Ky
X %ll(kﬂ%:(ka)- (2)
If the spin indices are in “‘canonical” form, i.e., if

a,; is specified with respect to the 3 axis in the rest
frame of particle /, the invariance of probabilities

k(l



614

under a simultaneous proper orthochronous Lorentz
transformation of both incoming and outgoing states
leads to the relation¢-1¢

S(AKa;AKa) = D(jb)(A(kb))abab’
Oy Gy
X DY(A(k)®), ¥ S(Ky; K. (3)
oy Gy
- The notation is such that

4
D(jb)(A(kb))abab' — H D(ii)(A(ki))“iae’
i=3
and

2
D(iu)(A(ka)*)aﬂaa’ _ H D(J'i)(A(ki)*)did,".
i=1

According to the spinor calculus convention intro-
duced in Appendix A, each of the raised indices on the
transformation matrices is summed with the corre-
sponding S-matrix index, and dots are introduced over
incoming spin indices to indicate that they transform
like the complex conjugate of outgoing ones. Here
A = A(4, A*) € L], where, as explained in Appendix
A, A is a matrix in SL(2, C) and A(k,), defined
by (All), is the matrix in SU(2) corresponding to the
“Wigner rotation” in (A10). We have adopted the
convention AK; = (Ak;, t,).

B. The M Functions

The fact that the spin transformation matrices in (3)
depend on the 4-momenta of the particles leads to
“kinematical” singularities in the 4-momenta when
one analytically continues such an expression out of
the physical region of the original process. This, in
turn, leads to somewhat complicated crossing relations
between the amplitudes for the various physical pro-
cesses that are connected by analytic continuation.
To simplify the crossing, analytic, and Lorentz trans-
formation properties, it is convenient to introduce the
spinor amplitudes, or A functions.!*~*?

The M functions with lower undotted spinor indices
assigned to outgoing particles and lower dotted indices
to incoming particles are defined by

M(Kb’ Ka) = Dub)(‘%(kb))a:b,
“b; d‘a
X DYNB* (ko)) S(Ky; Ko),  (4)

LA
Lys %y

where $B(k,), defined in (A9), is the Hermitian matrix
in SL(2, C) corresponding to the Hermitian “boost”
L(k,) in (A8) that carries k£, = (m,, 0) into k;. Then,
using A = A(4, A¥), we easily verify the following
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simple covariance property from (3), (4), and (A1l):
M(AK,; AKp) = D(A), DU(A*), 5 M(K,; K,).

%3 &g
)]
One can use instead the M functions with all lower
undotted indices. It may be verified from (5), (A4),

and
M(Kb, Ka) = D(ja)(o' ' kaC_I/ma uada’M(Kb; Ka) (6)

Oy &g

%y &, oy 3 &y
that
M(AK,; AK,) = DY(A4),* DY(A),* M(K,; K,).
05 O 0y O

)
The choice of index type has no effect on the physics
or on the analytic properties. The matrix that trans-
forms a particular spinor index from one type to
another is a holomorphic function of that particle’s
4-momentum.
For a given process, M(K,; K,), where we suppress
the spinor indices, is expressed as a sum of a “no-
scattering” part M™(K,; K,) and a ‘““connected part™ 18

MUKy; K,) = i0*(ky + ky — ky — k)M(K,; K)).
(8)

Equation (8) defines M* functions that are free of
conservation delta functions. To avoid specifying
spinor index types, one may write their physical region
covariance properties, of which (5) and (7) are
particular examples, in the form

MY(A(4, A¥K) = A(4, A¥)M(K), )]

where K = (K,; K,). The M¢ functions are said to be
LI covariant in the physical region of the process
t, + t,—~>1t; +t,. If all four particles are spinless,
then Ay (4, A*) = I on the right-hand side of (9) and
the single M function is said to be L] invariant in the
given physical region.

III. PROPERTIES IN COMPLEX FOUR-
MOMENTA SPACE

A. Stapp’s Theorem

Let J0; denote the set of points k = {k;, k;, ks, k,}
in complex 4-vector space that satisfy the four mass-
shell constraints %;-k, = (m;)? > 0 and the four
conservation-law constraints k, + k, = k3 + k,. The
M functions defined by (8) are assumed in S-matrix
theory to be analytic functions over J,; except for
dynamical singularities.1%14-1® The set J, is a subset of
the space of four complex 4-vectors. The notion of
analyticity on such a subset is a standard mathematical
concept.?
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As usual we use the term holomorphic to designate
the property of being analytic and single valued. A
domain is a connected open set, and, for our purposes,
it is sufficient to regard the “domain of holomorphy”
of a function as a union of sheets, a sheet being the
maximum domain whose points map one-to-one onto
points in J,.2! The sheets may overlap; in fact, the
boundaries of the sheets are somewhat arbitrary, and
any point on the domain of holomorphy lies on the
interior of some sheet. One does not include poles and
branch points on any sheet, even though it is custom-
ary in physics to speak of a pole as lying on a
particular sheet when it lies on the boundary of that
sheet.

For a given scattering process there is an M°
function corresponding to each combination of values
of the spinor indices. Following Stapp,'*! we define
the domain of regularity R of this set of M* functions
to be the intersection of their domains of holomorphy;
i.e., R is the largest (multisheeted) domain to which
all of these M° functions can be simultaneously
analytically continued. The M* functions are known to
be L! covariant [see Eq. (9)] at points lying in the
physical region for which they were originally defined,
but what can be said about covariance at other points
on R? Before stating Stapp’s theorem, which gives a
precise answer to our question, we require a few
definitions.

A set of tensor-valued functions F(k) is said to be
£, covariant on a set of points 8 € J; if

F(A(A, Bk) = A,(A, B)F(k), (10)
whenever k and A(4, B)k are in 8. As explained in
Appendix A, the matrices 4 and B are in SL(2, C)
and A(4,B)ef,, the group of proper complex
Lorentz transformations. The notation on the right-
hand side of (10) indicates that the matrix D'*’(4)
acts from the left on the ith spinor index of F(k)if itis a
lower undotted one, whereas the matrix D'*’(B) acts
on it from the left if it is a lower dotted one.

The £, orbit, £,k, of any point k € X5 is the set of
all points Ak = {Ak,, - --, Ak,} obtained by letting
A €€, take on all possible values.

Stapp’s Theorem™™122; Let the M¢ functions for a
given process be L] covariant and holomorphic on a
real open connected set in X, corresponding to phys-
ical points. Then the domain of regularity R of these
Mc functions has the following properties:

S1. R is a union of £, -invariant sheets W,; i.e., if
the image in 33 of a sheet W, contains a point k,
then this image contains all points on £ k.
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S2. The M*¢functions are £, covariant on each sheet
U, . That is, if the image in J{; of a sheet W, contains
a point k, then

M(A(4, B)K) = A4, B)M*(K), (11)

for each A(4, B)ef,.

S3. Any bounded connected set of physical points
on R is contained in some single £, -invariant sheet
a, .28

For a process involving four spinless particles, one
may replace £, covariant by £, invariant in statement
S2. A function F(k) is £, invariant on a set of points
8 in X, if it satisfies (10) with A (4, B) = I whenever
k and A(A, B)k are in 8.

B. £, Orbits in X

We intend to investigate the constraints that £,
covariance, as specified by Stapp’s theorem, imposes
at certain points on the domain of regularity of the M
functions. But first we need some properties of points
k in X3 and their £, orbits.

At any point k = {k;, * * *, ky} in X3 we may define
the scalar invariants k; - k;. For the case of an arbi-
trary number of particles, one should also consider the
pseudoscalar invariants formed by contracting the
completely antisymmetric tensor **** with the 4-
momenta. The invariants taken together are then
referred to as £, invariants, since they are invariant
under any A €{,, while the scalars alone are referred
to as £ invariants, since they are invariant under any
Ael =L, UL , where £_ is the set of improper
Lorentz transformations. In the case under considera-
tion, the pseudoscalars vanish identically because
4-momentum conservation allows at most three of the
momenta to be linearly independent at any point.
Consequently, it makes no difference whether we refer
to two distinct points as having the same £ invariants
or the same € invariants, and we will use the former of
these two terms.

All points on the same £, orbit have the same £,
invariants. But one cannot always specify orbits by
the values of their invariants, since two distinct points
with the same £, invariants do not necessarily lie on
the same £, orbit, as will be discussed below.

Let n be the number of linearly independent vectors
at the point k = {k,, - - -, k,}, where the vectors are
ordered so that the first n are linearly independent.
Because of 4-momentum conservation, # < 3, and,
because the mass shell condition prevents the 4-
momenta from vanishing identically, » > 1. Let us
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define the Gram determinant

ky - ke
(my)?

k3'k2

ky ks
k2'k3 b}

(mg)?

(my)?
G(ky, ky, kg) = det | ky - ky
ks ky

(12)

and let r be the rank of this determinant at the point
k. Hall and Wightman'? gave the following relation-
ship between the rank of the Gram determinant at any
point and the number of linearly independent 4-
vectors at that point.

r n
3 3

2 20r3
1 lor2

The possibility of having n > r is, as will also be seen
below, a consequence of the fact that one can have
complex lightlike vectors in the space orthogonal to
the first # vectors when n < 3.

From the considerations of Hall and Wightman
regarding the properties of complex 4-vectors, we can
make the following remarks about points and orbits
in J;.

H1. (a) At any r =n =3, 2, or 1 point, one can
write

ki =Y Auk;, for i=r+1,---,3, (13)
j=1

where the #;; are finite scalar coefficients. (Recall
that the first » = n vectors are linearly independent
at the given point and that k, is globally determined
by 4-momentum conservation.)

(b) If k and k' are any two r = n points with the
same £ invariants, they lie on the same £, orbit.

H2. (a) There exist r = 2, n = 3 points with the
same £, invariants as any given r = n = 2 point. For
example, consider the point k¥ determined by (13) with
r = 2. In the space orthogonal to the two linearly
independent vectors k, and k,, one may define
unit vectors é! and &2 such that é'- & = —dJ,;. Then
define

(14)

w, = é £ ié
It follows that w,. * k; = w, " ky = w, * w, = 0. Now

consider two points k't and k™ such that k'® =
{kl H kzy ka(i)’ kd(i)}9 where

2
e =ky + Co, =3 Agk; + Coy.  (15)
i=1
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Here k,, k,, and k, are the same as forthe r = n = 2
point in (13), while C 5 0 is an arbitrary real or
complex number. The points £ and k) are two
distinct n = 3 points with the same £, invariants as
the r = n = 2 point obtained by putting C = 0in (15).
They are related by an improper Lorentz transforma-
tion that changes w, into w_, while leaving k; and k,
the same.

(b) The points & and k- determined by (15)
and the r = n = 2 point obtained by putting C =0
in that equation all lie on different £, orbits. Any
other r = 2, n = 3 point with the same £, invariants
lies on either the £, orbit of k) or the £, orbit of k).
Any point on one of these two orbits is related to any
point on the other by means of an improper Lorentz
transformation. As a consequence of H1(b), we may
state that, for any set of values of the £, invariants
for which the rank of the Gram determinant is 2,
there exist three different £, orbits.

(c) Consider the limit C — 0 in (15), which yields
an r = n = 2 point with the same £ invariants. This
means that any neighborhood of an r = n = 2 point
contains points of every r = 2, n = 3 orbit with the
same £, invariants.

H3. (a) Similar remarks enable one to construct an
infinite number of r = 1, n = 2 orbits with limit points
on a given r = n = 1 orbit. In this case, however, any
two r =1, n=2 points related by an improper
Lorentz transformation lie on the same £, orbit.

(b) The occurrence of r = 1 points in J; is possible
only if the sum of some of the masses equals the sum
of the others. This follows from the conservation of
energy and the fact that every r=n=1 orbit
contains a point of the form k; = (£m;, 0) for all
k;ek.

H4. We define the little group G, (k) of a point k to
be the set of proper complex Lorentz transformations
that leave k invariant; i.e., A€G, (k) >detA =1
and Ak = k. At any point £ with » = 3, the only
matrix in S,(k) is the unit matrix. However, if
r=n < 2, G, (k) is an infinite set.

C. The I, -Saturated Kernel of the Domain of
Regularity

We emphasize the fact that to a given point k € X,
there can correspond many points on the domain of
regularity & of the M° functions for a given process,
although at most one point on any sheet U, = R. In
the remainder of this paper, when we speak of a point
k with certain values of r and » lying on R, we actually
mean a point on & whose image k in J; has these
values of r and n.
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Thus Stapp’s theorem in Part A of this section says
essentially that (a) R is a union of £, orbits, i.., if a
point k lies on R, thereisan £, orbit £ & thatlieson &
and contains the given point, and (b) the M¢ functions
are £, covariant on R, i.e., the M°¢ functions at any
two points k and A(4, B)k on the same £, orbit on R
are related by (11). [If all four particles are spinless,
the M¢functionis €, invarianton R, i.e., A(4, By=T
in (11).]

Ifan r = n < 3 point &’ lies on R, then every r # n
orbit for which it is a limit point lies on R. This is
because there is some full neighborhood N in R of the
point such that there is a one-to-one mapping between
points in N> and points in a neighborhood N(k') €
Kg—according to H.2(c) and H.3(a), N(k') contains
points of every r # n orbit in X3 for which the r = n
point k" € N(k’) is a limit point. By Stapp’s theorem
R must contain the full £, orbit of any point in N

If an r 7 n point lies on R, the r = » limit points
of its £, orbit do not necessarily lie on R.! The
I, -saturated kernel R+ of R is the subset obtained by
deleting from R all r % n orbits whose r = n limit
points do not lie on R.1-511 All physical points on R
lie on R because their image in X, is real and the
construction in (14) and (15) shows that r 7% » points
in X, are always complex.

In the remainder of this paper the symbol W,
designates the set W, N R, where U, is some
£ -invariant sheet on R; i.e., W, is the set obtained
by deleting from W, all r # n orbits whose r = n
limit points do not lie on R. We refer to W,,+ as the
I,-saturated kernel of the £ -invariant sheet W, .2

D. Kinematical Restrictions

The number of M¢ functions for a given process is
the same as the number of different combinations of
values of the spinor indices. This is given by

4
N = 1—]1:(2ji + . (16)
i

Equation (16) gives the number of independent
scattering experiments at a fixed physical value of the
4-momenta, at least on a dense subset of the physical
points. Of course, for the M° functions under con-
sideration discrete symmetries can lead to a relation
between the results of various experiments, so that the
number that are independently determined are less than
the number in (16). Such restrictions will be ignored
in this section and will be the concern of the next one.

We will show that, at any point on R at which the
rank of the Gram determinant is less than 3, €,
covariance leads to linear relationships between the M°

617

functions; i.e., there are kinematical restrictions at
such a point.? For any r = n = 2 point k on R, this
statement follows by letting A(4, B) be a matrix in the
little group, G, (k), defined in remark H4. Then the
£, covariance relation (11) becomes

M(K) = A(A, BYM*(K). amn

We also find kinematical restrictions at any r = 2,
n = 3 point lying on R+, The trivial extension of our
results to r = 1 points will not be needed in this paper.

We restrict our attention to a single point on any
given orbit on R, since the number of M¢ functions
whose values are independent is the same at all points
on the orbit. Any r = n = 2 orbit on R contains a
point whose image k € X3 is such that each of the
vectors k; € k has no components along the 1 and 2
axes. Then, from (Al),

ok = ((k,~>°+<k,~)3 o0 ) fm1.ee 4
0 k)" ~ (k)
(18)
Let us now make the following choice for the
matrices 4 and B € SL(2, C), where 1 is any complex
parameter:

__ [exp (—4)2) 0
4= ( 0 exp (1/2)) ’ (192)
= (exp (4/2) 0 )
3= (707 Cap) 0D

From (A2), it follows that A(4, B)k, = k; for all

i=1,---,4, when £ is a point in J; of the form in

(18), so that A(4, B) belongs to the little group G, (k).
Because of (A3), we have

DY(A) = exp (—AJ), (20a)
DY B) = exp (AJ,). (20b)

Suppose that the particles are ordered so that the
first / have lower undotted spinor indices and the
remaining 4 — / have lower dotted ones, the assign-
ment of index types to individual particles being
completely arbitrary. Then, because of (17) and (20),
we have, at any point k of the form (18) lying on R,

M(co(ziﬁ)?f o [_Z(éla“ ‘tif ) ]M(g%) (1)

where (2) = o, * «;, and (f) = B4y - " * B4, are not
to be confused with the outgoing and incoming spinor
indices of the preceding section. Equation (21)
requires that

MYK)=0 if So,—3 8 #0.
(@XP) ) !

(22)
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Therefore, the M°¢ functions have ‘kinematical
zeros” at any such point. At other r = n = 2 points
the relationship among the values of the A¢ functions,
as given by (17), will be more complicated, but the
number of such linear relationships will be the same
as the number of ‘““zeros’ in (22). It is convenient to
continue to use the term “kinematical zeros” to refer
to the restrictions at these latter points.

Now consider any r = 2, n = 3 orbit on R for
which the r = n = 2 point k¥ on R that we have just
considered is a limit point. There is a point on the
orbit whose image k") or k=) in Xy is such that each
vector k) € k¥ has the form k& =k, + Co_,
where k, is given by (18), C; is a real or complex
number, and w, = é' 4 ié? is a complex lightlike

lim M°(A(4, BIK™) = M“(K)
A (@)(B) (2)(p)

In particular, (25) implies that

MK®) = MY(K) if Da, = f,.
(@)(B) @@p) ‘
Furthermore, for the limit in (25) to be consistent with
the result in (22) for the r = n = 2 point k on R, we
must have

(26)

MY(K™) =0 if z a, < z B, (27a)
(@)(B)
MY(KT) =0 if Ea > z B, . (27b)
(@)(B)

However, there is no kinematical restriction on the
values of the M° functions with X o, > >, f, at a

‘K) = lim exp

A=t
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vector in the space orthogonal to the k;. Choosing the
real spacelike vectors é' and é2 to be parallel to the 1
and 2 axes respectively, we have from (18) and (Al)

k) — ((ki)o + (k) (1 £ 1)C;
' A FDC (k) — (k)

Using A(4, B) defined by (19) and (A2), but
restricting ourselves to real values of 4, we find that

). (23)

lim A, Bk = k,,

A=t

i=1,--,4, (29
with k; given by (18). Since the M° functions are
continuous at the point £ on R, we have, using (11),

(20), (24), and the obvious notation K;* = (k%) 1),

(25)

{3 30) o

point on R whose image in X; is k" and no such
restriction on those with > «, < >, f, at a point
whose image is k7. Either of Egs. (27) is therefore
sufficient to determine the number of kinematical
zeros at an r = 2, n = 3 point on R, this number
being exactly half the number given by (22) for an
r =n =2 point on 8.7

By adding up the number of M° functions not
restricted by (22) or (27), we get the number of such
functions whose values are free of kinematical
constraints at any r = 2 point on R, The result is
given in Table I, which is actually valid for M°
functions with any number of particles, but for which
at most four have spin.*

TaBLE I. Number of independent M functions at an r = 2 point. These results are valid for the case when at most four particles

have spins, although the total number of particles can be arbitrary, and are valid on the I,-saturated kernel of the domain of

regularity. Here r = rank of Gram determinant. We take j, + j, and j; + j; both to be integers, with j; +j, > s + j4 and
J12jasjs 2 -

Number of linearly independent 4-vectors, n

n=2 n=3
Case I
Ji—ja 2js+Jja Qj: + D2ja + D2ja+ 1 o+ D@j + DCjs + D2ja+ 1)
Case I1
ja +]4 >jl —]z (2]2 + 1)(2]3 + 1)(2]4 +1) (]1 + 1)(2jz + 1)(2js + 1)(2]¢ +1)
]1 _jz >]s _j4 _é(]z +ja +jA _]1)(]1 +_]a +]4 j1+1) _%(]z +]a +]4 ]1)(_]: +]3 +]4 '—j1+1)
X (atjastji—jr1+2) X Getjstja—ji+2)
Case III
Js—JaZh—) 2js + DIQj> + DRja+ 1) 2jo + DG+ DQj + DEjs + 1)

=%+ D —3Gatjs —ji— D)

'—‘%jA(j4+ 1) - (ja +is "i4 "'jl)
X (fa +ja + ja—ju + DI

X(etjstji—jr+ 1]
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IV. DISCRETE SYMMETRIES
A. Identical Particles, PCT, P, T, and C

In this section we determine the number of inde-
pendent M° functions at various points on R if the
functions have definite signature under the discrete
symmetry operations. The main object is to establish
the results at points where the number of linearly
independent momenta n is 3, but the rank of the
Gram determinant r is 2. The understanding derived
from this discussion leads to the results of the follow-
ing section.

Invariance under PCT and the connection between
spin and statistics are both consequences of the basic
principles of S-matrix theory!® and of field theory.2+2
In terms of the connected parts of the S matrix in
canonical form, the PCT identity reads

4
PCT: S%K,; K,) = nper [T DVNC),'SYK,; R,),
y; Gy =t ag; &y
(28)

where 7pcr is a phase factor. Here K, = (k;, 7)),
with #; = (m,, j;, —q,) indicating an antiparticle. The
spin-statistics connection states that exchanging the
order of the momentum variables and spin com-
ponents of any two identical initial or any two iden-
tical final particles of spin j changes the sign of the
scattering function by (—1)%.

The assumption that transition probabilities are
invariant under a change of direction of all spatial
components of the 4-momenta leads to the relation

P: SYK,; K,) =7,5%R,; K)

Oy Gy %5 &g

29

in the physical region of the process ¢, + t, —> 13 + 4.
Here K, = (k;, 1), with k, = (£, —k,), and 7, =
+ 1, the “process intrinsic parity,” is the product of the
““particle intrinsic parities” of the particles occurring
in the process.?

It is straightforward to show that if transition
probabilities are invariant under time reversal, which
involves exchanging initial and final states and chang-
ing the sign of all three vectors, one has for physical
points

T:
SKy; Ka) = 172 DY(C),, 7 D(C)y, ' SAK,; K,),
%3 &g oy &y
(30)

where 77 = -1 is required for an elastic process.
It may happen that PT is a symmetry, even if P and
T are not. Then the PCT identity (28) requires
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charge-conjugation invariance,

C: SC(KD; Ka) = ncsc(Kb; Ka)'

Oy Uy

€2y
Xps o.!'a

The relevant symmetry relations for M° functions
with spinor indices of the types introduced in (4) and
(6) follow easily from (28)-(31) and are given in
Table II. If a given symmetry is valid for a certain
physical process, it is valid for the analytically
continued functions and, consequently, for the
processes related by crossing.®

B. Functions with Definite Parity Signature

Even when spatial inversion is not a symmetry of
the process under consideration, one can find it
useful to decompose the M° functions for two in-
coming and two outgoing particles into parts having
positive and negative parity signature. In the physical
region of the process t, + t, — 3 + #,, let us define
the functions

Msc(Kb; Ka) = %[Mc(Kb; Ka) + eD(]h)(G b)
apy’

. . m
Kps Kq gy Ky b

, -k ~ o~
x D‘"’("—ﬂ) M“(K,,;Ka>], (32)
m, gy’

%5 %
for e = +1. With the aid of (A12) we find that
MKy K,)

ab; %
(o k [0k o
— ED(;»)(E__b) D(m(f_a) MAR,; R, (33)
My Jos My Jaa 0(1;;(1(;
which indicates that the functions defined by (32)
have definite parity signature (see Table II).

One may analytically continue the functions M.
and M° defined by (32) over all of R, and the
following decomposition is valid at all points & on that
domain:

M*(Ky; Ko) = M.(Ky; K,) + M_(K,; K,). (34)

Oy s Oy Ay s Ky O3 Oy

By comparing (33) and (34) with Table I, we see that
if spatial inversion symmetry is valid with 5, = +1,
then M’ = 0.

According to the remarks in Sec. IIIB, the points
k and k in the analytically continued relation (33)
lie on the same £, orbit on R unless they are
r =2, n =3 points. If they are r = 2, n = 3 points,
then remark H2(b) shows that they lie on two differ-
ent £, orbits on R having the same r = n = 2 limit
points. It is well known that £, covariance leads to
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TasLe I1. Effect of invariance under various discrete symmetry operations on the M¢ functions.
N, = number of fermions in state a.

M(K,; K.) M«(K,; K.)
Symmetry Oy Xg O g
= (_I)N“WPOTMC(Kia; KD)
PCT = (—1)Yen,,M*(K,; R)) %as %o
. G k,\ % k &'
i % = npeD% € pw (E2¢) " Mk, R
m, &, m, (3 @" a'f
a’ b
éb; Gy Wy} %
= anc(Kb; Ka) = ('_I)NanPMc(Kb; I?a)
P ok ok . T
= npw(Z2) puw(ZEY pekik) = mpw(T) pu(TE) ek
m | oo Mo [ o . my L, m, , L
1A a%g Oys Oy Ay dgy Oy s O]
da; a‘b
= (= D¥an,M(K,; K,)
T ok, o ky _ = DY)y 2 DNC),, 2 M (Ka: Ko
= (—~1)¥an, Dl Dy | —— M'(K;; Ky) ol o
my . m, . v o
LT andy Ogs &y
= (=1)¥an,,M C(I.(a; Ky)
PT = (=1)Yoq, M(Ky; K) %e3 %
o] oy Gk, g’ ok by’
= npp DY [ C Db C M(K,; K;)
mg iy 1o Mt
Xg ap aa; o
C = "]cMc(Kb; Ka) = ﬂcMc(Kb; Ka)

Ap; Ug

Op; Og

linear relations between the functions having the
same parity signature at all r = n points. We will
review this result in order to extend ittor =2,n =3
points.

Because of the DY (¢ - k,/m,) matrices that act on
the M. functions under the parity operation defined
by (33), it is much simpler to use the connected parts
of the S-matrix elements to count the number of
independent functions. The S° functions have kine-
matical singularities arising from the “boost”” matrices
that relate them to the M° functions, as in (4). These
singularities, unlike those of the M* functions, are not
Lorentz invariant, so we can always find points on
any orbit at which the S° functions are analytic if the
Mc¢ functions are holomorphic.™

By application of the proper boost matrices to (32)
and (33), we obtain

S.(K,; KJ) = $[S°(Ky; Ko) £ SU(K,; KDl (35)
%p3 g %p3 Og o5 &g
where
S(Ky; K,) = eS(Ky; Ky).

Oy s %g %ps Kg

(36)

To see the restrictions at r=n=3 orr=n=2
points on R, it is best to choose a point k = {ky; ko)

on a given orbit such that all spatial components are
normal to the 2 axis; then a rotation of 7 about this
axis carries k € X, into k. Since the matrix A(k;) in
(A11) corresponding to the Wigner rotation is equal to
A when 4 is unitary and since the required rotation
matrix for spin j; is now simply the matrix D“(C) in
(AS), Eq. (3) gives us

SE(Ky; Kyp) = e(—1)Zim SIS (K, K,). (37)

o5 &g —0y, — &g

Equation (37) allows us to conclude that at any
r = 3 point on the domain of regularity of the M°
functions, disregarding possible restrictions due to
other symmetry operations, the number of M
functions whose values are independent is

Ne= 3T+ D)

=1

(38)

if there are fermions involved in the process. On the
other hand, the number is

i=1

43 1 .
N, = %(H @+ 1) + (=) j‘) (39)

if all the particles are bosons.
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In order to obtain the restrictions at r =n =2
points on R, we note that, in terms of the S.° functions,
(22) becomes

SE(Ky K,) =0

%y Lg

if oy + 223 # xg + Ay . (40)

Then (37) restricts the number of M.° functions whose
values are independent to exactly half the number
allowed by (40) alone, if some of the particles are
fermions, and to that number plus %e(—1)2:=1 £
if all the particles are bosons. The number allowed
by (40) alone has already been given in Table I.

From remark H2(b) in Sec. III, we know that an
r = 2, n = 3 point is related to its spatial inverse only
by an improper Lorentz transformation. However, on
R the limit (25) must be valid for the M.° functions
also and we do get restrictions at r = 2, n = 3 points.
In particular, in place of (26) we have

4
MS(Ky; K) = MK, K,®), for Yo, =0,
%ys5 Ug Ly 5 %y =t
@D

if k¥, as defined by (23), isan r = 2, n = 3 point on
R, and k is an r = n = 2 limit point of £ k& of
the form (18).

Similarly, in place of (27) we get

41
MK, K =0 if S, <0, (422)
i=1

Ops Ky

4
MAK, ;K ) =0 if Yo, >0, (42b)
1=1
Opy %y

but there are no restrictions on the components not
accounted for by (41) or (42).

By inspection of (41), we see that at the r = 2,
n = 3 point under consideration, the M. functions
satisfying >, «; = 0 are subject to the same restric-
tions as they are subject to at the r = n = 2 limit
point of the orbit. Therefore, the number of inde-
pendent functions with Y, «; = 0 is the same as the
number mentioned in the sentence following (40).
Adding to this the number of functions not restricted
by either (41) or (42), we find that the number of M.°
functions whose values are not subject to any linear
restriction among themselves is exactly the same at
any r = 2, n = 3 point on R as the number at any
r = 3 point on R—this number is given by either (38)
or (39).

C. Restrictions in Special Cases

Invariance of a scattering process under any discrete
symmetry other than spatial inversion can restrict the
number of independent M° functions only in special
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FIG. 1. Special reference frame K
used for obtaining discrete sym- 2
metry restrictions. The 2 axis
points out of the paper.

cases in which the point in momentum space resulting
from the symmetry operation lies on the same
£, orbit as the original point. We will consider
the restrictions for r = 3 points by working in the
physical region of a particular c.m. system with the
1 and 3 axes orientated as in Fig. 1 and with the 2 axis
pointing out of the paper. The restrictions thus
obtained are easily extended to all r = 3 points on R
and also to the points on R with r < 3.

For example, for a scattering process of the form
1y + 1, — 13 + t3,the exchange symmetry for identical
particles leads to a restriction when one simultane-
ously exchanges the orders of the initial particles
among themselves and of the final particles among
themselves. In the reference system of Fig. 1, a
rotation of 7 about the 2 axis carries the transformed
momenta back into the original orientation and we
have

E: SC(K:;, K4; Kl’ K2)

Oy, Oy; Gy, Gg

z:= (Jita;) ;
= (=1)"TSYK,, Ky Ky, Ky),
—0y, —03; —&y, —&
fOI' tl = tz

and t,=1,. (43)

The functions for the crossed process 7, + f3—
i, + t; have the same number of independent com-
ponents as those allowed by (43). This restriction
could also have been obtained by applying the PCT
relation (28) in the new channel. For a process of the
form t + t —t + t with ¢ = 7, the PCT relation and
the symmetry under the exchange of identical particles
simultaneously lead to restrictions in the same channel.
In the reference frame of Fig. 1, a rotation of 7 about
the 3 axis carries the point on the right-hand side of
(28) into that on the left and we obtain

PCT: Sc(Kzs; K4; Kl’ K2) = Sc(Ka: K4; Kl, Kz)s

®g, Oy Gy, Op —0y, —%y; —A&g, —&,

fOI’ t1=t2=t3=14=t=fo (44)

Time-reversal invariance restricts the number of
independent components only in an elastic two-
particle process. In the reference frame of Fig. 1, the
required exchange of the 4-momenta is brought about
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TaBLE I1I. Number of independent M,® functions having definite signature under T and PT

for the process #; + ¢, — t, + ;. These results hold at any point on the 7, -saturated kernel of

the domain of regularity where there are three linearly independent 4-momenta. Exceptional

cases in which exchange symmetry or PTC (or both) must give a restriction are: (1) f, = t,;

(2) ty =iy; (3) both t; =7, and ¢, = f,. These exceptions are either given directly by the
processes in Tables IV and V or related to them through crossing.

(a) If at least one of the incoming particles is a fermion

e=P T PT Number of terms
+ + + 127, + 1)2j: + D@ujs + 2j1 + 2j2 + 3)
+ - - Q)+ DQjs + D@hja + 21+ 2ja — 1)
- + - 12, + 1*@Qj. + 1)
- - + 12 + 1)*2j, + 1)*
(b) If both particles are bosons
e=P T PT Number of terms
+ + + H@j1 + DQje + D@ je + 2j1 + 2j2 + 3) + 1]
+ - - HEj + D@Ja + DEjje + 271 + 2j2 — 1) + 1]
- + - H2j, + 1*(2j, + 1)* — 1]
- - + HEj + G + 12 = 1]

by a rotation of  about the 1 axis and (30) becomes,
with Np = 1,

T: S%Ks, Ky; Ky, Ky)
®g, g3 Gy s Olo

= (=)t TuSY(K,, Ky Ky, Ko),
oy %o d‘a L] d’4
and (45)

fOI‘ tl = t3 t2 = t4.

Equations (37) and (43)-(45) are sufficient to find
all possible restrictions at r = 3 points on R. In
Tables III, IV, and V we have listed the number
of independent M. functions having definite signature
under the relevant symmetry operations for those cases
in which spatial inversion is not the only possible

symmetry that can give a restriction. In Table IV we
have allowed only those terms satisfying (— 1)1+ =
1 when taking (43) into account. This is because the
additive quantum numbers independent of the
Lorentz group must be the same for ¢, and #; in a
process of the form ¢, + ¢, —¢; + 3, and in nature
all strongly interacting particles with half odd-integer
spin apparently have odd baryon number, while those
with integer spin have even baryon number.

Of course, when spatial inversion is a symmetry for
all processes in nature, only terms with ¢ = P = +1
are nonvanishing in any of the tables,?® and when time
reversal is a symmetry for the elastic processes in
Tables III and V, only terms with T = 41 are
nonvanishing. If neither P nor T is a symmetry, but

TaBLE IV. Number of independent M functions for the process ¢, + #; — 5 + 5 with £, 5 £.

These results hold at any point on the I,-saturated kernel of the domain of regularity where

there are three linearly independent 4-momenta. Since the additive quantum numbers that

are independent of the Lorentz group must be the same for #; and ¢, such a process apparently

occurs in nature only when ¢, and ¢4 are both fermions or both bosons. The table is valid even
when t; = f,.

(a) When particles #, and ¢ are fermions

Number of terms

I+

32js 4 D@js + D@hjs + 21 + 2j5 + 3)
12, + D)5 + 1)?

(b) When ¢, and ¢4 are bosons

]
]

Number of terms

I+

2jyjs +j1+js + 1)°
Qijs +j1 +jdI@hjs + i1 +js + 1)
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TaBLE V. Number of independent M functions having definite signature under 7 and PT for
the process ¢ + ¢t — ¢ + t. These results hold at any point on the /,-saturated kernel of the
domain of regularity where there are three linearly independent 4-momenta.

(a) When particle ¢ is a fermion

e=P T PT Number of terms
+ + 4 2+ D@+ 122+ 18+ 7)
+ - - 2+ D@+ 122+ 2j—1)
~ + - @) + 1)8
- - + 3 + 1

(b) When particle ¢ is a boson. If, in addition, ¢ = 7, then only terms with
PT = + are allowed by thé PCT theorem

e=P T PT Number of terms
+ + + 2+ 43+ 62+ 45+ 1
+ - - 27 + 1)?
- + - JGHDRE+2+1)
- - + JG+ D@+ 2+ 1)

PT is, then only terms with PT = +1 are nonvanish-
ing in Tables IIT and V.3

Any process not accounted for in Tables III, IV,
and V for which a discrete symmetry other than
spatial inversion can restrict the number of inde-
pendent M° functions is related through crossing to
one in the table. For example, in the process ¢, + 7 —
t, + {, charge-conjugation invariance can yield a
restriction, but this is exactly the same restriction given
by PT symmetry for the process #; + t, —t, + 1.

Although Tables III, IV, and V were derived for
r = 3 points, they also tell us how many independent
M* functions having the given symmetry properties
there are at r = 2, n = 3 points on R*). We have
seen at the end of Part B of this section that £ co-
variance allows the number of independent M.°
functions to be the same at an r = 2, n = 3 point on
R as at the r = 3 points, the latter of which form a
dense subdomain of R,

The tables derived from the considerations of this
section are important for the application of the criteria
to be presented in the next one. In checking any set of
covariant polynomials to see whether they give
invariant amplitudes free of kinematical singularities,
it is useful to know in advance how many of any
discrete symmetry signature one should have.

V. INVARIANT AMPLITUDES
A. Extension of the Theorem of Hepp and Williams

We have been considering the M* functions for two
incoming and two outgoing particles with spin as
functions of their 4momenta on the mass shell. The
above discussion of kinematical constraints on func-
tions having definite parity signature, together with a

result of Hepp and Williams, will enable us to describe
the analytic properties in terms of £, invariants.
Because of the mass shell conditions and 4-momenta
conservation, one can form only two independent £,
invariants. These can be taken to be two of the three
linearly related Mandelstam invariants:

s = (k; + kp)?, t = (ky — ky)?,
u=(k; — k)

Let us first consider a process for which all four
particles are spinless—that is, one for which the M°
function is £, invariant,

Me(K) = M*(AK),

for any point k on the domain of regularity R.

According to a theorem of Hepp! and Williams?,
any such function can be expressed as a holomorphic
function of the independent £, invariants on the image
of the I,-saturated kernel W,,"* of each sheet W, <
R:

and

(46)

Me(K) = A(s(k), t(k)) = ACs, 1). @7

Thus (47) defines an analytic function 4 over the
invariants s and . The domain of regularity of this
function is the image of R1),33

Actually the restriction to the image of the I,-
saturated kernel is not necessary—the domain of
regularity of the function A defined by (47) is the
image of the full domain of regularity of M*. This
extension of the result of Hepp and Williams arises
from the fact that R is automatically I, saturated;
ie, R = R.

Lemma 1: Let the domain of regularity of the
function F be a domain R(F) lying over X;. Suppose
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the function F is £ invariant on R(F). Then R(F) is
I, saturated, i.e., the r = n limit points of every r # n
orbit on R(F) also lie on R(F).

The proof of the above lemma, due to Stapp and
this author, is given in Appendix B.

B. Standard Covariants

We would like to generalize the preceding con-
siderations of this section to the cases in which one or
more of the four particles has spin. That is, we would
like to be able to express the M.° functions for any
process with two incoming and two outgoing particles
in terms of invariant functions that are holomorphic
in the £, invariants s and ¢ everywhere on the image
of the subset W, of each £ -invariant sheet U,
R. The spin dependence and, consequently, all the
kinematical properties of the M.° functions will be
accounted for by polynomials in the 4-momenta
referred to as “standard covariants.” First we will
precisely define the latter.

Definition: Consider the M* functions for a scatter-
ing process involving two incoming particles of spins
J1 and j, and two outgoing particles of spins j; and j.
A set of spinor functions Y, (k),forg =1, -+, N,
and Y_,9(k),forg=1,---,N_,where N, + N_ =

1 (2j; + 1), is said to be a set of standard co-
variants for this process (and the processes related by
crossing) if they satisfy the following five properties:

SCI. They are polynomials in the four momenta for
the process, subject to the mass shell and 4-momentum
conservation constraints. (They are therefore holo-
morphic everywhere.)

SC2. They are £, covariant; i.e.,
Y(A(4, B)k) = D'P(4), DY), Y, (k). (48)
3 0 % g

SC3. They have definite signature under the spatial
inversion operation:

Ys‘g)(k) — ED(ib)(g_.ib) D(fa)(g : ka) Y(”)(k).
03 Oy My Japsy’ m, gty Oté, a(;
49

SC4. The functions of each of the two parity
signatures are separately linearly independent at all
n = 3 points. That is, if we form the functions

. p
Fe(k) — z Ve(v)Ys(g)(k)a

. g=1
oy s &g

(50)

Oy s g
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where the ye(”) are real or complex numbers, then,
at any n = 3 point k = {k,; k,}, the only solution to
the equations

T(k) =0

Ap 5 K
for all values of {a,; o} is ». =0, for all g =
1,---,N..

SCS. If the number of M° functions whose values
are independent is restricted by any discrete symmetry
other than parity, then each of the spinor functions
Y9 (k) has definite signature +1 or —1 under this
operation (the form of the symmetry operation is the
same as that for the M functions in Table II).

The above properties of the standard covariants
lead to the following lemma, the proof of which is
given in Appendix C:

Lemma 2: Consider a set of standard covariants for
the M° functions describing a process with two in-
coming and two outgoing particles. Then:

L1. At any r = 3 point, the standard covariants of
parity signature +1 are linearly independent of those
of parity signature —1.

L2. For each value of ¢, N, = N, as given by (38)
if there are some fermions involved in the process, or
N, = N, as given by (39) if all the particles are bosons.

L3. In those cases in which property SC5 holds,
the number of standard covariants having a given
signature under any of the applicable symmetry
operations is in agreement with the number in Tables
III, IV, and V.

The choice of a set of standard covariants for any
process is by no means unique. If we have found a set
YO (k), for g =1,--+, N, satisfying the required
properties, and if we can write

NE
KOU) = 3 6, 0TR), (51
g'=1
such that the coefficients f.°'(s, r) are globally holo-
morphic functions of the Mandelstam invariants with
det ((£.°” (s, t)) nowhere zero, then the Y.!?(k) also
form a set of standard covariants.

C. Invariant Amplitudes for Scattering Functions
with Spin
We are now ready to consider the possibility of
expanding the M.’ functions for a given process in
terms of standard covariants having the same discrete
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symmetry signatures, using the properties of the stand-
ard covariants in the definition and lemma of Part B
of this section. Our results are expressed by the
following theorem.

Theorem: Consider the M° functions describing a
process with two incoming particles and two outgoing
particles. On the I,-saturated kernel R of the
domain of regularity R of the M* functions, one may
write the following global decompositions:

Ne
Mec =ZA€(Q)YE(9), (52)

g=1
where the Y.? are any set of standard covariants
for the process. The “invariant amplitudes” A% for
g=1,--+,N,, are holomorphic functions of the
Mandelstam invariants s and ¢ on the image of the
I,-saturated kernel “W,‘" of each £, -invariant sheet
a“U, = R.

If the M’ functions for a particular value of € are
identically zero, the above result is trivial with
vanishing 4.". In our proof of the theorem for
nontrivial cases we will first completely ignore those
cases in which the number of independent M-
function components is less than the number in (38)
or (39) at n =3 points on R“™. The necessary
modifications for the exceptional cases will be easy to
make.

For our proof we will first try writing on the subset
W, of a particular sheet W, < R

Ne
MEK) = 3 4K YO (K),

. g=1 .
&y, Xy Ky, Ky

(33)

which corresponds to (52), except that we regard the
invariant amplitudes £ as functions of the 4-
momenta for the present. We will show that (53) is
invertible; that is, we will solve for the amplitudes
£.9 in terms of the M functions and show that this
does not introduce any singularities not present in
the M/ functions themselves. Finally, the theorem of
Hepp and Williams will allow us to express the
analytic properties of the invariant amplitudes in
terms of £, invariants. Recall that, according to the
last paragraph, we are ignoring the exceptional cases
for the present.
Consider the scalars
Oy 5 Ol
YD) = Yo' (k) YO (k).

Otb; *,

(54)

Each of the above invariant functions is holomorphic
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everywhere on J3 and the determinant formed from
them, det (Y¥¢?’), cannot vanish at any r =3
point. The only way the determinant at such a point
could vanish would be for some of the standard
covariants to be linearly dependent, contradicting
statements SC4 and L1. Since the standard covariants
are not all linearly independent at an r = 2 point,
det (‘Y¢%*)) must vanish at such a point.

The determinant just introduced consists of four
blocks, the upper left-hand one having components

of the form Y7}, the lower right-hand one

Yo%, the upper right-hand ~one Yo 9 and
the lower left-hand one ¥%'?). However, it

follows from (49) that Y7:¢" = 0, since one has an
invariant function of three independent 4-vectors that
has negative signature under spatial inversion, and
such a function vanishes identically. Consequently,
the determinant is factorizable:

det (Y¢7e") = [det (W TD]idet (Y5201, (55)
and neither det (Y.59)) nor det (Y'5?}) can vanish at

any r = 3 point. Since (55) must vanish atr = 2 points,
we must have

det (!yge’,g)) oc GN(kl s k23 ka)’

where k,, k,, and k; are any three of the momenta
and N is some integer.
The £, -invariant functions

b NE E
(56)

are holomorphic everywhere on the particular domain
W, under consideration with M), =0. From

(53), (54), and (56) we obtain the set of equations
S AR YELOE) = MK, g =1, N,

’

! (57)

oy oy
M (k) = MAR)YD(H), g=1,-"-

Ay &y

At least at r = 3 points, where det (‘H“{,’f "} cannot
vanish, (57) is soluble for the invariant functions
A7) in terms of the A%, The solution of (57) has
the form

(g)
A0 = o gy

s H N s
GN(kl » k2 > kB) )

(58)

where each B'? is some combination of the Y%
and the ML),

The numerator G.'”’ on the right-hand side of (58) is
holomorphic on the given domain U,. The only
possible singularities of the invariant amplitudes on the
left-hand side of (58) on this domain U,,‘*) are poles
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at points where the rank of the Gram determinant
is less than three.

Let us look at (53) once more. We have already
seen that the invariant amplitudes on the right-hand
side of the equation are holomorphic on the image in
X3 of the r = 3 points on the domain W,. Since
these r = 3 points from a dense subdomain of W™,
as we approach any r < 3 point on U, the limit
of the right-hand side of (53) must exist and be equal
to the value of the left-hand side at the given point.
If the limit point is an r = 2, n = 3 point, the stand-
ard covariants are all linearly independent at the point
and there can be no cancelling singularities in the
invariant amplitudes; i.e., the limit at such a point
must exist for each invariant amplitude in (58)
separately and not just for the right-hand side of (53)
as a whole.

The above considerations show that there exists
some neighborhood of each r = 2, n = 3 point on the
domain UL, under consideration such that B.” in
(58) has the form Bl (k) = L (k)G", where L' is
holomorphic in the given neighborhood. From (58),
A (k) = TP (k) is holomorphic in that neighbor-
hood.

The £, -invariant sheets whose union is R can be
chosen to overlap, and the particular sheet ‘W, for
which the decomposition (53) was carried out was
arbitrary. Thus, the above procedure defines a unique
set of functions 4%, forg=1,---, N.. The domain
of regularity of each function 4.’ is a domain R(4.")
over Xy, and £ is £, invariant on R(4 ). We have
seen that each domain R(A*) contains all n =3
points on R, Because of Lemma 1 each domain
R(4!) also contains all r = n = 2 points on K.

Because of the theorem of Hepp and Williams, we
may express each invariant amplitude as a function of
£, invariants on the image of the / -saturated kernel
U, of each sheet W, = R:

Ae(g)(S, t),
2 NE b

#.7(k) = AL(s(k), (k)

g=1,""" (59)

with the possible exception of r = 1 points on the
domain UW,'"". But, at r = 1 points, k; * k; = £mm,
for all values of i and j. Consequently, such points are
isolated in the space of the £, invariants. It is well
known that an analytic function of several complex
variables cannot have isolated singularities.?
Equation (59) therefore defines functions AL,
each of whose domain of regularity is a domain over
the space of the Mandelstam invariants s and 7. This
domain is the image of all points on R, so the proof
of the theorem is completed—for those cases in which
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the number of independent M.° functions is given by
(38) or (39).%

In the exceptional cases in which properties SC5
and L3 are applicable, the scalars Y’ in (54) formed
from standard covariants that have opposite signa-
tures under any of the applicable discrete sym-
metries vanish identically. Then the determinant in
(55) splits up further; that is, det (Y,?"), for each
value of e, can itself be written as a product of smaller
determinants. Furthermore, when the Af.° functions
have definite signature under the symmetries in
question, the scalars in (56) involving standard
covariants with different symmetry properties also
vanish identically. The solution of (53) proceeds very
much as before, except that now only the standard
covariants having the correct symmetry properties
need be used in the expansion, and the set of equations
to be solved is of smaller order. Since the standard
covariants continue to be linearly independent at
r = 2, n = 3 points, which was the crucial factor in
our previous proof, we have no singularities in the
invariant amplitudes at r < 3 points on R,

We have seen in Sec. IVB that £ covariance
requires the various M functions to satisfy certain
linear relations at all points on R, Because of the
properties of the standard covariants, the decom-
position on the right-hand side of (52) automatically
satisfies these relations. Therefore, there is no point
at which some linear combination of the invariant
amplitudes must vanish in order for this decomposi-
tion to satisfy the required kinematical constraints—
i.e., the invariant amplitudes are free of “kinematical
zeros.”

VI. SUMMARY AND DISCUSSION
The main results of this paper are as follows.

(a) If the domain of regularity R of the scattering
functions M¢ for a 2 — 2 process contains a point at
which only two of the external 4-momenta are linearly
independent then, as is well known, R contains also
points having the same scalar invariants but with
three linearly independent momenta. At any of these
points £, covariance requires the number of linearly
independent components of ¢ to be less than the
dimensionality of the spin space.

(b) Let T be the parity operation for the AM*
functions and let M.° = }(M° + €TM°). The number
of linearly independent components of the functions
M. is the same at all points on their domain of
regularity at which there are three linearly independent
momenta. This result continues to hold if one imposes
additional discrete symmetry requirements.
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(c) If one expresses the individual functions M, °
and M_¢ as sums of covariant polynomials times
invariant functions, then these invariant functions
will be holomorphic in the Mandelstam invariants
s and 7 except at the image of the singularities in 4-
momenta space of the corresponding M.° functions,
provided (i) the total number of basis polynomials
equals the dimensionality of the spin space and (ii)
the basis polynomials for each of the two parity
signatures are separately linearly independent at all
points at which the number of linearly independent
momenta is three.

Our result allows the awkward comparison to the
basis sets of Hepp and Williams to be avoided. It
reduces the problem to the essential one of the linear
independence properties of the proposed basis set.

In another paper we intend to discuss the problem
of checking the linear independence of the poly-
nomials of each parity signature. Several theorems
that greatly simplify the practical procedure will be
given, together with many practical applications.

ACKNOWLEDGMENTS

The author is indebted to Professor C. M.
Sommerfield, Professor D. N. Williams, and Dr.
H. P. Stapp for many helpful discussions. The
comments of Dr. Stapp have been invaluable in
preparing the final version of the paper. The author
first became interested in the subject studied here
while at the University of Nijmegen, with support
from F.0.M. of the Netherlands and the Netherlands-
America Foundation, and wishes to thank Professor
J. J. de Swart for his encouragement. He is grateful
to Professor S. Mandelstam and Professor C. Zemach
for the hospitality of the Berkeley Physics Department
and to Professor G. F. Chew for the hospitality of
the Lawrence Radiation Laboratory.

APPENDIX A: SPINOR CALCULUS AND
LORENTZ TRANSFORMATIONS

This appendix serves to clarify the notation of the
main part of the paper and other sources should be
consulted for more complete details.4-5-14-1724.36 We
use the superscript T to indicate the transpose of any
matrix and T to indicate the Hermitian conjugate, The
Pauli matrices are

_ (1 0)
0y = 0 1 s
)
i 0/’

Gy =
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and the convention for any real or complex 4-vector z
is that z* = (2%, z).

Any two matrices 4 and B & SL(2, C), the group of
two-dimensional unimodular matrices, define a

A4, B)et.,

the group of proper complex Lorentz transformations,
through the relation

o A4, B)z = Ao - zB". (A2)

In partticular, if B = 4*, A(4, A*)e Ll is a real
proper orthochronous Lorentz transformation.

The full complex Lorentz group is £ =£, UL,
where any A; € £_ is an improper Lorentz transforma-
tion with det A, = —1. In contrast to the real
Lorentz group, which has four components because
the unit matrix J € L} and the simultaneous reflection
of all four coordinate axes —I € LY, are not related by
any continuous transformation, the complex Lorentz
group has only two components, £, and £_, because
I and ~—1 are connected by a continuous path in £, .

By the usual methods, one obtains a 2j + 1 by
2j + 1 matrix DY(4) corresponding to any A€
SL(2, C). There always exist real parameters ¢ and A
such that one can write DY) (4) = DY(H)DY (V) with

DIV = exp (—ig - JW), (A3a)
DY (H) = exp (A - J¥). (A3b)
The J© are the familiar generators of rotations.
The generalization of (A2) to arbitrary integer or
half-odd integer j is then
DY(c - A(4, B)z) = D'(4)D"(c - z) DYY(B"),
(Ada)
or, more specifically,
Do - A(4, B)2)y
— D(J')(A)aa‘D(J’)(B)ﬁﬁ‘D(j)(O_ . Z)a’ﬁ’ , (A4b)
which serves to clarify the meaning of lower dotted
and lower undotted spinor indices. In particular, for
real Lorentz transformations a dotted spinor index
transforms like the complex conjugate of an undotted
one.
The matrix DY(C) is defined by
D(a’)(c—l)aﬁ — D(j)(c—l)aﬂ = (___1)1'—«6&,—[1, (ASa)
DU(C)yy = DV(C)yy = (=DM DUCTH.  (ASb)
An important property is
D(C)DIA)DI(CTY = DA™Y, (A6)
DUN(C), acting from the left on any lower spinor
index, turns it into an upper spinor index. Upper
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undotted spinor indices are therefore acted on from

the left by D'(4™"") and upper dotted ones are acted

on from the left by D“(B*™"). Contraction of an

upper undotted index with a lower undotted one, or

of the corresponding dotted indices with each other,

yields a scalar.

In addition to (A6) one has

DNCYDY(e" - 2)DY(CT) = D6 - 2), (AT)
where G, = ¢* = (g, —0).

Let k be any real 4-vector on the mass shell; that is,
k* = m?*, where m 5 0 is the mass of the particle under
consideration. Its rest-frame value is k£ = (m, 0) and
the “boost” L(k) is the Hermitian matrix in L. defined
by

k = L(k)k. (A8)

One may write L(k) = A(B(k), B*(k)), where the

Hermitian matrix $B(k) € SL(2, C) is given by

Bk) = (o - kjm)?
= 2m(m + kO Hm + k° + o - k]. (A9)

Corresponding to any A€ L} and any real 4-
momentum & on the mass shell, one may define the
“Wigner rotation’

R(k, A) = L(AK)AL(K), (A10)

which is well known to those familiar with the unitary
representations of the inhomogeneous Lorentz group.
One may write R(k, A) = A(A(k), A(k)*), where
A(k) € SU(2) is given by

A(k) = B 1A ABK). (A1)

The following relation is valid for any complex
value of k on the mass shell:

D9 - k/m)D9(& - kjm) = L. (A12)

APPENDIX B: PROOF OF LEMMA 1

The details given here are due to Stapp and
this author. Some definitions we make use of are
the following.

X,: The points k = {k;, "+, ky;4} in complex 4-
vector space subject to the conditions k;-k, =
(m)>0; i=1,---,I+1, and 3] €k, =0,
where ¢, = +1.

L, : The mapping that takes sets in k space to their
images S(k) in the space of the L, invariants; i.e.,
S(k) = I.(k) = (I(k), P(k)), where I(k) is the set of
all inner products formed from the &, and P(k) is the
set of all pseudoscalars formed from them.

GUERTIN

Moy, : The space of £ invariants corresponding to
the points of X;; i.e., M, = L(I).

To prove Lemma 1, we need the following lemma.

Williams® lemma® (open mappings from X, to
Ms,): The I, image of a neighborhood of a point
k € X3 is a neighborhood of S(k) = I (k) in My,;
i.e., the map I, : X3 — Mg, is open.

Proof of Lemma 1: According to remark Hl(b)
in Sec. IIIB, there is a one-to-one mapping
between orbits in X, and points S € M3, = I, (K3).
Thus F(S) defined by F(S(k)) = F(k) is uniquely
defined for all r = 3 points k lying on R(F). The set of
points r < 2 is a set of codimension | in invariant
space, since it is defined by G(k) = G(S(k)) =
G(S) = 0. If any r = n point k lies on R(F), then
F(S) = F(S(k)) is bounded at § = S(k), and in fact
in a full neighborhood of § by virtue of Williams’
lemma on open mappings. But if F(S) is single valued
on G 5 0 and bounded in a neighborhood of §, then
it is holomorphic at .38

Since F(S) is holomorphic at S, every r = n limit
point of the orbit £ k and every other r # n orbit
having these limit points lies on R(F). This is because
any such point whose image in J; is k satisfies S(k) =
S and at any such point F(k) = F(S(k)) is a holo-
morphic function of a holomorphic function. Of
course, the value of F(k) at all the above points with
S(k) = S must be defined to be F(5). QED

Lemma 1 cannot be extended to [ -invariant
functions over X, with / > 3. That is, the domain of
regularity R(H) of an £ ,-invariant function H over X,
with / > 3 does not necessarily contain the r = » limit
points of an r # n orbit lying on R(H). This is because
Williams’ lemma on open mappings is not valid for
neighborhoods of r # » points in J, with / > 3.%7

APPENDIX C: PROOF OF LEMMA 2

To prove statement L1 of the lemma, we will first
assume that at a given r = 3 point the standard
covariants of signature +1 are not linearly independ-
ent of those of signature —1, and we will then show
that this assumption is not consistent with property
SC4 of the standard covariants. That is, we assume
that for some r = 3 point k there exists a set of non-
zero p.’s and p_’s such that, for the functions defined
by (50),

r (k) + ' (k)y=0, Ch

%ps Ky Xy g

for all choices of {«,; «,}.
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But, since any r = 3 point k lies on the same £,. we require that standard covariants have definite

orbit as the point k obtained by spatial inversion, there
exists some A, € SL(2, C) such that (48) and (50) give

Pk) = D™(4y),* D (A, T k). (C2)

. 1,1
Ay &g Ay Ay

- After substituting (C2) into (C1) and multiplying each
spinor index in the result from the left by DY)(4,7%),
we get

I (k) + T_(k) = 0. (C3)

ab; &y ‘xb; “a
Thus, if (C1) is valid for all {a,; «,} at any r = 3 point,
(C3) is also true.
Because of (49) and (50),

. "k . .
Ff(k) = D' (E___b) . 'D(7u) (G_ka) . F(Tc) (C4

. m r,o 1
Oy %y 4 a Oy Oy

If we multiply each spinor index in (C3) from the left
by DY%)(¢ - k,/m;) and then make use of (C4), we get

I.(k) — T_(k) = 0. (C5)

Aps X Oy Ot
The consistency of (Cl1) and (CS5) requires that
F(k) =10,

%ps %y

(C6)

for both € = 41 and ¢ = —1, for all choices of
{oy5 ®,}. But, as mentioned after (50) in property SC4,
the linear independence of the standard covariants
of the same parity signature at any n = 3 point means
that (C6) cannot be true there for nonzero 7.*.
Consequently, (C1) cannot be true and statement LI
of the lemma is valid.®®

We now consider statement L2 of the lemma. First
note that each component

Yi(n)(k)’

ocb; %y

for a fixed value of g, but different values of {«,; o,},
is actually a different function. However, as was the
case for the M.° functions in Sec. IV, (49) means that
at most N, of their values, where N, is given by (38)
or (39), whichever is appropriate, can actually be
chosen independently at any n = 3 point. Thus, the
number of standard covariants Y, (k) that are linearly
independent for a given ¢ cannot be greater than N;
ie, N.<N.. Since N, + N_=T[, 2, + D =
N, + N_, one must have N, = N,.

Finally, consider statement L3 of the lemma. If,
for example, m; = mg, j; = j;, my = m,, and j, = j,,

signature under the simultaneous exchanges

(ky, o) <> (K3, o)
and
(ks ag) <> (ky, 0ty),

which is the same as the PT operation for the M°
functions in Table II. Then the same considerations
that led to Table III tell us how many linearly inde-
pendent covariants at most can have a particular
signature under this operation, and considerations
such as those in the proof of L2 show that this equals
the actual number of such standard covariants. Note
that, by choosing our covariants to have definite PT
signature, we automatically assure that they have
definite signature under 7. The above is easily extended
to the case m; = m,, j, = j,, my = my, and j; = j,,
when the covariants are chosen to have definite
signature under the simultaneous exchanges (k, , ;) <>
(ky, oy) and (ky, as) < (ky, o,), and to the case of all
equal masses, when definite signatures under both
types of exchanges mentioned in this paragraph are
chosen.
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that enables one to express an L-invariant single-sheeted function
regular everywhere on the “extended tube’ as a function of “local”
f-invariant coordinates. (See also Ref. 23.)

8¢ R. C. Gunning and H. Rossi, Analytic Functions of Several
Complex Variables (Prentice-Hall, Englewood Cliffs, N.J., 1965),
p- 21.

35 Our theorem generalizes the approach of Williams (Ref. 5).
Williams® arguments were for his particular basis and depended
on a certain physically irrelevant decomposition of the scattering
function into “tensor’ and “pseudotensor” parts.

3¢ A. S. Wightman, in Dispersion Relations and Elementary
Particles, C. de Witt and R. Omnes, Eds. (Wiley, New York, 1960),

. 159,
P Lemma 5 and Appendix IV of Ref. 5.

38 Reference 34, p. 19. -

39 It is worth noting that if k is an r = 2, n = 3 point, then k
lies on a different £, orbit, according to H2(b), and (C2) is not valid
for any choice of A, € SL(2, C). In this case it is possible to satisfy
(C1) with

T, (k)#0and I (k) #0,

0p; Lo Oy 0g

in contrast to the result (C6) for an r = 3 point. The standard
covariants of signature 41 are not linearly independent of those
of signature —1 at any r = 2, n = 3 point; at such a point the total
number of linearly independent standard covariants in the two sets is
the same as the number given in Table I.
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The model independent components of current-stress tensor equal time commutators are derived

for arbitrary spin 0 and 1 systems.

I. INTRODUCTION

Equal time commutators (ETC) of currents with
stress tensor components have been discussed in
connection with the structure of current—current
ETC.12:3 As expected physically from their significance
as local generators, some of their components will be
model independent. In this article we shall derive
these for systems of spin 0 and 1 by considering the
response to variations of external vector and gravita-
tional fields. We shall obtain the following model
independent ETC between the conserved electromag-
netic (or Yang-Mills) current and the symmetric
stress tensor?:

i, ), T, 0] = 9,[j¥(x, HO°(x — x")],
i, 1), T, 0] = 8,j°Cx, D8 (x ~ x)],
i[j'x, 1), T, D] = —jx, H9;6%(x — x')

— 0pji(x, D% (x — x'). (lc)

(These equations obey the consistency requirement
[0,j*, T®'] = 0.) We start from the following general

form of the action in the presence of an external
gravitational field, valid® for systems of spin 0 and 1:

(la)
(1b)

I =J‘ (% Taba + NOYS, 7, ;)

+ 38ijNi62(¢a M, gif)) d'x. (2)

Here (m,, ¢,) represent the canonical variables, 6}
are functions of =,, ¢,, and g,; only while N =
(—g") %, N, = go, and 3g% is the matrix inverse of
g:;. This form is known® to yield the model-inde-
pendent ETC for [T, T%] (Schwinger-Dirac condi-
tion) as well as those of [T, T°'). We neglect
operator ordering and other quantum problems such
as higher Schwinger terms,” as the model independent
parts we seek are already present at the classical level.
While fermion systems do not take the form in Eq.
(2), it may be shown#® that they also satisfy Eq. (1).

II. CURRENT-STRESS TENSOR COMMUTATORS

The usual first-order action for low spin fields in
flat space has the well-known form

! =j [ﬂaqsa - Je(rra, (f)a)]d(lx’

in terms of the unconstrained canonical degrees of
freedom (w,, ¢,), with X independent of time deriva-
tives for general interactions (including derivative
coupling).

With minimal coupling to gravitation, the generally
covariant form of Eq. (2) emerges with an appropriate
choice of transformation behavior of (m,, ¢,). The
crucial point is that this form fixes the explicit depend-
ence on g, to be through the linear (N, N,) factors.
This is a general feature of lower spin and no longer
holds for higher spin fields, where elimination of con-
strained variables introduces further g,, dependence,
which in fact produces grave consistency problems
there.? Likewise we note that the time derivative
enters only in the kinetic 7¢ term.

To derive the desired commutators, we use the
definitions of the current and stress tensor as the
response of a system to variations of external vector
and metric sources:

5,0 = f 8 A, d*, (3a)
8,0 =} f B0, d', (3b)
or, in terms of matrix elements,
Zf’(f; = i(al j"(x) [b), (4a)
iZ'(i; = 2i (a| B"'(x) |b). (4b)

Second mixed variations, which are independent of
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order, then read
d,46,(a ( by = 6,0 a ( b)

_ % f f dixdix' 84, (x)dg,(x')

IJV(XI) - b
@l (G + 6o, ) 16
=i f d“xd“x’éA,,(x)éguv(x’)
) w b
x (L0 ORIk (1) 183,
L . %)
so that the reciprocity relation
5 9j°(x) _ dG*(x") 6)
0g,(x")  0A4,(x)
holds.

We consider now the general forms of the desired
ETC implied by gauge invariance of the theory and
conservation of the corresponding current.l® Both
still hold in the presence of g,,(x), since the quantity
d,j*(x) is a general coordinate scalar when j* is a
vector density. We take in Eq. (5) the special case
6A, = 9,A(x), for which the left-hand side then
vanishes, and integrate by parts on 9, to obtain the

flat space relation
i), T#(x)]6(x" — x) = —26{' 616()6‘), ] (7)
aguv(x ) n

since the gauge equation holds for arbitrary dg,,, .
We now apply the general result, Eq. (7), to the

action given by Eq. (2) in the presence of an external

vector field 4,, where we shall set 4, = 0 and g, =

7, after varying. For minimal coupling it is clear that,

since d, only appears in the metric-independent
kinetic term, 70y, j° ~ m¢ is metric independent.
Thus §j%/dg,, = 0, in agreement with time locality
requirements, for otherwise the terms 0,(d/%/dg,,)
would involve 9,0(x® — x%), inconsistent with the
time locality of the left-hand side of Eq. (7). Thus,

we have the stronger form
9j'(x
I, TN = ) = =20 2L | (8
0gu(x")
The dependence of j¢ on g,, which we now require
may also be given quite explicitly. Differentiating Eq.
(2) with respect to A; gives!?
, 865 5 im., 06%
= (N2 "N d*x’
! f( o4, ’aA)
For the 8/dg,, derivative, we find (always at flat space)
that
9j° 803
™ %(a ) B
n Az n

ot —38%(x — x)j'(x)|,»
8800
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where the last equality follows from the previous
equation at g = 7. Likewise we may obtain

Ll (66")
6g0k n (SA

To evaluate 667 /04, , we recall that, at flat space where
6 = T°, the momentum or spatial translation den-
sity always has the simple form (for 4, = 0)

Tol = _z 7Taal(ﬁa + akals
a

(10)

where D¥, is a neutral function of (w7, ¢) and does not
involve derivatives. Now, in the presence of A,, the
divergence term does not contribute to 7%/dA; since
it is neutral {d,D%* does not become (0, — ied,)D*
and there is no possible ambiguity involving

[0, — ied,), (0, — ied,)] ~ F,,

since D has no derivatives}. The only contribution
comes from the 70¢ part, which yields

(5__T°’l = 2(%)
04, 0gy, n
=le 2 ”a¢a6ila4(x —x')

= —0,0'(x — x)j°(x). (1n
Insertion of Eqgs. (9) and (11) into (8) now yields the
first two of our results, (1a) and (1b).

The ETC’s[j°, T%'] are not model independent;
thus, dj;/0g;, involves the explicit g, dependence of
63, namely

5 s ot
0g:.104; 04,

which depends on any gradient coupling present.

As for the remaining ETC [j¢, T#'], only {j¢, T%)]
is model independent. Using the Jacobi identity on
[M%, T%,;° in terms of the symmetric T*" yields
[j*, T%] in terms of the [j° T°‘] ETC, and the result
is Eq. (Ic). Note that, in this process, the symmetric
T must be used (or else M is not the Lorentz
generator). It is thus essential to have the [j°, T%]
ETC for the symmetric rather than the canonical
stress tensor in order to derive'® Eq. (1c).

Finally, we remark that our results follow equally
well for, say, Yang-Mills currents.

b4

* Supported in part by U.S.A.F. OAR.

+ Address for 1970-71: Indiana Univ.-Purdue Univ., Indianap-
olis, Indiana 46205.

1 D.J. Gross and R. Jackiw, Phys. Rev. 163, 1688 (1967).

2. C. Katzin and W. B. Rolnick, Phys. Rev. 182, 1403 (1969).

3 R. Jackiw, Phys. Rev. 175, 2058 (1968).

4 Equation (1a) was first given by J. Schwinger, Nuovo Cimento
30, 278 (1963) and independently by Gross and Jackiw.!

5 D. Boulware and S. Deser, J. Math. Phys. 8, 1468 (1967);
Phys. Rev. 151, 1278 (1966). In dealing with charged systems, the
appropriate charge matrices are understood.
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8 S. Deser and L. K. Morrison, J. Math. Phys. 11, 596 (1970).

7 For these, see D. N. Levin, thesis, Harvard University, 1970, and
Ref. 8.

8 For explicit calculations, see, for example, H. Genz and J.
Katz, UCRL, Report No. UCRL-19438, 1969.

9 See J. Schwinger, Phys. Rev. 130, 406, 800 (1963) for spin $.
Spin 2 is treated by C. Aragone, Nuovo Cimento 64A, 841 (1969),
and C. Aragone and S. Deser, Nuovo Cimento (in press).

10 The converse route is also possible: Although the stress tensor
is no longer conserved in an external A, field (which also acts asa
preferred vector destroying general coordinate invariance), its
nonconservation is model independent. For an arbitrary system, one
has (S. Deser, Nuovo Cimento, to be published),

Y.y = —FH,j¥

or, at g =1, A# = THY , = F#j¥. This gives dA#/0A, explicitly
at A# = 0. One may then make use of the easily derived relation

, THy SAY
—i[TOo¥(x), jA(x)6(x° — x%') = 3,‘(%—;-) ~

together with reciprocity to derive the ETC of Egs. (1). In this
treatment, [, T°] follows directly without use of the Jacobi identity,
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in contrast to the derivation in text. UsingdT#v/0Ag = 20j*/0guy = 0
and the above form for A#, immediately yields Egs. (1a) and (1b).
Likewise, from 870%/0 4z = 28j%'/0gyy = —&%(x — x")[V°* + 6¥%%)
and A®, we obtain Eq. (1¢).

11 Equation (7) follows equivalently from Schwinger’s relation.

—ifd“x’[A(x), OL(XNO(x® — x*) = 840"A(x) — &' B(x),

valid whenever the relation 9,4 = B is maintained for arbitrary
variations of the external field, indicated by &’. In particular, take
A=j% B= —0,j, and ' = J,, and interchange @, and ¢, which,
unlike a 3, — ¢’ interchange, is valid.

12 Had we used, for spin 0, the “new improved” stress tensor,
Ouv [C. G. Callan, Jr., S. Coleman, and R. Jackiw, Ann. Phys.
(N.Y.) 59, 42 (1970)), corresponding to a nonminimal gravitational
coupling R¢*¢, our results would have been unaltered (in agreement
with direct computation) because the additional term remains A4,
independent, just like a mass term (despite the presence of second
derivatives in R).

13 Jackiw® showed that Egs. (1a) and (1b) hold for the canonical
stress tensor. From our point of view, they may be derived by the
type of argument in the discussion of Eq. (10) in text.
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We present here exact analytic results for random walks on one-dimensional lattices with nonnearest
neighbor transitions. After deriving the generating function for such lattices with and without boundaries,
we have calculated a number of moment properties (mean first passage times to absorption, mean recur-
rence times and their dispersion, mean excursion from the origin, etc.) for random walks with next-nearest
neighbor transitions and for random walks with exponentially distributed step length. In the latter case,
variation of one of the parameters permits us to cover the whole range of step lengths from nearest
neighbor transitions to steps of any finite length /. Since we have obtained explicit expressions for the
generating function for these walks, any additional desired moment properties can readily be calculated.
Among the interesting results of this study are: (1) The moment results for random walks with next-
nearest neighbor transitions differ from the analogous nearest neighbor results at most by a factor of
O(1); (2) the one-dimensional moment results for walks with arbitrary step length differ from the
analogous one-dimensional results for walks with nearest neighbor transitions by several orders of
magnitude; (3) the mean time to absorption for a random walker with equal probabilities for steps of
arbitrary length in one dimension agrees to within a factor of O(1) with the mean time for absorption for
a random walker with nearest neighbor steps in three dimensions; (4) the mean time to absorption for a
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random walker with equal probabilities for steps of arbitrary lengths is independent of the dimensionality

of the lattice.

I. INTRODUCTION

Previous work on random walks on lattices has been
limited to nearest neighbor transitions. The modern
techniques in this field have been developed by
Montroll and his co-workers!™® and have been
applied by them to a number of problems in 1-D,
2-D, and 3-D lattices.

There is, however, a large class of physical problems
which cannot be correctly described by random walks
with transitions only between nearest neighbor states.
Some examples are: rotational relaxation with transi-

tions between rotational levels with |AJ| > 1, vibra-
tional relaxation with transitions between vibrational
levels with |Au| > 1, stochastic theory of chroma-
tography with a variable absorption length along the
column, surface diffusion, and exciton diffusion. In
general, stochastic processes where the transitions in
the appropriate space (coordinate, energy, momen-
tum, etc.) are due to strong interactions should be
described by random walks involving transitions of
longer “‘range” than the usual nearest neighbor case. It
is clear, therefore, that it would be very useful to



CURRENT-STRESS TENSOR COMMUTATORS

8 S. Deser and L. K. Morrison, J. Math. Phys. 11, 596 (1970).

7 For these, see D. N. Levin, thesis, Harvard University, 1970, and
Ref. 8.

8 For explicit calculations, see, for example, H. Genz and J.
Katz, UCRL, Report No. UCRL-19438, 1969.

9 See J. Schwinger, Phys. Rev. 130, 406, 800 (1963) for spin $.
Spin 2 is treated by C. Aragone, Nuovo Cimento 64A, 841 (1969),
and C. Aragone and S. Deser, Nuovo Cimento (in press).

10 The converse route is also possible: Although the stress tensor
is no longer conserved in an external A, field (which also acts asa
preferred vector destroying general coordinate invariance), its
nonconservation is model independent. For an arbitrary system, one
has (S. Deser, Nuovo Cimento, to be published),

Y.y = —FH,j¥

or, at g =1, A# = THY , = F#j¥. This gives dA#/0A, explicitly
at A# = 0. One may then make use of the easily derived relation

, THy SAY
—i[TOo¥(x), jA(x)6(x° — x%') = 3,‘(%—;-) ~

together with reciprocity to derive the ETC of Egs. (1). In this
treatment, [, T°] follows directly without use of the Jacobi identity,

633

in contrast to the derivation in text. UsingdT#v/0Ag = 20j*/0guy = 0
and the above form for A#, immediately yields Egs. (1a) and (1b).
Likewise, from 870%/0 4z = 28j%'/0gyy = —&%(x — x")[V°* + 6¥%%)
and A®, we obtain Eq. (1¢).

11 Equation (7) follows equivalently from Schwinger’s relation.

—ifd“x’[A(x), OL(XNO(x® — x*) = 840"A(x) — &' B(x),

valid whenever the relation 9,4 = B is maintained for arbitrary
variations of the external field, indicated by &’. In particular, take
A=j% B= —0,j, and ' = J,, and interchange @, and ¢, which,
unlike a 3, — ¢’ interchange, is valid.

12 Had we used, for spin 0, the “new improved” stress tensor,
Ouv [C. G. Callan, Jr., S. Coleman, and R. Jackiw, Ann. Phys.
(N.Y.) 59, 42 (1970)), corresponding to a nonminimal gravitational
coupling R¢*¢, our results would have been unaltered (in agreement
with direct computation) because the additional term remains A4,
independent, just like a mass term (despite the presence of second
derivatives in R).

13 Jackiw® showed that Egs. (1a) and (1b) hold for the canonical
stress tensor. From our point of view, they may be derived by the
type of argument in the discussion of Eq. (10) in text.

JOURNAL OF MATHEMATICAL PHYSICS

VOLUME 12, NUMBER 4

Random Walks with Nonnearest Neighbor Transitions. I.
Analytic 1-D Theory for Next-Nearest Neighbor
and Exponentially Distributed Steps*

KATIA LAKATOS-LINDENBERG AND KURT E. SHULER
Department of Chemistry, University of California, San Diego, La Jolla, California 92037

(Received 17 July 1970) -

We present here exact analytic results for random walks on one-dimensional lattices with nonnearest
neighbor transitions. After deriving the generating function for such lattices with and without boundaries,
we have calculated a number of moment properties (mean first passage times to absorption, mean recur-
rence times and their dispersion, mean excursion from the origin, etc.) for random walks with next-nearest
neighbor transitions and for random walks with exponentially distributed step length. In the latter case,
variation of one of the parameters permits us to cover the whole range of step lengths from nearest
neighbor transitions to steps of any finite length /. Since we have obtained explicit expressions for the
generating function for these walks, any additional desired moment properties can readily be calculated.
Among the interesting results of this study are: (1) The moment results for random walks with next-
nearest neighbor transitions differ from the analogous nearest neighbor results at most by a factor of
O(1); (2) the one-dimensional moment results for walks with arbitrary step length differ from the
analogous one-dimensional results for walks with nearest neighbor transitions by several orders of
magnitude; (3) the mean time to absorption for a random walker with equal probabilities for steps of
arbitrary length in one dimension agrees to within a factor of O(1) with the mean time for absorption for
a random walker with nearest neighbor steps in three dimensions; (4) the mean time to absorption for a

APRIL 1971

random walker with equal probabilities for steps of arbitrary lengths is independent of the dimensionality

of the lattice.

I. INTRODUCTION

Previous work on random walks on lattices has been
limited to nearest neighbor transitions. The modern
techniques in this field have been developed by
Montroll and his co-workers!™® and have been
applied by them to a number of problems in 1-D,
2-D, and 3-D lattices.

There is, however, a large class of physical problems
which cannot be correctly described by random walks
with transitions only between nearest neighbor states.
Some examples are: rotational relaxation with transi-

tions between rotational levels with |AJ| > 1, vibra-
tional relaxation with transitions between vibrational
levels with |Au| > 1, stochastic theory of chroma-
tography with a variable absorption length along the
column, surface diffusion, and exciton diffusion. In
general, stochastic processes where the transitions in
the appropriate space (coordinate, energy, momen-
tum, etc.) are due to strong interactions should be
described by random walks involving transitions of
longer “‘range” than the usual nearest neighbor case. It
is clear, therefore, that it would be very useful to
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extend the present theory of random walks to step-
lengths of arbitrary size.

We present here exact analytic results for random
walks with next-nearest neighbor transitions and with
exponentially distributed step lengths for one-
dimensional lattices with and without boundaries,
using the generating function method developed by
Montroll.! The emphasis in this paper is on develop-
ment of techniques and methodology rather than on
applications. We believe that these results can readily
be extended to two and three dimensions and we plan
to present such results in a subsequent paper.

II. SYMMETRIC NEXT-NEAREST NEIGHBOR
RANDOM WALK

A. Generating Function on Perfect Infinite Lattice
and on Perfect N-ring

In this and subsequent sections we shall use the
following notation:

p(l;, 1;) is the probability that the random walker
makes a step from site /; to site /;.

P,(I — ) is the probability that the random
walker starting at site / = /; is at site / after the nth
step on an infinite perfect lattice, i.e., a lattice without
traps and boundaries.

The probabilities p(/;,/;) and P,(I — I) have the
properties

Y
@

;p(li, )= lE pl;, 1) =1,
SP(—l)=1.

The generating function G(z, I — [y) is defined as

A3)

We consider only random walks for which, on a
perfect infinite lattice, p(/;, /;) depends only on the
difference (/; — /;). For a walker starting at the
origin [, = 0, the probability P, (/) is the coefficient of
¢''® in the expression!

ry=(3 P, k=l=1, @

=—00

Gz l—- )= ZOZ"P,L(I — Ip).

i.e.,
ph =L [pee ag. )
2W —7
The generating function G(z, ) is then
Gz, )=+ Sz f " B)e ™ do
29 n=0 —
1 T —ilgp
- $. ©®)

=—| ——d
27 Ja 1 — zA()

K. LAKATOS-LINDENBERG AND K. E. SHULER

For the next-nearest neighbor symmetric random
walk we write

pily=1)=3%1 —w), for |l;,—1|=1,
= o, for |, — 1l =2, (7)
=0, otherwise,

where 0 < o < 1. Using Egs. (3)-(7) leads to the
generating function
G(z, 1, )

1 T

)
=— d
27 s 1 — z[(1 — «) cos ¢ + « cos 2¢]

¢ (8

The evaluation of this integral, which is detailed in
Appendix A, yields

2 S|l|+1
6z, 3) = =
zo(sg — S3) \(s3 — $1)(s3 — 55)
slii+1
- ——-*—'*) )
(84 — s)(sq — 53)
where

sy = (0 — D41 + (1 + y )1 + (1 + yH],
sy = ((o0 — D/ [1 4+ (1 4+ y )1 — (1 + p,)3),
83 = (o = D/4)[1 — (1 4+ y )1 + (1 + p A,
sp=((a — D/4)[1 — (1 + y)H[1 — (1 + y i,
(10)

and where

4_:1)2 {l—z)+ 1 =21 +2z— 2mz)]§}.
o

z(1 —
(11

The generating function G(z,/,«) of Eq. (9) is
particularly useful for random walks on an infinite
lattice. For random walks involving absorbing
boundaries it is convenient to work on a closed ring
of N lattice sites. For such an “N-ring,” the generating
function Gy(z, /, o) ist

Y =

K

Gy(z, Loy = 2 G(z,1 + mN,a).

m=—c0

(12)
From Eq. (9) it then follows that

GN(Z, l’ d,)

2 [ S (s's” + sf,}’—'”)
za(sy — Sz)L(s3 — S1)(s3 — 52) 1- SE;v

_ S4 (S!]” -+ Sy ‘Ill)] (13)

(54 — 51)(54 — 53) 1— Siv

The symbols |/| and N — |/| in Eq. (13) label the same
site on an N-ring.
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F1G. 1(a). One-dimensional chain. In a nearest and next-nearest
neighbor random walk, the mean first passage time for a walker
starting at site / = /; to cross the boundary sites /; and N + I, — 1
is equal to the mean time for the walker to be absorbed at any one
of four trap sites /;, [, — 1, N+ I, — 1, and N+ /,.

B. Mean First Passage Times

We are now in a position to calculate various
specific results for a random walk on a one-dimen-
sional lattice with and without boundaries for our
model of nearest and next-nearest neighbor step
lengths. We will first calculate the mean time required
(i.e., the average number of steps) for a random
walker starting at lattice site /, to cross for the first
time the boundaries /; and (N + /; — 1) of an interval
containing N sites [see Fig. 1(a)]. Since the random
walker can make steps to next-nearest sites, the
“crossing” of the boundary points /; and (N + I, — 1)
can take place either by stepping on these points or by
crossing over these points and stepping on the points
(I — 1) and (N + ). Figure 1(b) shows the equiv-
alence of the “N-ring” formulation of this problem
with that on an open lattice. The problem of mean first
passage times as formulated above is completely
equivalent to the calculation of a “mean time to
absorption” or a “mean time to trapping.” We shall
discuss mean first passage times throughout this paper
in terms of mean time to trapping.

Let Q,( — I) be the probability that a walker
starting at site / = /, reaches point / on the nth step
in the presence of the absorbing points /; — 1 and
; on an open lattice [see Figs. 2(a) and 2(b)]. The
probability that the walker has not been trapped
by the nth step is

2 Q.(0—1)

1l 0 —1

The probability that he is trapped on or before the
nth step is

(1 _zs&zgl—lQn(l h IO))'

. xl,,n-tl
. w4ty N4yt
L
* . N STES
. .

b

FiG. 1(b). One-dimensional N-ring. The mean absorption time
of Fig. 1(a) is equal to the mean absorption time of a walker starting
at site /, with traps at sites /; and 7, — 1.

VAVAVAVAS

l-a

Fi1G. 2(a). Schematic of nearest and next-nearest neighbor
stepping probabilities on an infinite one-dimensional chain. The
solid lines connect nearest neighbor sites between which the walker
can step with probability #(1 — o) in the directions indicated by
the arrows. The broken lines connect next-nearest neighbor sites
between which the walker can step with probability $«.

The probability that he is trapped on the nth step is
then

(-3

1#h,0~1

0.1~ 1) - (1-.3 eu-w).

1#h.h—1

The average number of steps required for trapping is

dile ) =30 3 [Quall— 1) —

n=1 l#l1,l1~1

Qn(l - lo)]s
(14)

wher€ the subscript 2 denotes the two trapping sites.
In terms of the generating function

Fz, I -1y, ) = E 2"Q, (I — k), (15)
we have "
oAl 1) = — 5%((1 - z)lﬂgrlF(z, I—1,, ot))z=1.
(16)
Since
;Qn(l —l)=1, a7

it follows that

SF(z, 1 —ly,a) = zoz”an(l — Ly =1)(1 — 2).
2 n= l
(18)
Equation (16) can thus be rewritten as
- 0
2fig(lo, 1) = Py {A=2F@z b — 1, 0)
Z
+ Fz, =1 = Iy, )}y (19)

Fic. 2(b). Schematic of nearest and next-nearest neighbor
stepping probabilities on an infinite one-dimensional chain with
traps at sites /; and /; — 1. The starting point of the walker is at any
site I > 1.
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On an N-ring [Fig. 1(b)] we have

_ 0
Ay, ) = 5; {(1 — 2)[Fpz, [, — Iy, 2)

+ Fy(z, lh — 1 = Iy, )]}y, (20)
where Fy(z, ! — Iy, «) is the generating function for
walks on an N-ring with two trapping sites. In
Appendix B we derive the general relation between
the generating function Fy(z,/—/,, ) and the
generating function Gy(z,/, «) of Eq. (13). For the
special case of /=1 and /=1 — 1 required for
the evaluation of Eq. (20) this relation becomes
FN(Z, ll - 10:“) + FN(Zs 11 -1- lo’a)'

_ Gz, L =1, ) + Gyl(z, s, — 1 — 1y, )
(1 — 2)[Gp(z, 0,0) + Gu(z, 1, 2)]
Using the result (13) for Gu(z, [, &) or its expansion
in powers of (1 — z) given by
GN(Z, l’ “)
1 N® — 6N |I] +6l2_ (15« + 1)
N1 —2) 6N(1 + 3a) 6N(1 + 3a)®
2a( X1 4 XVIN[(1 4 3a)(1 — )]
(1 — XM + 30)’(1 — «)
+ o(1 — 2),

1)

(22)
where

X = —(1/20{1 + o« — [(1 + 31 — 0]}, (23)
we then find from Eq. (20) that

(”1 — lo - ID(N — ”1 - lol)
(1 + 30)
[(1+ 301 — @]} 1+ X)
(1 + 31 —a) (1 —XM)
x (1 + X¥1 — Xlto=1l _ yN-lti=lol),
(24)
Averaging Eq. (24) over the starting point /=,
yields
_ 1
e S N e
N3
T 6(1 + 30)(N — 2)
8 (1 _ 30+ 300 — P (1 + XY)

2ﬁa(10 ) =

+ aN

2f(lo> 1)

N + 3w) (1 — X%

2(1 — 30())

—. 25
+ N1 + 3ax) (23)

In the limit N — oo, we have
, N?
1 . 26
o=+ ) (26)
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The above results should be compared with the
corresponding results for nearest neighbor random
walks on an N-ring with one trapping point!-¢:

Alo, 1) = (I; — LDIN — |l = §),  (27)
=1 oy = NN+ 1)
1n) = N — lz(.;zf/n(lo"" )= 6 , (28)
and
lim (n) — N?[6. 29)

N-w

For « = 0, which corresponds to the pure nearest
neighbor random walk, Eqgs. (24)—(26) reduce to Eqgs.
(27)—(29) as-they should.

The case « = 1, which corresponds to a random
walk with next-nearest neighbor transitions only,
must be considered separately. The generating
function G(z, /, «) on an infinite lattice given by: Eq.
(9) continuously approaches, as « — 1, that of a
nearest neighbor random walk on an infinite lattice!
in which only every other lattice site is available to
the walker:

lim G(z, I, &) >

a=—1

1 (1 — (1 - zz)%)'”z'
a-z ’

z
[ even,

I odd. (30)

The generating function Gy(z,/,«) on an N-ring
given by Eqgs. (13) and (22) is discontinuous at « = 1.
For 0 < « < 1, the walker has N sites available.
At « = 1, two situations can occur. If N is even, the
walker can only step on N/2 of the sites, thus per-
forming effectively a nearest neighbor random walk
on a ring which is half as long as the original N-ring.
If N is odd, all the sites are available to the walker,
but half of them can only be reached after making a
full circuit on the other half. From Eq. (26) which
has no discontinuity as « — 1, we find

— 0,

o(M)aey — N¥24. 3n

The mean first passage times for trapping for nearest
and for next-nearest neighbor random walks thus
differ at most by a factor of 4. This result is intuitively
obvious [e.g., see Eq. (29)] in that for a finite interval
of N lattice sites, the walker has only N/2 sites available
in the limiting case of the pure next-nearest neighbor
random walk.

In the above development we have discussed mean
first passage times where the events to be counted
were the arrival of the random walker at a boundary
point or his crossing over the boundary point. We
will now discuss the problem of mean first passage
time for the case where the random walker must
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o "7 eliney

F1G. 3. One-dimensional N-ring. ¢
The walker begins his walk at
I = [, and the trap is at site /; =
N+1,.

[ ]
N SITES

step on the boundary point. In nearest neighbor
random walks there is no need to make this distinc-
tion; there is, however, a need to make such a
distinction for random walks involving transitions
to next nearest sites. It is intuitively clear even before
making the detailed calculation that the mean first
passage time for stepping on a given lattice site will
be considerably longer ‘than that for stepping or
crossing that lattice site for finite N. To develop these
results we use the N-ring shown in Fig. 3, with the
random walker starting at / =/, and arriving at
! =1, for the first time. (The mean first passage time
for stepping on a particular lattice site on an infinite
open lattice is clearly infinite.) The mean recurrence
time is just a special case of the above with /; = /.

Let D,(I — /) be the probability that a walker
starting at site / = /, reaches point / on the nth step for
the first time on an “open’ lattice. The probability
D, (I — I,) can be related to the probability P,(/ — /)
of Sec. IIA by!

Pl = 1) = 3Dl — )P, _(0)

where P,_;(0) is the probability that a walker starting
at any lattice site / returns to the same site / after
n — j steps. Equation (32) expresses the fact that a
walker can arrive at site / after n steps by arriving there
for the first time after j steps and returning to site / in
n —j steps. We define the generating function
E(z, 1 — I, o) by

(32)

E(z,l — ly,a) = %z"Dn(I — 1) (33)
n=1

Multiplying Eq. (33) by z" and summing from n = 1
to n = oo gives, where (5% 1s the Kronecker delta,

glz"P"(l - lo) = G(Z, I — l(l’ d.) - 61.10

3
i
ot
T
(A

= E(z, ! — 1, ®)G(z,0,a). (34)
Solving for E(z, [ — /,, «) yields
Gz, — 1y, 0) — 6,,,

Ez,l—-1,,0) = Gz 0.0)

(35)
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On an N-ring
Gz, 1 — Iy, ) — 0,,,
Gy(z,0,2) '

The mean first passage time for arriving at site / = /,
is

EN(zs I - lo, “) =

(36)

_ 0 '
1Hll, 1) = ~a—z- Epz, 1, — I, oc)[,=1. (37
For I, # [, we have
2 Gylz, 1, — 1,,
il ) = - B L0
0z  Gp(z,0,a)

where the subscript 1 denotes the one trapping site.
For I, = [, we have

1ﬁa(lo, lo) = -

. (3%)

z=1

a 1
0z Gp(z, 0, a)

where 7,(ly, ly) is the mean recurrence time. Using
Gy(z, I -y, «) of Eq. (22), we obtain

(I = LIXN = 11, — L))
(1 + 3)
2Naf(1 + o)1 — )]}
(1 + 301 — a)
y (1 + XV — xlu-tol _ xV-lu-toly
(1 - X% '
(40)

where X is defined in Eq. (23). Averaging Eq. (40)
over starting points / = /, of the walker yields

; (39)

z=1

1’71(10, ll) =

), = E‘lq Z 1.(lo s 1)

— 1%
N3
T 6(1 + 3a)(N — 1)

y (1 L 1200+ 3001 = DI + XxV)
N — a)(1 + 3a)(1 — XV)
_ 150 +1 )
N¥(1 + 3a)) 4D
In the limit as N — o0, we have
) N2
lim ((n), > ——o , 42
A ) 6(1 + 3a) (42)

which is asymptotically identical with ,(n), of Eq. (26).
The corresponding results for the mean first passage
times for the pure nearest neighbor random walk are
given by Eqs. (27)-(29).

As we mentioned earlier, we would expect for finite
N that the mean first passage time for stepping on a
particular lattice site is longer than that for stepping
on or crossing that lattice site. In the former case, on
an N-ring, the walker could circle the ring several
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times in either or both directions before actually
stepping on the particular site, whereas in the case of
stepping on or crossing the site the walker cannot
circumnavigate the ring and is clearly trapped more
quickly. From Egs. (25) and (41) it follows that

1(n)e — o(m)e = Ng(a) + f(@) > 0, (43)

for « # 0. For « = 0, which corresponds to the pure
nearest neighbor random walk, g(o) = f(«) =0,
and ,(n), = 5(n), as should be the case.

For the mean recurrence time we find from Eq. (39)

lﬁa(109 lo) = N, 0 S a < 1. (44)

This result is a special case of a general theorem on
recurrence times in Markoff chains.! As applied to
random walks, it states that the mean recurrence
time of a random walker is equal to the total number
of sites available to the walker, independently of
the dimensionality of the walk and of the form of the
stepping probability function p(/; — /;). For the pure
next-nearest neighbor random walk with « =1 we
find ,7,(ly, l)) = N/2 for N even and 7i,(ly, ) = N
for N odd. The dispersion in the mean recurrence
time does depend very sensitively on the details of the
random walk. We will evaluate this quantity for
exponentially distributed steps in Sec. IIL

Analogous calculations can be carried out for
lattices with one or two reflecting boundaries. We will,
however, postpone such calculations to a subsequent
paper where we plan to discuss some physical
applications.

C. Excursion from the Origin

We now direct our attention to the “‘excursion”
from his point of origin of our random walker on a
perfect infinite lattice after a given number of steps,
i.e., to the moments of P,(I — ;) with respect to
(! — I,). With no loss of generality we can take the
starting point of the walker to be /[, = 0.

The moments of P,(I) can be obtained from the

stepping probabilities p(/; — [;) by inverting Eq. (5)

() = 3 P,

l=—00
where 1%(¢) is defined in Eq. (4). For the moments of
P, (]) we then obtain

3 me = (—i)’"(az; z"(¢))¢=o.

It is clear that for a symmetric random walk, i.e.,
P,(l) = P,(—1), all the odd moments are zero. Thus
the mean distance from the origin (m = 1) is zero.

We will therefore consider a general nearest and

(45)

(46)
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next-nearest neighbor random walk using the following
stepping probabilities:

pli—1)=p, for I,—1,=2,
=y, for -1 =1,
=¢ for I;—1;= -1,
=, for I, —1;=-2,
= 0, otherwise, 47
where
f+ry+etn=1 (48)

and where f, y, €, and 5 are > 0. Equation (4) then
becomes

AY(P) = (Be'™® + ye'® + ce™ + ne 0y, (49)
and, using Eqs. (46) and (48), we obtain

O sli 1P(I) = nl2f + v) — @y + O (50)

=—00

=3 PP

I=—o

=n[l + 3(8 + )]
+ n(n — DI + ) — 2y + T (51
and, for the dispersion,
»y =«
=n{l+3B+n)—[26+7y)— 2n+ P}
(52)
For a symmetric random walk, where § = n = «/2
and y = e = (1 — «)/2, we have
H=0, (53)
) = n(1 + 3a). (54

The corresponding results for a nearest neighbor
random walk,! with p(1) =p, p(-1)=g=1—p,
and p(I; — I;) = 0 otherwise, are

(h, =n(p —9q), (55)
Ph=n+nn~-1p-292°%, (56
Iy, — 3 =n[l — (p — 9)2, &)

where the subscript 1 denotes the nearest neighbor
results. For a symmetric nearest neighbor random
walk (p=g=14)

(=0, (58)

Py = n. (59)

Equation (50) shows that it is possible to have a zero
average displacement from the origin even for an
asymmetric next-nearest neighbor random walk, i.e.,
for B + v # € + n. For instance, (/) = 0 for § = 3,
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y = 1%, € = 7%, and = 7. What we wish to empha-
size here is that the mean distance from the origin is.
not determined solely by the total probabilities of
stepping right or left, but depends on the individual
probabilities for steps to nearest and next-nearest
neighbor sites.

The dispersion (/?) — (/)*>also depends sensitively on
the value of each of the stepping probability param-
eters in a next-nearest neighbor random walk [see
Egs. (52) and (57)]. The dispersion becomes greater
when the probabilities of reaching next-nearest
neighbors (8 and 7) increase. In a symmetric random
walk [Egs. (54), (59)] the dispersion in the next-
nearest neighbor random walk is greater than that
for the nearest neighbor random walk, with the ratio
(I)[(I?); having a maximum value of 4 for « = L.
This is due to the fact that,in a symmetric, pure,
next-nearest neighbor random walk,the walker, after
n steps, can be at most twice as far from the origin
as in the pure nearest neighbor random walk.

A comparison of the various results presented
above for nearest neighbor walks and for nearest
plus next-nearest neighbor walks shows that the effect
of the next-nearest neighbor step is not very large.
In general, most of the mean properties, such as mean
absorption times, mean excursion, etc., for the one
and two step walks differ at most by a ratio of (1 + 3«)
which has a maximum value of 4 when « = 1.
Certainly, there are no order of magnitude changes.
However prosaic, this result is of real interest. It
should lay to rest, for instance, once and for all, the
ideas expressed by some authors, including one of the
present ones,” that next-nearest neighbor transitions
due to variational anharmonicity of oscillators could
sufficiently improve random walk calculations of the
rate of dissociation of diatomic molecules to make
them agree with experiments. There are a number of
other examples in the literature where the possibility
of next-nearest neighbor transitions has been invoked
as a possible means for order magnitude changes in
random walk calculations. It is now clear that this
assumption is not correct.

If next-nearest neighbor transitions do not produce
any dramatic effects, the question of course presents
itself as to the effect of very long jumps in random walk
calculations. Some years ago, Shuler and Weiss®
showed via computer calculations that order of
magnitude effects can be obtained in mean first
passage times by the use of exponentially distributed
jump probabilities of the form p(/) = ce™". We were
unable at that time to effect an analytic solution of
our random walk problem. The powerful new methods
developed by Montroll** since that time now per-
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mits one to carry out such an analytical treatment for
random walks with very long steps. The next section
is devoted to developing the analytical result for such
random walks using the above exponentially distrib-
uted jump probabilities.

III. RANDOM WALK WITH EXPONENTIALLY
DISTRIBUTED STEP LENGTHS

A. Generating Function on Perfect Infinite Lattice
and on Perfect N-Ring

On a perfect infinite lattice we use the stepping
probabilities p(/;, /;) for the random walker:

pli = 1)) = et [ >,
= C2e_(”_li)a, lz < lj,
=0, I, =1, (60)

with a, b, ¢;, ¢; > 0. This stepping probability
function describes an asymmetric random walk if
a # b andjor ¢; # c,. The parameter a determines
the relative probabilities that the walker takes steps
of different lengths to the right, e.g.,

=L+ _
pll; — 1))

The parameter b determines the same relative proba-

bilities for steps to the left. The parameters ¢, and ¢,

in combination with a and b determine whether the

walker will step preferentially to his left or to his
right, e.g.,

L L> (61)

p(1) =4 ften (62)

p(—=1) ¢

The constants a, b, ¢;, and ¢, are related by the
normalization of the p(l, — I)). For k =1, — I, we
find

)]
ef—1 e —1
When a = b and ¢; = ¢, = ¢, we have a symmetric
random walk with exponentially distributed steps.
We then write

p(l; = 1)) = celBble 1, — Ll >0,

> pk) =

k==

(63)

=0, =1, (64)
with the normalization relation
¢ = (e* — D)2 (65)

The choice p(0) = 0 is completely arbitrary and any
other choice could have been made subject to the
normalization condition (1).

The nearest neighbor random walk results will be
recovered in the limit as @ — oo since for that limit a
nonzero stepping probability p(/; — ;) is obtained



640

only for|/; — ;| = 1. Inthelimitasa— 0, p(/; — ;) >
(1/N) (for a finite lattice with N sites) and the random
walker can make steps of any length |/, — /;| with
equal probability 1/N. Adjustment of the parameters
a and b thus enable one to study random walks with
a very broad range of step probabilities from nearest
neighbor to equal probability of step length of any
size.

To obtain the generating function for the stepping
probabilities given by Eq. (60), we need to evaluate
the quantity A(¢):

AP =3 ple™*

k=—ow

[+o] -—00
= z ek 4 ¢ z £kleikd
k=1 F=—1

© ©
—_ clz e—kaetk¢ + ¢, Z e——kbe—qu
k=1 k=1

¢ cy
= pamie) _ + Qi) _ (66)
The generating function is then
G(Z, la a, b9 C15 02)
(" e ze, ze, \*!
= o _ﬂe ' (1 T pla—ie) _ T Gotie) _ 1) d¢.
(67)

The evaluation of this integral, which is detailed in
Appendix A, yields
G(z,l,a,b, ¢y, cy)

1[4 + z(e; — ¢;) D]

= () 3 , 121,
—¢)D
_ (yz)——l [A + Z(C2 cl) ]’ l S _1,
B
_ [A + (2 + ;CI + ZCQ)D] , l = 0’ (68)

where
A= (" — 1)(zey + z¢,)

+ 2e*T2% ¢ — 2%E — Z%3, (69)
D =[(e"" 4+ 1 + zc; + zco)’
— 41 + ze)(1 + zet, (70)
B =21 + z¢) ) + zc) D, (71)
a+b —
y1=e 4+ 14 z(c; + ¢y) D’ 72)
2¢"(1 + zcy)
by = et 4+ 14 z(c;, + ¢co) — D 73)

21 + zcy)

and where the constants c¢;, ¢;, a, and b are related
by Eq. (63). For the symmetric random walk the
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generating function reduces to
)Mz — 1)

O L = e — D, M2t
_ z(e®® — 1)+2D0’ =0, (14)
[2 + z(e® — 1)] D,
where

Dy = {(e® + Dle* + 1 + z(e® — 1)1 — 2)} (75)

and

x__ez"-{— 14 z(e*— 1) — (e* — 1)D,

2 + z(e® — 1)] '

The generating functions of Eqs. (68) and (74) gener-
ate random walks on a perfect infinite lattice. The
corresponding generating functions for walks on a
perfect N-ring can be evaluated, as in Sec. II, from Eq.
(12). Before doing this, we will work out the corre-
sponding stepping probabilities on an N-ring, which
we will denote by py(l; — ;). Since an N-ring can be
thought of as an infinite chain wrapped up in such a
way that sites ---/—2N, I— N, I, I+ N, [+
2N - - - coincide for each /, the py(/; — ;) are related to
the p(I, — I,) of Eq. (60) by an equation similar to Eq.
(12). If we denote /; — I; by k, we can write

(76)

pa(k) =éwp(k +nN), =N<k<N. (17
Suppose 0 < k_< N. Then
pa(k) = 3 plk + n) + 3 pll = nN)

= cle"‘“é:o(e‘N“)" + czekb’gl(e“N byn

- (=)o ) o

For —N < k < 0 we have

ptk) =2 plk + nN) + gop(k — nN)
— Cle—ka 2 (e-Na)n + czekb z (e-Nb)n
n=1 n=0

(4 ) -vw _ S\ wmw
- (1 - e_N“)e "+ (1 - e“N")e ’

If kK = 0 (or, equivalently, k = N and k = —N), we
have

(79

pak) = 3 p(nN)

n=—aun

=3 + a3 ey

n=1 n=1

cpe N

(30
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The combination of exponential terms in Eqgs. (78)-
(80) reflects the fact that on an N-ring the walker can
get from one site to another site a distance k away
either by making a step of length |k| in one direction
or by a step of length N — || in the opposite direction.
For a symmetric random walk [i.e.,a = b, ¢; = ¢, =
(e* — 1)/2], the N-ring stepping probabilities become

= &L)_ —lkla —(N—k]a
pn(k) = 21— Mo (e +e ),
0 < |k|] <N,
(e* — 1)e Ve
pv(—N) = px(0) = py(N) = A (81)

In the limita—0,b— 0 (i.e., a K 1/N, b L 1/N) the
walker can, with equal probability, step on any of
the N points of the ring at each step. It is easily seen
from Eqs. (78)-(80) and the normalization condition
that

lim py(k) = 1/N, 0 < fk| < N.

a=0
b0
The generating function on an N-ring obtained by

substituting Eq. (68) into Eq. (12) is
Gp(z,1,a,b,cq,cy)
_ (A + z(ci — cz)D) i

(82)

B 11—y
N (A + z(c; — cl)D) W s,
B 1 —yy
_ (A + z(c, — Cz)D) it
- B -y
A o — ¢)D >t
+( + z(c, cl)) V3 < -1,
B 1 — y¥
_ (A + z(c, — Cz)D) y{V
B B 11—y
+ (A + (e — cl)D) »
B 1—yy
+ (A+(2+IZ;1+ZCZ)D)’ I=0, (83)

where 4, B, D, y,, and y, are defined in Eqs. (69)-(73).
For a symmetric random walk, the generating func-
tion on an N-ring becomes
Gy(z, 1, a)

( z2e” — 1) )(X'” + X7

[2 4+ z(e* — DID,/ (1 — xN)
_( z(e* — 1) )(1+x1")+ 2
[2+ z(e"— DID/ (1 — x¥)  [2+ z(e"—1)]”
[=0, (84)

where D, and x are defined in Eqgs. (75) and (76).

> 121,
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It is easily checked that the generating functions
given in this section reduce to the corresponding
generating function for the nearest neighbor random
walk in the limit a — o0, b — c0.

B. Mean First Passage Times

We will first calculate the mean time required for
a random walker with exponentially distributed step
lengths starting at lattice site / = /, to cross for the
first time the boundaries /; and (N + /,) of an interval
containing N — I sites [see Fig.4(a)]. Since the random
walker can make steps of any length, the “crossing”
of the boundary points /; and (N + ;) can take place
either by stepping on these points or by crossing these
points and stepping on the points /;, — k and N +
L, + k for all k > 1. The problem of the mean first
passage time formulated above is completely equiv-
alent to the problem of mean absorption time or mean
time for trapping with absorbing boundaries at /,
and (N + ) in that we define absorbing boundaries
at /; and (N + /;) by placing traps at all sites /; — k
and N + [, 4+ k with £ > 0 [see Fig. 4(b)].

In Sec. IIB, where we dealt with the same problem
for a nearest and next-nearest neighbor random walk,
we formulated the problem of two absorbing bound-
aries in terms of a walk on an N-ring containing two
trapping sites. In the present case, where we allow
the walker to take steps of any length and therefore
need an infinite number of traps to define an absorb-
ing boundary, we cannot follow the same N-ring
formulation. We will thus work on an open lattice.
We will use the N-ring formulation later, when we
consider the mean first passage time for stepping on
a particular lattice site.

Let Q,(/ — [)) be the probability that a walker
starting at site / = /, reach point / on the nth step in
the presence of the absorbing points /;, — k and N +
Iy + k, k > 0. The probability that the walker has

e oo @ 'Y . ® 200 O oo @ I ° ® o e
L A NEL NHL L
~ Y
N-1 SITES

FIG. 4(a). One-dimensional infinite chain with absorbing bound-
aries at sites /, and N + [,. The walker starts at site /,, with L <
Lh<N+1,.

cce M WM W @ eces 0 oo @
t|-2 4 4 lc
——— TRAPS —— ~
N-| NONTRAPPING SITES

F1G. 4(b). For a random walk with exponentially distributed
step lengths, the absorbing boundaries of Fig. 4(a) can be con-
structed by placing traps at sites/, — k and N + /, + k with k = 0,
1,+--,00.

W W eee
N+l N4+

—~+TRAP§ ——
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not been trapped by the nth step is
N+11~-1

2 0. — 1.

l1=1+1
The probability that he is trapped on or before the
nth step is
N+11-1
(1- 3 aa-w).
I=11+1

The probability that he is trapped on the nth step is
N+i~1 N+1-1
(1= 3 e-0) = (1= 3 0t = ).

I=13+1 I=l1+1
The average number of steps required for trapping is
then
wﬁa.b,cl,cz(lm ll)
w N+h-1

=2n 23 [Q..0-1)—0.(—1) (85

n=0 l=h+1
where the subscript co denotes the infinite number of
trapping sites. In terms of the generating function

F(Z9 l - ll)’ a, b, cl’ C2) = z Z"Q,n(l - lO)s (86)
n=0
we have

oona,b,cl,cg(ll): 11)
N+1,—-1

= ——i((l —z) X F(z,l—1,a,b, cl,c2)) :
0z #=1

I=h+1

(87)

11 ©
> F(z,l—ly,a)+ 3 F(z,1 —1y,a)
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We have evaluated Eq. (87) only for the symmetric
random walk [i.e., a = b, ¢; = ¢, = (e* — 1)/2]. We
can thus simplify the notation and write

N+13-1

o, 1) = —f;((l—z) 5 F(z,z—to,a)) .

1=13+1

(88)

Following the same steps here as we did between
Egs. (16) and (19), we can rewrite the sum in Eq. (88)
over nontrapping sites as a sum over trapping sites.
Since

S F(z, 1 — Iy, a) = —— |

l=—o 11—z

(89)

we have

1y
o, 1) = 56-2—[(1 - Z’(, S Pz, 1= 1y, a)

=—o0

0

+ ZNF(z,l — zo,a))Ll. (90)

I=h+

In Appendix B we derive the relation between the
combination of generating functions F(z, [ — I, a)
appearing in Eq. (90) and the generating function
G(z, I, a) for a perfect infinite lattice of Eq. (74). The
result is

l=—o0 I=HL+N
1 N+11—-1
= - > F(z,1—1,,a)
11—z i<+
- [G(z, Iy — i, a) + G(z, N — (I — 1), )I(1 + x) o)
(1= 2{[(1 = xe™) — xV(x — e™]G(2,0,a) + [(1 + ) + xN'(1 + 2x — e)]G(z, 1, a)}
where x is defined in Eq. (76). The expression corre- we find
sponding to Eq. (91) in the presence of only one (L=
absorbing boundary is wolg(los I}) = _'_(1 g (I — DIN — (I, — )]
N+11-1 —a 1 — e-“
—1i F(z,1— 1, + e [(N _a)+1:l. 93)
1 —z Nl—l:rclaol=§+1 2 0 @) I+e
L Averaging Eq. (90) over the starting point /, yields
=l_z F(z: I— lO’ a) 1 N+i—1 L
7 =— whiallo,
G h =l @+ 6o h— 1=l =T N1 Fa el
T (1= 21 — xe)G(z,0,8) + (L + €)G(z, 1, @) _(— e NNED e,
92) 1+e9 6 1+
where we have used the fact that x < 1 and (94)

lim x¥ = 0.
N—w

Substituting Eq. (91) into Eq. (88) or into Eq. (90),

In the limit N — oo, for @ 3> 1/N,
(1— e N

Now (1469 6 ©3)
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The corresponding results for nearest neighbor
random walks are given in Eqs. (27)-(29). It can
readily be verified that Eqgs. (92)-(95) approach the
nearest neighbor random walk results in the limit
a — 0. Thus, for instance,

() = 1(n) = N(N + 1)[6,
lim (n) = ,(n) —> N?¥6, etc.
Now

In the limit a — 0 (i.e., a < 1/N), when all lattice sites
(whether or not they are traps) are equally likely to be
reached at each step, we have

lim ,a,(ly, ) = lim ,(n), ~ 1 + Na[2 ~ 1, (96)

a0 a=0
and the walker, in the extreme case a = 0, is absorbed
on the average after the first step. This results from the
fact that there are an infinite number of trapping sites
k=0,1,-+-,0 and only a finitt number N of
nontrapping sites, so that the probability that the
walker steps on a nontrapping site on his first step
is a set of measure zero. It is evident from a compari-
son of the above results for the random walk with
exponentially distributed steps with the nearest
neighbor random walk results that there are now
indeed order of magnitude differences. Thus the ratio
of the mean first passage times for the cases a — 0
and a — oo is of order N2 with 0 < N < oo.

The above discussion was concerned with mean
first passage times for a random walker to arrive at
or cross the boundaries of a finite interval of lattice
sites. The derivation of the first passage time for
Stepping on a particular lattice site on an N-ring has
already been given in Sec. II, Eqs. (32)-(38). For a
random walk with exponentially distributed step
lengths one obtains

(=P NN+ 2Ne™
n) = +e9 p + Q1o 97)

In the limit N — oo, for a » 1/N,
1 _ e——a 2 N2
o =L
A+e96
In the limit @ — 0, when all lattice sites on the N-

ring can be reached with equal probability at each
step, we find

(98)

lim ,(n), ~ N(1 — af2) ~ N. ©9)
a—0

The mean recurrence time (/, = /;) for a random
walk on an N-ring is given by [see Eq. (39)]

iy, 1) = — i(

P (100)

1
GN(Z’ 0, a))z=1.
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Using Eq. (89) for Gy(z, 0, a), we obtain

Aiglly, lp) = N, (101)

in agreement with remarks following Eq. (44).

We have also evaluated the dispersion An, (4, /) in
the mean recurrence time for our random walker on
an N-ring with symmetric exponentially distributed
stepping probabilities. We define

Ang(lo, o) = [n(lo, o) — o, ). (102)

The use of Egs. (32)-(36) and of the identity n? =
n(n — 1) + 7 leads to

A2na(10 H IO)

ik 1 0 1 2
=(— - = —axl,, 1
(322 Ga(z,0,a) 0z Gp(z, 0, a) Aalls 0)) -
(103)
Using Gy(z, 0, a) of Eq. (84), we then obtain
3 — 2 — —q
Aty 1y = L A= e (L= 20)
3a+en  (+e
NQ — 4e® — 7%
— . (104
+ 3 1+ (104)

In the nearest neighbor random walk limit @ — <o,
with N fixed, we find

m A"a(lo, lo)'* N(N - 1)(N — 2)
s

&
N , (105)
a= e na(ll)a 10) )
in agreement with the nearest neighbor random walk
result.’ In the limit as N becomes very large, this
reduces to
lim
a—>
N—large

(106)

Ang(ly, 1o (N)%
3

ﬁa(lo ’ IO)

In the limit @ — 0 corresponding to equal probabili-
ties for jumps of any length and for fixed N we find

L Al 19 N
(111_12 o o) — ((1 —a)— N(I — a)) , (107)

which, in the limit as N — oo, reduces to

. Anyly, 1)
lim —————

.7?7:?:0 ﬁa(ll)’ lo)

—~1 - at (108)

These results show that the maximum dispersion in
the mean recurrence time occurs for the nearest
neighbor random walk and that the dispersion
decreases, though not monotonically, as the step
length increases, i.e., as a — 0.
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C. Excursion from the Origin

To consider the excursion of the random walker
with exponentially distributed step lengths from his
point of origin after n steps, we use the equations
already given in Sec. IIC:

Moy = 3 12,0 = (2

A"(¢)) ,
$=0
(109)

where the subscript exp denotes the exponentially
distributed step length. The quantity A(¢) for this

case is obtained from Eq. (66) as
” _ G Ca "
A(¢) = (e(a—w) -1 + etHid) __ l) . (110)
where [see Eq. (63)]
eac_i1+ebc_21=1, (111)

and we find for (), the mean distance from the origin

after n steps,
a b
c,€ Cye
Dex - .
Hown = (<“—) (e"—l)z)
(112)
The corresponding result for a nearest neighbor
random walk,! with p(1) =p, p(~1) =g =1 —p,
and p(I; — ;) = 0 otherwise, is
Iy =nlp —g). (113)

In the exponential random walk, the total probability
for a walker to step to his right on a given step is
c1/(e* — 1); the total probability that he steps to his left
is ¢yf(€® — 1). Making the correspondence

Z IP(I) =

I=—w

G 2 114
(ea_1)<—>p, @ -0 (114)

between the exponential and nearest neighbor random
walks, we can rewrite Eq. (112) as

s = {2 5 - (,,bl)) (115)

In the limit a — o©, b— o the results for the

“exponential”’ random walk thus again approach the

nearest neighbor random walk results. In the limit as

a, b L 1, Eq. (115) becomes

( +a
a

<l>exp =n\p

—q

1+ 0d)
s ) (116)

If, for the sake of simplicity, we now take @ = b, Eq.

(116) reduces to

hm <l>exp = n(l + aja)(p — @) ~ nfa(p — 9).
= %)
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A comparison of Eqs. (117) and (113) shows that the
mean excursion from the origin for a random walker
with exponentially distributed step lengths is larger
than that for a nearest neighbor random walk by
the factor 1/a for small a. It is evident that we are
again dealing with order of magnitude differences
between two random walks.

From Eq. (109) we obtain the dispersion in the
excursion from the origin for the exponential random
walk:

e + 1) ce’(e® + 1)
12 cexp l exp = {:C‘le (e + .
Prexp = Bex (e —1)° (e — 1)°
c,e” cye’
- ((e" e 1)2)}. (118)
For a symmetric random walk Eq. (118) reduces to
14 ¢
lzex - lix =n( . 119
< > jol <> 4] (1 — e_a)2 ( )

When a— co, this result approaches the nearest
neighbor random walk result (%), — ()} =n of
Egs. (57), (58). As a becomes very small, i.e., a & 1,
the dispersion increases with a as

2 —
i (Pegp = (D = (a2 “),

(120)

and becomes infinite for a = 0 when the walker can
reach any point on the lattice with equal probability.

IV. CONCLUSIONS

We discuss below some interesting consequences
and some as yet unsolved problems which arise from
the results as presented in Sec. III.

We found [Eq. (101)] that for a random walker
with exponentially distributed step lengths the mean
first passage time to reach a particular lattice site on a
one-dimensional N-ring as a—0 [p(k) = 1/N] is
given by

lim ,{n), = N.

a~0
It is easy to calculate the generating function for the
above random walk with @ = 0 on a D-dimensional
lattice. One then finds that for N fixed and finite
the result (121) is independent of the dimensionality of
the lattice. One can convince oneself, by “topological”
reasoning, that this result must be correct. Since the
random walker can go with equal probability 1/N to
any point on the D-dimensional lattice, i.e., each
point on a D-dimensional lattice of N lattice points is
equally accessible in one step independent of D, the
dimensionality cannot influence the result for ,(n),_,
for fixed N. This is in distinction to the nearest

(121)



RANDOM WALKS WITH NONNEAREST NEIGHBOR. 1

neighbor random walk, where the number of lattice
sites which are accessible on each step increases
sharply with dimensionality. It is therefore clear that
appropriately chosen properties of 3-D random
walks with exponentially distributed jump probabili-
ties can, in the limit as a = 0, be calculated from the
1-D model.

Montroli*2 has evaluated the mean first passage
time to a particular lattice site in one-, two-, and
three-dimensional lattices with periodic boundary
conditions for nearest neighbor random walks
(a— ). He finds the following leading terms for
large N:

1M)gn o = kN + O(N), (122)
1-D
1My = kyN log N + O(N), (123)
2-D
(124)

)gn o = k3N + O(1),
3-D

where the k’s are constants which depend on the
details of the lattice structure. It is very interesting
to note that there is agreement, to within a constant
of O(1), between the very long step result [a = 0,
p(k) = 1/N] in one dimension, Eq. (121), and the
nearest neighbor transition result in three dimensions
[Eq. (124)] for the mean first passage time ,(n). We
believe that the comparison of other, appropriately
chosen properties of 1-D random walks with exponen-
tially distributed step length and a = 0, with 3-D
nearest neighbor random walk results, will show
analogous agreement to within O(1).

The above result appears to have a close connection
with recent theoretical work on phase transitions in
1-D systems with an infinite range of forces.® It was
found in these studies that phase transitions which
occurred in real 3-D systems presumably through
pair interactions (i.e., nearest neighbor interactions),
such as gas-liquid critical points (van der Waal’s
condensation) and magnetic and other order-disorder
transitions in solids, could be obtained mathemati-
cally in 1-D systems in the limit of infinite range
forces. One-dimensional models with finite and
certainly with short-range forces do not show any
phase transitions. Speaking generally, and very
loosely, it would appear that the ‘““connectivity” of
long range 1-D models is of the same order as the
“connectivity” of short range 3-D systems and that
3-D properties which depend strongly on this “con-
nectivity”” can be modeled by 1-D systems with the
appropriate long-range interactions (step length,
forces, etc.).

The above results are displayed schematically in
Figs. 5(a) and 5(b). A study of these figures immedi-
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ately raises the following questions:

(1) What is the form of (n)2"® and of analogous
properties (moments) of random walks, as a function
of a, 0 < a < o0, in three dimensions? We know the
results for @ = 0 and for a = oo as shown in Fig.
5(a), but we do not know as yet how to connect the
two extremum points. If it should turn out that
(3P is essentially independent of a, i.e., of the step
length, it would have important implications in the
random walk interpretation of a number of experi-
mental observations in physics and chemistry.

(2) What is the form of ,(n), and analogous
moments in higher dimensions, D > 3, as a function
of a and D for a # 07 In other words, how does one
fill in the empty expanse of Fig. 5(b)? We note from
Fig. 5(b) that for nearest neighbor random walks
1{n) decreases with increasing dimension for D =
1,2, 3. How does it behave for D > 3? If it were to
decrease with higher D, one would have the very
surprising and unlikely result that, for D > 3, the
mean first passage time for absorption is shorter for
nearest neighbor walks than for walks with steps of
arbitrary length. It is also possible that ,(n), .. be-
comes independent of D for D > 3 and remains of
O(N). If this were the case, higher-dimensional results
for nearest neighbor walks could then be deduced
from the 3-D results or the 1-D results of random
walks with exponentially distributed step length with
a = 0. This question is of importance in the use of
random walk models in the study of the unimolecular
decay of polyatomic molecules, the study of the rate
of formation of polymers from monomers and for
many other problems.

The generating functions derived in Sec. II and III
allow one to evaluate many quantities in addition to
the ones we have calculated here. Other typical
quantities of interest are, for example, the number of
distinct lattice sites visited after » steps, random walk
properties in the presence of reflecting boundaries,
random walks in the presence of reflecting boundaries
and traps, etc. We will direct ourselves to the questions
posed above and to the general dependence of random
walk results on the “connectivity”” of the system in
subsequent papers.
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APPENDIX A: EVALUATION OF GENERATING FUNCTIONS
1. Symmetric Next-Nearest Neighbor Random Walk
The generating function for symmetric next-nearest neighbor random walks can be evaluated by complex
contour integration, We rewrite Eq. (8) as follows:

—1— . e—ile dg[)
G(z, l,0) = o _Lrl — 21 — a)e* + e ) + a(e®™ + 2] (A1)

In a symmetric one-dimensional random walk, all results can only depend on the absolute distance |/|
of the walker from his point of origin. We therefore perform the integration (Al) only for / > 0. With the
change of variables

s=e" (A2)
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(the corresponding change of variables for / < 0 is s = ¢*%), Eq. (Al) becomes

sHlds

Gz, I, 0) = —

T

where the integral is over the unit circle. The zeros
of the quartic polynomial in the denominator of the
integral are easily found because of the symmetry of
the polynomial coefficients: If s, is a zero of the
polynomial, then so is 1/s;. The factorization of the
quartic polynomial is then reduced to the solution of
two quadratic equations in two unknowns. We write

st 4 [(1 — a)fa]s® — (25%za) + [(1 — )]s + 1
= (s — s)(s — $(s — 1fs)(s — 1sy)
=841 — (P +5)s; + 85+ sy + 1sy)

+ 55185 + Sifsy + sofsy + Usise + 2). (Ad)
Equating coefficients of powers of s gives the equa-
tions

s34+ S+ sy + sy = —(1 — )/,

S1S2 + SI/S2 + S‘Z/‘s'l + I/SIS2 + 2 = —2/20(. (AS)

Solving these two quadratic equations in two un-

knowns yields the results of Eq. (10) with s3 = 1/s, and
sy = 1/s5.

To determine which of the poles are within the unit

circle, we examine them in detail only in the neighbor-

{4 [(1 — efads® — (25%z0) + [(1 — wfe)s + 1}

(e% ¢ — 1)(e%™® — 1)e i

(A3)

hood of z = 1 since in Sec. II we only use the gener-
ating function for values of z close to 1. Expanding
the s, in powers of (1 — z), we find

sp~—(120{1 + « + [(1 + 30)(1 — @)}
+0((1 = /(1 — ) > 1
for 0<a<], (1=-2)/(1—-a)Kl (A6
Hence s, is outside the unit circle for all values of «

in the range of interest for z close to 1. Since s, =
1/s,, s, is then within the unit circle. For s, we have

s, ~14 200 =21 + 301> 1. (A7)

Hence s, is outside the unit circle for all values of «.
Since s3 = 1/s,, 53 is within the unit circle. Evaluating
the residues at the poles s, and s, then directly yields
Eq. (9) for G(z, I, o).

2. Random Walks with Exponentially Distributed
Step Lengths

The generating function given by Eq. (67) can be
evaluated by complex contour integration. By simple
algebraic manipulation we can write

1 T
G(z,l,a,b,cy,c) = —
( vy =g [
For [ > 0, we make the change of variables

and Eq. (A8) becomes

- - - - dé. A8
e I — 1) — 2@ — 1) — s 0 Y
s = e, (A9)

I,a4+b _ 0 —l,b
s¥(e se s7e’+ 1) ds, (A10)

G(Z,1205a9b’cl’c2)=

i
27 4; (1 + zc)s? — (e + 1 + zc; + zcy)s + (1 + zcy)

where the integral is over the unit circle. Solving the simple quadratic polynomial in the denominator of the

integrand, we then have

o p0+b 1
G(z,1>0,a,b,c,,c) = —o T 1) s ds
27 (1 + zey) J (s — s )(s — )
. a I+1 2 b -1
_ ie stds _ ie s ds . (A1D)
2me*(1 + z¢e5) J (s — s )5 —s2)  2me*(1 + zcp) J (5 — s)(5s — s2)
where
e 41+ 2o, 4+ zey + (€7 + 1 + zey + 265)? — 41 + ze)(1 + zep)]E
5y = . (A12)

For | < 0, we make the change of variables

Ss=e

2¢°(1 + zcy)

+ig

(A13)
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in Eq. (A8). The result is similar to Eq. (A11). with the interchanges a <> b, ¢, <> ¢;, and [ > —1I:

i ,8+b ~1

G(z1<0,abc,c)=— o _t1 s

2me(L+ ze)) J (s~ r)s — 1)

. b —~141 . a ~1—1
_ _ ie ) ds _ b ie 5T ds , (Al4)
2me’(l + ze))J (s—r)s~—r) 2me’(142¢)) (s—r)(s—r)
where
EY 1 4 zey + zey £+ [(*F° + 1 + z¢y + zey)? — 41 + ze))(A + zcg)]’} (ALS)

r =
* 2¢°(1 + zc,)

One can determine algebraically which of the poles
8,,S_,r.,and r_ are within the unit circle, but it is
simpler to do it on physical grounds using the following
relations between the roots:
s,ro=sr, =1 (Al6)
If both s, and s_ were outside of the unit circle, then
Eq. (All) would yield G(z,/>0)=0 and the
walker could never walk to the right of his point of
origin, so that this situation isimmediately ruled out for
all positive finite values of the parameters a, b, ¢, and

(€™ + 1 + zc; + z¢)* — 4e*(1 + ze))(1 + 2¢p)]t

¢;. Both s, and s_ cannot be within the unit circle
because if this were so, then, from Eq. (A16), r, and
r_ would both be outside of the unit circle. This
would yield G (z,/ < 0) =0 and the walker could
never reach any point to the left of his point of origin.
We thus conclude that one of s, and s_ is inside the
unit circle and the other is outside, and similarly
for r, and r_.

It can be seen from Eq. (A12) that s, > s_ for all
values of the parameters a, b, c,, and ¢, with the rela-
tion between the parameters given by Eq. (63). We
write

(A17)

S, —s_=

(1 + zcy)

The denominator in this expression is always positive; the quantity inside the radical is positive for all values of

z of interest as can be seen by rewriting it as follows:

(ea+b + 14 z¢, + 202)2 _ 4eu+b(1 4 ch)(l + ch)

- (¢ -2~ -21-

PR
e —1

2
[zea-i—b — ea _ eb])

(A18)

4 4cyz(1 — 2)eb(e® — 1)(e*™ — 1)

where we have used Eq. (63) to eliminate c,. Hence
we conclude that the poles s_ and consequently r_
[see Eq. (A16)] are always the ones within the unit
circle. Incidentally, we have also shown thats, ,s_,7,,
and r_ are always real. The integrals in Egs. (All)
and (A14) can now be easily evaluated. For I > 0,
we need only the residue of each integral at 5 = s5_;
for I < 0 we need only the residues at s =r_; at
/ = 0, an additional pole within the unit circle appears
at s = 0 in the third integral of both Eqs. (All) and
(A14), and so an additional residue must be added.
Equation (68) for the generating function then
immediately follows, with s_ = y, and 5, = y,.

1 >0 for 0<z<L 1,
e—

APPENDIX B: GENERATING FUNCTIONS IN
THE PRESENCE OF ABSORBING
BOUNDARIES

1. Symmetric Next-Nearest Neighbor Random
Walks-Absorbing Boundary

The generating function for a random walk in
the presence of absorbing boundaries can be related
to the generating function for a random walk on a
perfect lattice [Eqs. (9) and (13)] via the difference
equations satisfied by the P, (/) and the Q,(I). Con-
sider a perfect one-dimensional infinite chain (without
traps) and a random walker who begins his walk
at / = /. The probability P,(/ — /) that the walker
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is at site / after n steps satisfies the difference equation
[see Fig. 2(a)]
Pn(l - ls) = %aPn—l(l - ls + 2)
+30 - P ((— L+ 1)
+ 31 - )P (=L =1)

+ %QP —1(1 - [s - 2), (Bl)
with the initial condition
Pyl — ls) = 51,1,’ (B2)
and the normalization

l=-r

Multiplying Eq. (B1) by z" and summing from n = 1
to n = oo then gives the difference equation for the
generating function G(z, [ — /;, a):
Gz, ! —1,,0) — azG(z, | — I, + 2, &)

— 3l —0)zG(z, [ =, + 1, )

— 3l - )zG(z, - [, — 1, &)

— 30zG(z, [ — [, — 2,0) = 0, (B4)
or

£G(Z’ I — [s’ OL) = al.l,’ (BS)

where Eq. (B4) defines the operator £. The generating
function for walks on an N-ring satisfies the same
difference equation:

LGn(z, I — 1, )
=Gy, I~ 1, 0) — dazGylz, | ~ [, + 2, ®)
~ 3l —)z2Gplz, I ~ [+ 1, )
— 31 —)z2Gy(z, I -, = 1,0)
~ YazGy(z, [ = [, — 2, 0) = 0y, (B6)
Now consider a random walker starting at / =/,
with trapping sites at / =/, and / = [; — 1. For the
sake of simplicity in the equations that follow, we
choose /; = 0 and include the obvious /; dependence
only at the end of the calculation. The choice /; > /;
does not affect the generality of the calculation. The
probability @, (I — /) that the walker reaches point /
on the nth step in the presence of the trapping sites
satisfies the following set of difference equations
[see Fig. 2(b)]:
Q. =) =3%2Q, (!l = +2)
+ 30 - 9@, (- L+ 1)
+3( - )@ (/= b — 1)
+10Q, (I~ 1, —2), 123,

and, since the walker cannot escape from sites / = 0

(B7)
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and / = —1,

0.2 = ly) = 320,,(4 — I
+ 31 — 00,13 — 1)
+ 31 — 90, (1 — L),
0,1 — Iy = $0Q,.,3 — L)
+ 3l — 90,12 — L),
Qn(—1p) = 300,12 — b)
+ 31 — )@, (1 = 1)
+ Q1)
Qn(—=1 = 1)) =300, (1 — ) + @, 1(—1 ~ 1),
0.0 —I)=0, <=2

The initial condition and normalization are

Qo(l -y = 61.zga
0.0~y =1.
1
Multiplying Eqs. (B7) and (B8) by z" and summing
from n = 1 to n = oo yields the following difference
equations for the generating function F(z,! — [, «)
defined in Eq. (15):

£F(z, 1 — Iy, ) = H(z, | — I, o). (B11)
The operator £ is defined in Eq. (B4) and (B5), and
H(z,l — 1,, o)

= 61,10 - F(z, =y, o)

X [$az(8;,2 + 0, o)

+ #(1 — @)z(d,,; + 6, 1) — 20,,4]

~ F(z, -1 — Iy, 9[302(d, ; + 6;,5)

+ 31 — )z(8,0 + 6;—2) — 20, 4] (B12)
Comparison of Eqs. (B5) and (B11) shows that
G(z, | — [, 2} is the Green’s function required for the
solution of the inhomogeneous equation satisfied by
F(z,1— 1y, 0):

F(z,l — ly,0) = > G(z, | = ', )H(z, I' — I, ).
‘ (B13)

(B8)

(B9)
(B10)

Substituting Eq. (B12) into Eq. (B13) yields
F(z,1— 1, o)
=Gz, =1y, ) — (z)DF(z, =y, ®)

X [0G(z, 14+ 2,0) + (1 — )G(z, 1+ 1, a)
+ (A -Gz, —1,0) + aG(z, ] — 2, &)
—2G(z, 1, )} — (z/)F(z, —1 — ,, &)
X [Gz, I+ 3,0) + (1 — )G(z,] + 2, &)
+ (1 —)G(z, 1, ) + aG(z,] — 1, )

—2G(z, 1 + 1, o). (B14)
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Via Eq. (B4), this expression simplifies further:
F(Z: I — iOa O()
= G(Z’ /- 105 OL) - F(Z, —10’ d’)
X [(1 = 2)G(z, 1, &) — 0y,0]
— F(z, =1 = 1), O[(1 = 2)G(z, I + 1, &) — &; _4].
(B15)
Letting /=0 and /= —1 in Eq. (BI5), solving
the two resulting equations for F(z, —/;, «) and
F(z, —1 — ), ®) in terms of the G(z,/, o), and
substituting back into Eq. (B15) finally yields
F(z,l — Iy, o)
= G(z, — Iy, x)
[G(z, Iy, 0)G(z, 0, 0) — G(z, I, + 1, 0)G(z, 1, «)]
[G2(25 1’ <X) - G2(27 07 0()]
X (G(z, I, o) — o) )
(I—2)
[G(z, Iy, )G(z, 1, 0) — G(z, I, + 1, 2)G(z, 0, &)]
[G¥(z, 1, %) — G*(z, 0, )]
X (G(z, I+ 1,0 — ———(6"*1)‘).
(1-2z
In particular, for the first passage time evaluated in
Eq. (20) we need
F(Z, —l09(x) + F(Za -1 - 105 (X)
Gz, =1y, ) + Gz, =1 =y, #)]
[t — 2)[G(z, 0,9) + G(z, 1, )]
Equation (21) immediately follows for an N-ring with
traps located at/ = /, and / = I, — 1, with/, arbitrary.

(B16)

(B17)

2. Symmetric Random Walks with Exponentially
Distributed Step Lengths-Absorbing Boundary
Consider a perfect one-dimensional infinite chain
(without traps) and a random walker who begins
his walk at /= [,. The probability P,(/ —[) that
the walker is at site / after n steps satisfies the difference
equation

Pn(l - ls) = %(ea - 1) zl e—”—”apn—l([’ - 13)9
V=—00
(B18)

where the prime on the sum indicates the omission
of the I’ = term. The P,(/ — I) satisfy an initial
condition and a normalization condition given by

PO(I - Is) = ‘sl,lsa (BIQ)
S P —1)=1. (B20)

Multiplying Eq. (B18) by z* and summing from
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n =1 to oo then gives the difference equation for the
generating function G(z,/ — [, a):

G(Z: I— ls, a) - (2/2)(ea - 1)
X Z/ e—ll—l’IaG(z’ I — ls’ a) = 6”5, (B21)

V'=—00

£G(Zs l— lss a) = al.l,; (B22)

where Eq. (B21) defines the operator £. Next, con-
sider a random walk on an infinite chain with trapping
sitesat/ =/, —kand/ =N+, + kforall k > 0.
For the sake of simplicity in the equations that follow,
we choose /; = 0 and include the obvious /; depend-
ence at the end of the calculation. The walker starts
his walk at / = [, with 1 </, < N — 1. The proba-
bility Q,(/ — /) that the walker reach point / on the
nth step in the presence of the trapping sites satisfies
the following difference equation:

N-1
Q. (I = ly) =" — 1) 216’_”4'”(2”—1(1' — by,
V=
1<I<LN-1,
N—-1 ,
=N =D Y e, (1 - 1)
=1
+ 0, — 1), 1<0and! > N,
(B23)

where we have accounted for the fact that the walker
cannot escape from the trapping sites. The initial
and normalization conditions are

QoI — INES 61.10,
S 0(~1l)=1.

l=—00
Multiplying Eq. (B23) by z" and summing from
n=1 to n= oo yields the following difference
equation for the generating function F(z,! -/, a)
defined in Eq. (86):

£LF(z, 1 — l,,a) = H(z, | — Iy, a),

(B24)
(B25)

(B26)

where the operator £ is defined in Eqs. (B21) and
(B22) and

H(z,l = 1y, a)
0
=0, — (20" —1) 3 e VI, I — 1y, a)
v

— (z2)(e® — 1) > eHF(z, I — 1y, a),
V=N
1<I<N-—-1,
0
= —(z/2)(e* — 1) 3 eI (2, 1" = 1y, a)
v

o0

— (/2 — DY e Rz, I — |y, a)
VSN

!1<0and !> N.

+ ZF(Z’ I — lO, (1), (B27)
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Equations (B22) and (B26) show that G(z, | — [, a) is
the Green’s function required for the solution of the

inhomogeneous equation satisfied by F(z,/ — [, a):

F(z,l = Iy,a)= > G(z,1 — I',a)H(z, I — Iy, a).

1'=—o0

(B28)

Substituting Eq. (B27) into Eq. (B28) yields

F(Z) I — 109 a)
= G(z, 1 — I, a)

—_ (Z/Z)(e“ —_ 1) E i G(Z, I —k, a)e-«llc—o«mla
k=—00 m=—aw
k#¥Fm

X F(z,m — Iy, a)

- (2/2)(ea -1 § i Gz, 1 — &k, d)e—lk—mla
k

=—00 m=N
k#m

X F(z, m — I, a)
0

+z ¥ G(z,! —m,a)F(z,m — I, a)

o0
+z Y G(z, I — m, a)F(z, m — I, a).
m=N

Equation (B21) allows us to eliminate the sums over
the variable k, since

(B29)

.._(2'/2)('8'1 _ 1) i’ G(Z, l — k, a)e—lk—m!a
k

=0d;,m — G(z,1 — m,a). (B30)
Equation (B29) then becomes

Fz,1— 1y, a) = Gz, | — I, a)
0
+ z F(Zam_ i(},a)

Hi==—0

X [(Z - I)G(Z’, I— m, a) + 5l.m]
+ 3 F(z,m—1ly,a)
m=N

X [(z = 1)G(z, I — m,a) + 6, ,,).

(B31)

We now have the choice to evaluate the sum of Eq.
(B31) over all nontrapping sites [Eq. (88)] or over all
trapping sites [Eq. (90)]. These sums are, of course,

related via the conservation of walkers expressed by
Eq. (89):

[ ©
> F(z,l—ly,a)+ X F(z,1 — Iy, a)

l==00 =N
N-1
=1l —2)— 3 F(z, 1 — I, a). (B32)
i=1

Although there are fewer nontrapping sites (1 </ <
N — 1) than there are trapping sites (! < 0, / > N),
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it turns out to be computationally more convenient
to work in terms of the latter.
If / is a trapping site, Eq. (B31) can be rewritten:
F(z,l — 1y, 0)G(z,0, a)
= G(z, | — Iy, a)/(1 — z)
0
- 3 G(z,l — m,a)F(z,m — I, a)

M=—00
m¥*F]

- ZNG(Z, I —m,a)F(z,m — I, a),
mil

1<0and! > N. (B33)
Using Eq. (74) written in the form

G(z,1,a) = f(z, a)x", |l > 1, (B34)

where
z(e® — 1)
2 + z(e* — D]D,’
and where x and D, are defined in Eqgs. (75) and (76),
we can further rewrite Eq. (B33):
F(z, 1 — I, a)G(z, 0, a)
= [f(z, &)f(1 — 2)]x*"l

- f(z, a) % F(Z, m — loa)x”—m!

=m0

flz,a) = (B33)

1Em
—f(z,a) ¥ F(z,m — Iy, a)x"™,
e
I<0and !> N. (B36)

This equation can now be summed over trapping
sites / since the right side involves only trivial sums
of the form 3, x*'. The result is

[G(z,0, @) + 2f(z, a)x/(1 — x)]
x ( S Flz, 1= Iy, ) + 3 Fz, [ — Io,a))
=N

l=—a0

= [f(z, a)f(1 — D))" + x¥)/(1 — x)
+ £z, )t = xM/(1 - x)]
X [F(Z, "'I()s a) + F(Z, N — 109 a)]
+ f(z, a)l(x = XML = x)]
X i F(z,m — Iy, a)x™™

M= 00

+ £z, ax~N(x — xM(1 = %)]

[ea]
X > F(z,m — ly, a)x™
m=N+1

(B37)

The last two sums in this equation can be expressed
in a simpler form by noting that Eq. (B36) gives these
sums in terms of F(z, —l,,a) and F(z, N — [, a),
which are the generating functions for stepping on the
first traps adjacent to either end of the nontrapping
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interval:
G(Z, 09 a)F(Z, —10 ’ a)
= [f(z, a)/(1 — 2)]x"

—f(z,a) i Fiz,m — Iy, a)x™

m=—aw

— f(z, a) i;r F(z, m — Iy, a)x™
m=N+1
— f(z, a)xF(z, N — I, a),
G(z,0,a)F(z, N — 1,, a)
= [f(z, a)/(1 — 2)]x""7
— f(z, a)x"F(z, =1y, a)

— f(z, a)x¥ i F(z,m — I, a)x™

m=—ow

— f(z, a)x7N 2\; 1F(z, m — ly, a)x™.
m=N+

Solving for

(B38)

(B39)

1
> F(z,m — Iy, a)x™™

M=—00

and

> F(z,m — Iy, a)x™

m=N+1
in terms of F(z, —ly,a) and F(z, N — [, a) and
substituting the result into Eq. (B37) yields

[G(z, 0, a) + 2f(z, a)x/(1 — x)]
x ( S Pz, 1=l @) + 3 F(z, | — lo,a))
=N

l=—a0
_ [, a)x" + xV (1 + x) (x —x)
(=21 =x)1+xY) 1+ x")1 = x)
X [f(z, a) — G(z, 0, a)]
X [F(z, —=ly, a) + F(z, N — l,, a)].  (B40)
It now only remains to eliminate [F(z, —/,, a) +
F(z, N — I, a)] from the right side of Eq. (B40)
since all other quantities on the right side are known.

0 o0
S F(z,1—1ly,a) + X F(z, 1 — Iy, a)
=N

l=—o0
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This can be done by noting that through Eqs. (B26)
and (B27) we can get an independent relation between
[F(z, —ly, a) + F(z, N — l,,a)] and the sums ap-
pearing on the left of Eq. (B40); Eqgs. (B26) and
(B27) can be rewritten in the form

(1 — 2)F(z,1 — 1, a)

N-1
=(z/2)e* = 1) Y e " F(z, I’ — I, a), 1L0,
" r=1

N-1
= (z/20e" — D2 e F(z, I — Iy, a), 12 N.
=1

Hence we have B4
- z)l_%w F(z, 1 — 1y, a)
= %(—(11—__;":)) ge-"ap(z, ' —1,,a), (B42)
(= D ~hya)
= @)1~ &) 3 eF G 1 = by, a), (B43)
(=23 Fel—1,a
- g(ill—:—:_% e“N“Zgle"“F(z, I'— I, a), (B4d)
(1 — 2)F(z, N — Iy, a)
= (z/2)(1 — e“)e“v“:’vz—::e"“F(z, I —1,,a). (B45)

Equations (B42)-(B45) directly give
[F(Z, _lo; a) + F(Zr N — 10) a)]
0 ©
=(1—-e* Y F(z,l—1ly,a) + > F(z,l — I, a).
V=N

I'=—m
(B46)
Combining Eqs. (B40) and (B46) then finally yields

f(z, a)(x" 4+ xN7)(1 + x)

T 2{[(1 — xe™) — xV(x — €9]6(2,0, a) + (L + ) + xV(1 4 2x — e™)]xf(z, a)}
[G(Z, lo, a) + G(Z’ N — 105 a)](l + x)

B 1 — z}{{[(1 — xe™®) — xN(x — €9]G(z, 0, a) + [(1 + e + ¥V (1 + 2x — e 9]G(z,1,a)}

Equation (91) immediately follows upon defining the
absorbing boundaries to begin at /=1 and /=
N — [, for arbitrary /,.
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Methods are discussed for discovery of physically or mathematically special families of exact solutions
of systems of partial differential equations. Such systems are described geometrically using equivalent sets
of differential forms, and the theory derived for obtaining the generators of their invariance groups—
vector fields in the space of forms. These isovectors then lead naturally to all the special solutions dis-
cussed, and it appears that other special ansitze must similarly be capable of geometric description.
Application is made to the one-dimensional heat equation, the vacuum Maxwell equations, the
Korteweg-de Vries equation, one-dimensional compressible fiuid dynamics, the Lambropoulos equation,
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and the cylindrically symmetric Einstein~-Maxwell equations.

I. INTRODUCTION

Exact solutions of the sets of coupled nonlinear
partial differential equations of physics (fluid physics,
general relativity, etc.) are of great value for the phys-
ical insight they can give into extreme cases not
susceptible to numerical or approximate treatment.
The search for such solutions is, however, not a
systematic process, but depends in practice on intuitive
skill and physical or geometrical analogy for the
divination of successful ansitze. In first attempt at a
more systematic methodology, we have considered,
as a practical process of applied mathematics, the use
of the generators of the invariance group of a given
set of equations. Our method for finding these appears
to be new; it is based on Cartan’s geometric formula-
tion of partial differential equations in the language
of exterior differential forms, and introduces the fields
of isovectors which generate the invariance trans-
formations. With these, we indeed find certain
specializations of the set considered, which may be
soluble exactly; in particular we refer to classes of
so-called similarity solutions and to algebraically
special solutions based on invariant subspaces. Other
methods for systematic discovery of exact solutions
must also have close connections to this underlying
group structure.

In the following, we sketch the method and illustrate
use of it by application to a number of simple ex-
amples, including the vacuum Maxwell equations, the
one-dimensional heat equation, and some simple
nonlinear cases from fluid dynamics; and also we
relate it to “solution generation” procedures which
were previously applied by one of the authors to a
specialization of the general relativistic Einstein-
Maxwell equations. We trust that its usefulness in
other such nonlinear contexts will become evident.

The basic work on invariance groups of partial
differential equations has been well established by its

originators, especially Lie.! It has been used recently
by Bluman and Cole? in discussing very general
similarity solutions of the one-dimensional heat
equation. We present here what we believe to be a
more useful, intuitive, and concise formulation in the
language of differential forms. Cartan’s geometric
theory of partial differential equations® has been
expounded by Slebodzinski,* to whose terminology
we remain close, and by Choquet-Bruhat®; a careful
survey and bibliography of modern work and formula-
tions is due to Hermann.® We extend their geometrical
picture to emphasize the role of the isovector fields, the
generators of geometric transformations with suitable
algebraic invariance properties. These isovector fields
generate the invariance group, or isogroup, and in turn
lead to varieties of special solutions. It seems to us that
such an approach to partial differential equations is so
deep that all successful ansitze for special solutions
must, in it, take their most transparent form, as
algebraic criteria on geometric objects in general
spaces.

II. EXTERIOR DIFFERENTIAL FORMS

We first recapitulate the notation and basic identities
of the calculus of exterior differential forms. In a
differentiable manifold of n dimensions, we regard
a p-form w either as an index-free notation for a
p-vector (or completely antisymmetric covariant pth-
rank tensor) w, .., or as the value (or scalar magni-
tude) of this p-vector when contracted with a p-fold
infinitesimal (simple, contravariant, completely anti-
symmetric) tensor of extension describing an elemen-
tary cell of a p-dimensional submanifold,

dE[‘“- .. d&“"].7
1

2

Dyyep,

Modern expositions equivalently treat 1-forms as
elements of the cotangent space at a point of the
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manifold, i.e., as mappings from the tangent space
into the reals.>:%:8

At each point of the manifold, the forms have a
Grassmann algebra (with noncommutative anti-
symmetrized outer multiplication denoted by A) over a
2"-dimensional linear vector space. Over the manifold
we may use the three operations of exterior differentia-
tion, d, of contraction with a vector field ¥ (a contra-
variant vector V*), ¥ _| w, and of Lie derivative with
respect to V, £, w. These give forms of rank p + I,
p — 1, and p, respectively. The following results are
to be found in the references, or may easily be written
from the equivalent operations of the tensor calculus.’

Let w be a p-form, ¢ a g-form, f a O-form, ¢ a
constant, and ¥ and W vector fields. Then

wAo=(—1)" A w,
dlw A o) =dw Ao+ (—1)’w A do,

ddow = 0, )
dec = 0,
VI+W ho=V _Jo+W_]o,
(V) do=fV_w), o
V J(wAo)= _Jo)Ac
+ (=)o AV _lo),

fo=V_ldo +dV _]w),

v

£ f=V_]ldf,

14
o =d(o). ®

pona = (go) roson(t)
yWJw=mme+WJ@@.

[V, W1 is the commutator, or Lie product, of these
vectors: It is the contravariant vector field £, W*. In
the following, we will usually omit the exterior
product operator A.

III. CARTAN’S THEORY

Cartan®% has discussed criteria for the equivalence
of a given set of partial differential equations (in
n — p dependent variables and p independent vari-
ables) with a closed set of differential forms on an
n-dimensional manifold. The latter set is the basis of
a differential ideal of the Grassmann algebra of forms
on the manifold. Any set algebraically equivalent to
the set generates the same ideal, and could as well
serve as the basis. An integral manifold of the ideal
is a subspace, the extension elements of which annul—
give zero values to—all forms in the ideal, or the
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section” of which with the ideal gives forms, in the
subspace, identically zero.

In tensor notation, in an n-dimensional manifold
spanned by x*, a p-dimensional subspace is described
by n parametric equations x* = x*(y*), 4 = 1,---, p.
The y can be adopted as coordinates in the subspace.
We can apply the section operators JJ* = dx*[dy“ to
covariant quantities, for example, vectors, ¢,,
obtaining sectioned covariant quantities ¢, = aM'd,,
etc., in the subspace, i.c., quantities which transform
properly under transformations y‘t = yA()'/‘i). The
sectioning of forms is equivalently defined. If section-
ing a form ¢ gives a form ¢ which is identically zero,
any extension element of the subspace must annul ¢,
and conversely.

If an integral manifold of dimensionality p exists,
and if, in it, p of the variables may vary freely (i.e.,
may also be adopted as the coordinates in the mani-
fold), it amounts to a functional specification of the
other n — p variables—the former are then called inde-
pendent, and the latter dependent, variables. Such an
integral manifold in the n-space can geometrically
represent a solution of the original set of partial
differential equations. In fact, denoting the n —p
variables by z¢,i =1, - -, n — p, and the p variables
asx?, A=1,--- , p, one must be able to reobtain the
original partial differential equations by substituting,
into the set of forms in n dimensions, the relations
sectioning those forms into the p-manifold:

i
= 92 dx4,
ox4

dzd = dx4,

and then requiring the coefficients of the forms
dx?, dx? A dxB, etc., to vanish. By this procedure we
impose the independence of the variables x4 on the
set of forms.

The integral manifolds of a differential ideal are
classified by Cartan as (1) general or (2) singular. The
singular manifolds are poorly understood as a class,
and must be investigated by ad hoc methods. The
general manifolds are those which can be obtained by
a step-by-step procedure of Cauchy-Kowalewski
integrations, beginning with one-dimensional integral
manifolds and giving a hierarchy, or chain, of such,
of every dimensionality up to the maximum (or genus)
g. In a beautiful, systematic, theoretical development,
Cartan gives the local algebraic existence criteria
for these general solutions; in particular, if, for a
dimensionality p < g, these criteria show the existence
of general integral manifolds in which the variables
x4 and their differentials dx can freely be chosen, the

ideal is said to be in involution with respect to the
4 3.4
x4



GEOMETRIC APPROACH TO INVARIANCE GROUPS

When one imposes independence of the variables
x4 on a set of forms, if it is not already in involution
with respect to these variables, he perforce searches
for a class of singular integral manifolds. If they exist,
it is possible by prolongation—the introduction of
more variables and more forms—to derive a new set
which is in involution with the required set x<.3:47
In this way one discovers variables, in terms of which
the desired solutions are obtainable from appropriate
Cauchy data. We, however, have been more concerned
with the converse problem: given a set of physically
motivated partial differential equations, to write an
equivalent set of forms which is in involution with
respect to the independent variables (i.e., a set whose
general integral manifolds are the desired solutions).
In all the cases below this has been achieved, as we
have verified by detailed application of Cartan’s
criteria. (There is, however, one delicate point. If the
ideal of forms does not have the additional property
of being complete,® it can happen that the ideal may
be augmented with some additional forms, giving a
larger ideal that still leads to all the solutions of the
same set of partial differential equations.) Indeed we
believe involutory sets to be achievable for the partial
differential equations of any well-set physical theory.
All this may well be the mathematical basis for the
otherwise somewhat mysterious need for introduction
of certain sets of “extra” variables in physical theories
(such as in general relativity, where we refer to the
Riemann tensor components) whose partial differ-
ential equations would seem otherwise strangely
incomplete. Further insight into this remark comes
also from consideration of the structure of Maxwell’s
equations, as we will discuss later.

With the involutory property, then, we regard the
differential ideals as precisely equivalent to—or
giving a geometric form to—the structures of the
equivalent sets of partial differential equations
immediately derivable from them. Both the general
and singular solutions of a set of partial differential
equations must partake of the invariance group of the
collection of geometric objects described by the
equivalent ideal, and it is such groups and their gen-
erators that we investigate and use to discover special
solutions.

IV. THE ISOGROUP

We write a set of forms in #-space asw;, i = 1, - - ;
the ith form w, is taken to be of degree p,. We then
require that the ideal be invariant under the continuous
dragging transformation (or mapping, or diffeo-

morphism) generated by the vector field ¥, by writing
£w, = No,. “@
v j

655

The sum includes only forms w; for which p; < p;
(thus including w; itself). A! is an arbitrary form of
degree p, — p,. V is a contravariant vector field in
the space of n dimensions, and is to be considered as a
function of all n variables (i.e., n — p “dependent” and
p “‘independent”).

A set of Lie increments e £, w; represents simul-
taneous infinitesimal changes in all the objects w,
equivalent to the “active’ coordinate change, or point
transformation,

'x# = x* + eV* (e infinitesimal), (5)
of the background coordinatized n-manifold. Requir-
ing these increments of the set of w; to produce no
change in any of the integral manifolds (which clearly
preserves the form of the original system of partial
differential equations) is thus the same as having the
equivalent active point transformation take all
solutions simultaneously into other solutions. Clearly,
the most general way to achieve the former is with
Eq. (4), which asserts that the increments of w; are in
the ideal, and conversely; in Cartan’s terminology, the
w; and the transformed w; are algebraically equivalent
sets and the ideal is unchanged.

To explicitly find the invariance group, we expand
Eq. (4) in terms of basis p,-forms (products of p;
1-forms, usually the dx’). This is done with the aid of
the identities for forms (1)-(3). We then equate
coefficients of the basis p-forms to zero and alge-
braically eliminate the components of the A]. This
yields a system of linear partial differential equations
for the components of the V, which can usually be
solved in a straightforward fashion.

We denote a solution ¥ an isovector of the ideal and,
finding all such, consider the transformation group, or
isogroup, which they generate, and its Lie algebra. If
the N, say, distinct isovector fields are labeled by a
subscript 4, B = 1,2, -+, N, the structure constants
of the group follow from

[VA7 VB] = CSBVC-

One may ask: Cannot this all be done in indicial
notation without ever introducing forms? The answer
is, of course, yes; in fact, invariance groups have been
computed traditionally in essentially this way.}:2
However, it seems to us in practice that the use of
forms usually enables calculation to be carried out
more quickly and easily and that recognition of the
n-dimensional geometric structures involved can be of
great heuristic value in discovering special classes of
solutions.
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V. SPECIAL SOLUTION SETS

We now mention several ways of using the iso-
vectors to generate additional forms which, when
adjoined to the original set, give an augmented ideal
whose solutions are in some sense special: A subset of
the general solutions of the original set. It can happen
that such a restricted problem is soluble in exact terms,
whereas the general problem is not. It can also happen
that a suitably restricted problem may have con-
siderable physical interest by itself. It seems that any
way of finding suitable restrictions—i.e., discovering
augmented ideals which still have nonempty sets of
solutions—must closely depend on similar uses of the
isogroup.

(1) Invariant subspaces (or varieties) of the iso-
group are described by degeneration of the rank of
the matrix of V%. Here u =1, -+, n are labels of
coordinates in the space of forms,and 4 =1,--+, N
are labels of the isovectors. These varieties are taken
into themselves by the transformations of the group?;
hence any integral manifold specialized to be immersed
in such a variety continues to be so immersed when
transformed—there then being a set of such special
solutions. They annul an augmented ideal including
the 0-forms of the invariant variety and their exterior
derivatives. For reasons that will become apparent
when we discuss Maxwell’s equations, we can call
such solutions “algebraically special.”

(2) A generalization of this is to search for all other
sets of forms which, when adjoined to the original
ideal, give an augmented ideal which (a) is still in
involution with respect to the desired independent
variables (this, however, may be achievable by
prolongation) and (b) has an isogroup which includes
all the original isovectors and so is at least as large
as the original isogroup (an exception to this last
could be made, if physically a subgroup of the original
isogroup were deemed most significant and alone
were required to be preserved). How to achieve this
in general, by systematic search, is not clear to us.
We find an example of such a process, however, in the
discussion of the vacuum Maxwell equations.

One possible way to achieve the above is clear if the
Lie algebra of the isogroup (or one of its subgroups)
has an ideal—i.e., if the isogroup has an invariant
subgroup. The ideal of forms then may be augmented
by contractions of some or all of them with all the
isovectors in the ideal of the isogroup, and we will
show that the resulting augmented ideal of differential
forms will have an isogroup certainly not smaller,
and even perhaps larger, than the original isogroup
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(or subgroup). The subset of solutions thus singled
out may have quite interesting additional physical
symmetries. Let ¥, represent the isovectors from the
ideal of the isogroup and ¥ be a generalisovector. From
the original ideal of forms, we choose a closed set w;
such that £, w; is in the ideal w; (this may be the entire
original ideal), and augment the ideal with the con-
tracted forms w,; = V4 _| w;. The augmented ideal
is still closed, since from Eq. (3)

do ;= £, — V, _{(dw,);

Fa

(6)

the first term on the right is in the ideal of w,, since
V4 is an isovector, and the second term is clearly in
the augmented ideal. To prove our assertion about the
isogroup, then, consider [using Eq. (3)]

foa=£tV, Jo,=WV, V] lo,+V, |fw;
v 12 116

(7
since ¥, is an ideal, [V, V,] belongs to V; by

hypothesis £, w; is in w,, so that the second term on
the right side belongs to w 4; and so that any ¥ will still

- bean isovector of the augmented set.

(3) If we are willing to search for a class of solutions
no longer invariant under the isogroup, we can, from
a single isovector ¥V, taken from the general solution
of the linear equations (4), obtain a set of forms

g, = V__J w;.

(It should be noted that, since such a V is a super-
position of the generators, it contains N arbitrarily
chosen parameters.) Then

£o,=£V Ju,=V _|£w,
V v vV
=V I3 Mo,
7
=3 _Mw; + 3 (—1)"*io,.
7 j

Thus, since the ideal w, is invariant under V, the
augmented ideal {w;, 0,} is also invariant under this
particular ¥ (but not under the rest of the isovectors).
This suggests that we may annul the augmented ideal
{w;, 0;} to find (a nonempty) class of special solutions
of the original equations. By imposing independent
variables one recovers the original set of partial
differential equations from the w,, plus an auxiliary
set from the ;. Of course, one can too severely limit
the solutions by imposing arbitrary auxiliary con-
ditions; but by imposing just the set found using one
particular, but arbitrary, isovector in the above
manner, we find the most general so-called ‘“‘similar-
ity” solutions of the original set. They functionally
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depend on the ratios of the N parameters in V. This
technique is especially appropriate when one is also
dealing with boundary conditions invariant under a V.

(4) Finally, this last method suggests a sometimes
useful generalization of the isovectors themselves. In
the typical case we have considered, the isovectors are
first found from the original set of forms and then are
contracted with these forms to get new forms. How-
ever, these new forms could have been included as
part of the original set, although their exact expression
was not known since ¥ has not yet been found. Thus
we can augment the original set of forms with con-
tracted forms constructed with a generalized iso-
vector—one which itself preserves only the augmented
ideal:

£ ;=2 Ao, + 2 plV o, ®)

v i i
The u are forms of degree p;, — p; + 1. It appears
possible to make a variety of restrictive choices of the
ui; in fact, leaving them too free can result in V being
undetermined. We are not convinced that any class of
solutions defined in this way will have much intrinsic
physical interest, but if boundaries are also involved,
this procedure may be appropriate. Indeed, we will
show later that certain recently found “‘nonclassical
similarity solutions™ discussed by Bluman and Cole
can be constructed in exactly this way.

VI. EXAMPLES
A. The One-Dimensional Heat Equation

We have

Here and in the rest of the section, lower case
Latin subscripts denote partial differentiation, as does
subscript .

To convert this to a set of differential forms, we
first reduce it to a first-order set by defining new
variables: ¥ = y, and y = y,. The given equation is
now y, = u.

The set to be annulled has one l-form and two
2-forms:

a=dy —udt — ydr,
do = —du dt — dy dx,
B =udxdt — dyadt.

The number of variablesn = 5: ¢, x, p, u,and y. By
taking the outer derivative of 8, the derived form is
found to be in the ideal of «, da, and §, so that the set
is closed.

The set is in involution with respect to x and ¢, and
gives back the original partial differential equations if
we impose independence of these variables, requiring

(10)
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the sectioned forms to be annulled by elements of a
2-manifold in which dx and dt are independent forms.
By substituting du = u, dx + u, dt, etc., into o, this
gives u = y, and y = y,. Next, if we section do, we
have

da = —(u, dt + u, dx)dt — (y,dt + y, dx) dx
= (yt - uo:) dx d”

so that annulling gives y, = u,, the correct integrability
condition. Finally, sectioning § yields

B = (u—y,)dxdt,
so that annulling gives u = y, as above.

We now find the isogroup by requiring that the Lie
derivatives of «, dx, and § with respect to a vector
field ¥ be in the ideal of «, da, and 8. The general
isovector V is to be considered a function of all five
variables. We give the calculation in detail to demon-
strate the method. We consider first

£o = Aa.
e

(1

No other term on the right-hand side is possible since
a is the only 1-form. We treat this with a trick (which
can be used when there is a single 1-form). Write

F=V _|a (12)
From Eq. (3) we have
§a=VJda+d(V _la)s
I V _lda = Aa — dF. (13)

Expanding on the basis of 1-forms dy, dt, du, dx, and
dy, we have
—Vedt+ Vidu — VVdx + V= dy
= Mdy — udt — ydx) — F,dt

— Fydx — F,du — F,dy

— F, dy.
From Eq. (12) we get

F=V¥=uVt— yye

We equate coefficients of each basis form to zero,
eliminate 4, and solve for the V:

V®= —F,, Vi= —F,,
V¢=F,+uF,, V¥=F,+ yF,,
V¥ =F — uF, — yF,.

(14

If we take the exterior derivative of Eq. (11), we get
£de = (d)a + Ada; (15)
e

thus £ do is already in the ideal. We need only
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consider £, 8 to complete the calculation. We put

£ =¢84+ wa — { da, (16)
ot

where &, {, and o are arbitrary 0-, 0-, and 1-forms,
respectively. We may require that w have no dy term
without loss of generality. Expansion of Eq. (16) yields

Vidxdt +udVedt + udx dVt — dVvdt — dy dV?
= & dx dt — dy dt) + {(du dt + dy dx)
+ (Adt + Bdx + Cdu + Ddy)

X (dy —udt — ydx). (17)

£, ¢, A, B, C, and D are arbitrary and are to be
eliminated. The expression dVi, i = x,t,y, is here
just an abbreviation for Vidt + Vidx + V,dy +
Vi du + V, dy. The equations obtained by equating
coefficients of all 2-forms to zero are

Ve+ulVi4+ V) —V,= Eu+ Ay — Bu,
uVi=V=:=1{_{— Cu,
uve — V¥ —Vi= —£& — Du,
w = CyuVi+ vi=—{+ by, ¥
V=0, —uVi+ V=4,
uVvi,=B8, 0=C, —V,=D.
Solutions of Eqs. (14) and (18) now yields
V= 2kgt® + 2kt + k,,
V& = 2kgtx + kyx — 2kst + ks,
V¥ = (—kex® + ksx — Skgt + kg — 2k, )u
+ 2(ks — kex)y — key + &) (19)

V¥ = (—kex® + ksx — 3kgt + kg — k)y
+ (ks — kex)y + g,
VY = (—}kex® + kex — ket + ky)w + g,
where g = g(t, x) satisfies g,, =g,. The k,, i=
1,---, 6, are constants.

We have six parameters and one (somewhat)
arbitrary function. If we set all but one of these equal
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to zero, the remaining one describes an independent
generator of the invariance group. There are thus
seven separate generators (the last one actually com-
prising an infinite family of generators), which we
summarize in Table I. Rows 1-6 are characterized
by k; g, Tow 7 by g. A description of each type of
transformation is provided where feasible. It should be
noted that this particular group has been known for
many years.?

Generators 1-4,and7 are in fact obvious from direct
inspection of the heat equation; 5 and 6, however,
might not have been anticipated. Generators 3 and 7
result from the linearity of the equation: It is an
advantage of the present approach that even were the
linearity not apparent, it would become so through
the isogroup structure.

Similarity solutions of the heat equation are found
by taking one particular (but arbitrary) generator V'
of the isogroup (omitting No. 7, however) and defining
new forms:

F=V _Ja, 0=V _]dx, o=V _|B (20)

We ask that the solution 2-manifolds annul these
forms as well as «, do, and S.

The adjoined O-form F is the same F appearing in
Eq. (12) (but now for our particular ¥). Thus the
similarity solution 2-manifold is described by setting

@D

where we have substituted v =1y, and y =y,
relations true on that manifold. As might be expected,
annulling 6 merely yields 0F/0t = 0F/0x = 0. Finally,
annulling o yields the known equations u, = y, and
Ve = U.

From Egq. (19), # and y do notappearin V¢, ¥*, and
V¥, so that we have a quasilinear partial differential
equation for y as a function of x and ¢, Eq. (21), to be
solved in addition to the original heat equation. The
general solution is of the form y = H(x, £)G(),
where 7(x, t) is a “similarity variable” and G(7) is
arbitrary. H and 7 involve the n — 1 = 5 ratios of

F=VY—=Vhy — Vo, =0,

TaBLE I. Isogroup of ¥ = y: (4 = yi, y = y,).

No. W ye 144 & Vv Description
1 1 0 0 0 0 time translation
2 0 1 0 0 0 space translation
3 0 0 ] u y w scale change
4 2t x 0 —2u -y ¢, x scale change
5 0 -2t Xy 2y + xu v + xy Galilean transformation
6 2¢2 2xt —(3x2 + )y —3x%u — Stu —3x%y — 3ty
—2xy—y —xy
7 0 0 £ &t j: addition of arbitrary

solution
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the parameters in V. Substitution into the original
heat equation results in an equation for G. Explicit.
forms for 7, H, and G are given by Bluman and Cole,
in a recent careful discussion of similarity solutions of
this equation.?

Finally, as an example of similarity solution by
generalization of isovectors, we can modify Eq. (16)
by writing

£ = —{da+ & + wo + 70. (22)

v
We have added an additional term 70 = 7V _| da,
where 7 is an arbitrary I-form, and wish to solve this
equation for V—now a generalized isovector. Equa-
tion (11) for o we preserve unchanged. We use Eqs.
(14), as before, for the V¢ in terms of F. Elimination
of &, {, w, and r produces ore equation for F:

0=F,(F,+ yF, + qu)Z — 2F(F, + yF, + uF))

X (UFuy + yFu, + Fou)

+ Fu(—F, + Fop + 2uF,, + 2yFuy, + 2uyF,,

+ u*F,, + y°F,). (23)
From any solution of this equation, we can find the
five V. We must realize, however, that in general V?,
V&, and V¥ now will be functions of » and y and that
Eq. (21) will now give a nonlinear equation for .

Here we will content ourselves by further arbitrarily

requiring V¢, V=, and V¥ to be independent of wand y.
This requirement enables us to restrict F and to
break up Eq. (23) into parts. If we write Ve[V = 4
and V%[Vt = B, then we can show that 4 = A(x, t),
B = C(x,t)y + D(x,1), and

A, + 244, — A, = —2C,,
C,— C,, + 2CA4, =0,
D, — D, + 2DA, = 0.

(24)

These equations were obtained by Bluman and Cole
in another manner, which they denoted a “non-
classical” approach to similarity solutions. We have
obtained such solutions here by a more geometrical
method. Any solution of these equations, coupled with
the differential equations dx/dt = 4 and dy/dt = B,
yields a generalized similarity solution. The “classical”
case is the special case 4,, = 0.

B. The Vacuum Maxwell Equations

As for so many other considerations of theoretical
physics, these seem to furnish the illustration par
excellence for our present method. We are presented
with a set of eight partial differential equations in
n = 10 variables (n — p = six dependent, E,, E,, E,,
B,, B,, B,; p = four independent, ¢, x, y, z). We first
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label these in a straightforward way as x4, x5, x5, x7,
x8, x® and x°, x1, x%, x3, and clearly can write a set of
eight four-forms (in a general 10-dimensional mani-
fold)

dx® dx' dx® dx?® 4+ dx® dx® dx® dx?® + dx® dx® dx! dx?,
dx® dx? dx® dx® 4+ dx* dx' dx® dx® 4 dx® dx' dx? dx3,
dx® dx® dx® dx' + dx® dx? dx® dx' 4+ dx? dx? dx® dx',
dx? dx? dx® dx? + dx® dx® dx® dx? — dx® dx® dx dx?,
dx® dx? dx® dx® 4+ dx7 dx? dx® dx® — dx® dx! dx? dx3,
dx® dx® dx® dx! + dx8 dx? dx® dx' — dx* dx? dx® dx1,
dx7 dx? dx® dx® + dx® dx® dx dx® + dx® dx! dx® dx°,
dx* dx? dx® dx® + dx* dx3 dx' dx® + dx® dx! dx? dx°,
25)

from which, by imposing independence of x°, x1, x2,
and x3, we can immediately derive the original partial
differential set. This set of forms, however, is not in
involution according to Cartan’s criteria, so that the
desired solutions are singular integral manifolds.

It is interesting that the first six of these 4-forms,
however, do form an involutory system with respect
to x°, x1, x%, and x®. The isogroup of this system has 10
parameters in addition to the infinite part expressing
the linearity. The corresponding 10 isovectors generate
transformations of time translation, space-time scale
change, three-dimensional rigid spatial translation
and rotation, and scale change and duality rotation of
the E and B fields.

Adjoining the last two forms to the set does not
eliminate the possibility of any solution—as arbitrary
additional forms might. Rather, a subset of solutions
is selected—viz., the singular solutions describing
vacuum Maxwell fields—and we will next see in detail
how much broader is the invariance group of this
more restricted set. The last two forms are thus in an
explicit sense compatible with the first six—this is an
example of discovery of special subfamilies of solu-
tions, described by an augmented set of forms. This
particular example is, we realize, already well known
as the fact that the vanishing of the divergences of
E and B need only be required on a spacelike surface:
The curl equations then ensure it throughout.

The set (25) can obviously be systematically
completed and generalized to n = 12 by cyclically
adjoining terms in two new variables, say, E, = x1°
and B, = x1, e.g., to the first form add

dx10 dx3® dxt dx°,
to the fourth dx! dx® dx! dx°, to the seventh

dx® dx dx? dx3,
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etc. The resulting set is in involution, and in fact
expresses Dirac’s electron theory, for m, = 0 and no
applied field.’® The electron mass and applied field
terms can be included as coefficients of another term
dx® dx' dx? dx® adjoined to each form, without affect-
ing the closure and involutory properties. We hope to
treat more such general sets in a future paper.

To find the invariance group of the Maxwell set (25),
we find it more convenient to consider an ideal based
on the two 3-forms in 10 dimensions

o = dx? dx! dx® + dx® dx? dx® + dx® dx® dx°
+ dx7 dx? dx® + dx® dx® dx' + dx® dx! dx?,
B = dx"dx' dx® + dx® dx? dx® + dx® dx® dx°
— dx*dx? dx® — dx® dx® dx' — dx® dx* dx*.
(26)

The eight 4-forms first considered are in the ideal of
o and B. Moreover, a and 8 are in involution with
respect to x°, x!, x2, and x3, and so it is their general
integral 4-manifolds which give vacuum Maxwell
fields. Form equations equivalent to « and 8 have been
given frequently in recent literature,'! but it has not
perhaps been fully emphasized that these are best
regarded as geometrical constructs in 10-dimensional
space. We are not using moving orthogonal frames in a
Minkowski 4-space; indeed this last only emerges as
a part of the group structure which we find for
solutions, and is not given a priori.

To simplify the algebraic labor, we take advantage
of the permutation symmetry of « and f in dx?, dx?,
and dx® to introduce a complex 3-vector notation (but
with no presumption of any sort of 3-metric, the dot
product simply being notation for a sum of products
from 1 to 3). We define the following quantities:

h=E + iB,
7=°‘+iﬂ’
r=1x+jy + kz,

and will work with complex 3-vector differential forms,
using all the usual identities of vector-dyadic analysis,
but suitably modifying them to take account of the
noncommutativity of differential forms. For example,
for such forms we have

dr x dr = 2(1dy dz + j dz dx + k dx dy),

(27)

instead of zero.
Bearing these considerations in mind, we can write

the complex 3-form y as
y = dh . (drdt — }idr x dr). (28)

The 4-dimensional integral manifolds which annul this
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are solutions of the Maxwell partial differential
equations for vacuum. The isovector equation is

Ev=mw+w* (29)
where the star represents a complex conjugate and u
and » are unspecified complex 0-forms. The variables
are ¢, r, h, and h*. We write the isovector components
asT= V! R=V",and H = V" Rand Tarereal, H
complex. Then expansion gives

dH - (dr dt — }idr x dr)
+ dh-(dR dt + drdT — i dR x dr)

= udh - (drdt — }idr x dr)

+ vdh* .« (dr dt + }i dr x dv). (30)

In order to use this equation, we need several
algebraic identities involving vectors, dyadics, and
differential forms, which are presented here without
proof. In the following,A is a vector 0-form, Mis a
dyadic O-form, w is a vector l-form, m = }M x |
(the antisymmetric part of M expressed as an axial
vector), and | is the unit dyadic:

20(A W) = A X (0 X W),
(wM) x w=3KTrM) — M]: (v x w), G1)
w-Mwo=m:w x w,

w:-M:-wx w=2(Tr Mw,w,w;.

V will represent the operator @,0/0x?; V, will represent
#1,0/0hi. The @, are the orthonormal basis 1, §, k.
We consider first the thh* terms, which are

dh - (dh* - V,,R) = 0
or
dh* . Vh*R . dh = 0.

We may remove the dh* and the dh—the coeflicients
are separately equal to zero—to obtain

Vh*R = 0
and
V.R=0 (32)

by a complex conjugation. Thus R = R(¢, r) only. The
rhh* terms now are

(dh . dl')(dh* . Vh.T) = 0,
so that
V,.T = V,T =0. (33)

Thus T = T(¢,r). With these restrictions, the rhh
and rhh terms vanish.
The h*rt and h*rr terms yield

V,.H =2l = —l. (34)
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Thus v = 0 and H = H(z, r, h). The rrr term is
—Llidr-VH.dr x dr =0,

which yields
V-H=0. (35)
The rrt terms, after dropping dt, are
dr-VH:dr — LiH,dr x dr =0
or
WWxH.drxdr—4H,-drxdr=0,
so that
VxH-iH =0. (36)
The trh terms yield
V.H+ RV +IT, + iR, x I = ul, (37)
and the rrs terms give
V.H+ iV x 1 — VR + (V-R)l = ul. (38)

Subtraction of these equations results in

RV + VR + iR, — VT) x | + (T, — V-R) = 0.

(39)
Take real and imaginary parts:
R, = VT, (40)
RV + VR=(V-R - T)L (41)
The trace of the second equation gives
V.R=13T,. (42)

These equations can be recognized as conformal
Killing equations in a 4-space with 3-1 signature; the
solution depends on 15 parameters and is

R=a2+bt+c+dxr+ (2er + f)r
+ 2(a-1r)r — ar?,
T=r-Qat+b)+e(r®+13)+ft +g; (43)

a, b, c,d, e, f, and g are real constants.
It is now easy to integrate for H; the result is

H=hxu+hw +1(¢,1), (44)
where

u=2rxa—d—iat + b + 2er)
and

we=pu —2(2a-r + 2et + f).

[The h-curl of Eq. (37) shows that u = u(z, r) only.]
Substitution into Eqs. (35) and (36) shows that

Uxl—il,=0, V.1=0, (45)

and y is a constant (complex).

The complete group is thus characterized by 17
parameters and six functions (the 1). We summarize
the group as follows: Egs. (45), with Table II.
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TasLe II. Isogroup of the vacuum Maxwell equations. Meaning
of generators corresponding to parameters in Egs. (43) and (44).

No. Parameters Description

1 g time translation

2-4 c space translation

5-7 b Lorentz transformation

8-10 d space rotation

11 f space-time scale change
12-15 e, a conformal transformations
16 Re field scale change

17 Imu duality rotation

18 1 addition of arbitrary solution

The coordinate transformations may be written in
four-dimensional language as

VE = 2* 4+ Kx* + 9*%0,x" + 2o, x7)x*

- mu(n X rxv‘)’

(46)

where w,, = —w,, and the #,, is the Minkowski
metric.

The matrix V4, u=1,"--,10,4=1,---.17,is
in general of rank 10: The transformation group is
multiply transitive over the 10-space. The only
degeneracy occurs on the eight-dimensional submani-

fold described by

E-E—B-B=0 and E-B=0. 47)

That this is an invariant variety may be directly
verified by taking Lie derivatives with respect to the
isovectors. It is interesting that when the Minkowski
interpretation is made (i.e., that E and B are com-
ponents of a bivector F,, in a metric 4-space spanned
by x%, x1, x%, x%), these conditions appear as algebraic
specializations at a point, apparently not dependent
on the field equations.

C. The Korteweg—de Vries Equation!?
The equation is

Uy + uu, + ey, = 0; 48)

€ is a constant (usually small).
We write z = u,, w = u,,, and y = u,,. Then the
forms we need are
o =dz —wdx — ydt,
do = —dwdx — dy dt,
B = (du — zdx) dt,
y =dudx + uz dt dx — e dw dt.

“9)

The variables are ¢, x, u, z, w, and y. The invariance
group is given in Table IIL

It is of considerable interest to compare this group
with the isogroup of the same equation with ¢ = 0:
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Tabee I11. Invariance group of the Korteweg-de Vries equation.

No. V¢ v= p» V= v | 44 Type

1 1 0 0 0 0 0 time translation
2 0 1 0 0 0 0 space translation
3 3 x —2u -3z —4w —6y x,1scalechange
4 0 ¢ 1 0 0 —w  Galilean
transformation

u, + uu, = 0. This latter isogroup is given by

Ve = f(u, x — ut),
Ve —uVt = tf (u, x — ut) + g(u, x — ut). (50)

V't is a completely arbitrary function of ¢, x, and u;
fand g are arbitrary functions of their arguments. The
inclusion of the € term drastically reduces the isogroup
of the equation. '

Choose an arbitrary isovector V. We may without
loss of generality adjust the ratio of generators 1, 2,
3,and 4 in V to be —3¢y: —(x + 2¢,U):1:2U, where
ty, X, and U are constants. With this choice, we
have V't = 3(t — t,), V* = x — xo + 2U(t — t;), and
Vv = —2(u — U). To obtain a similarity solution,
we annul the form ¥V _|f and obtain one new
equation:

Ve = Veu, + Viu,. (51)

Standard integration yields
u— U= T-3F(y), where n=T-}X—UT),

and

X=x-—-x0, T=t"-t0.

Substitution into the Korteweg-de Vries equation
itself now shows that F satisfies

eF" + F'(F—4n) —3F =0 (52)
Any F satisfying this equation yields a general simi-
larity solution containing the three parameters U, X,
and f,. A trivial solution is F = 7, which leads to
u=X|T.

We did not explicitly include df and dy in writing
the closed set of forms to be annulled, since these
3-forms are quickly seen to be in the ideal. This,
however, raises the question whether closed 2-forms,
say d{ and dé, algebraically equivalent to § and y,
cannot be found, in terms of which the set of forms
would even more obviously be closed. This question is
also of interest because of the contact it makes with
the discovery of so-called conservation laws of the
original partial differential equation. From Stokes
theorem we have ¢ { = [ d{, where the first integral is
over a closed curve bounding the 2-manifold of the
second integral (remember, we are in a six-dimensional
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space). Under the second integral we may place the

section (’1\5 of the 2-form with the manifold, and if the
2-manifold is such as to annul the 2-form—i.e., a
solution of the partial differential equation—this last
vanishes. We are left with the relation § { = 0 in the
solution manifold. By setting { = Xdt — T dx—
where X is zero at the ends of some interval in line
integration around a rectangular path in x, ¢ space—it
follows that the quantity I = | T'dx will be time
independent. We have not searched for all such pos-
sible forms {; we have, however, found those special-
ized to be of the form { == Xdt — Tdx, by
writing
dl = py + Ada + of + A«,

where u, 4, and oareunknown O-formsand A a 1-form,
and integrating the resulting linear partial differential

equations. There are five distinct solutions, which
may be linearly superimposed:

A, X =ew+ b,

T =u,
al = —y + up;

B. X = —euw + }ez® — $u’,
T = —}u?,

dl = uy — (ew + u)B + eza dt;

C. X = yu — tew® — ywu® — (1/8e)u’,
T = —wu — }z% — (1/6e)u?,
di = [w + (129u®ly + [y ~— wu — (1/2)u’1p
+ zoodx — u do;

D. X = ewx — ewut + ezt — ez
+ Ixu® — i,
T = xu — }tu?,
dl = (tu — x)y + (—ewt + xu — tu®)p
+ ezt — Do dt;

96 3¢
E X=24,2,
o 7%
_ 9 94
T==%% Yo
d¢
d (aza)’

¢ is an arbitrary function of 7, x, and z. The
first three of these correspond directly to the first three
conservation laws in the second of Refs. 12; the fourth
is apparently of less interest because the independent
variables x and ¢ occur in X. We see this process as a
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generalization of a search for traditional first inte-
grals—O0-forms whose exterior derivatives are in the
differential ideal-—to higher order.

D. One-Dimensional Compressible Fluid Dynamics

We consider isentropic flow, so that the pressure P
is a function of density only: P = P(p). With the usual
definition of sound speed, ¢ = (dP/dp)}, the equations
are

p: + piy + up, =0,
puy + puu, + Csz = 0.

We write these equations as the 2-forms

a=4dpdx — pdudt — udpdt,

f=pdudx — pududt — c*dp dt. (53)

The variables are ¢, x, p, and . The isogroupis givenin
Table IV. F and G are functions of p and u and obey
(subscripts denote derivatives)

G,=F, and p*G, = c’F,, (54)
yielding
c*G,, — p*G,, = 0.

One notes the interchange of dependent and inde-
pendent variables—with consequent linearization. In
fact, we have exactly performed a hodograph trans-
formation. The hodograph equations result from
imposing independence of p and u in Egs. (53):

Xy + pt, —ut, =0,

px, — put, + ¢, = 0.
Substitution of x = uFfp — G, t = F|p, where F
and G are functions of # and p, yields again Egs. (54).

E. The Lambropoulos Equation
The equation is

P, + axP, + byP, + cxyP + P, =0; (55

a, b, and c are constants. This equation has been
recently discussed by at least five authors.’® We define
U=P,and Q = P,, and consider six variables ¢, x,
y, P, U, and Q. We write the differential forms to be

TasLe IV. Isogroup for one-dimensional compressible fiuid

flow.
No. (& ye ve pu Type
1 t x 0 0 ¢, x scale change
0 0 1 Galilean
transformation
F uF Hodograph
3 e G 0 0 transformation
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annulled as
6 =(dP— Udx —~ Qdy)adt,
db = —(dU dx + dQ dy) dt, (56)

and
¢ = [dU dt — dP dy
+ (axU + byQ + cxyP) dy dt} dx.
The isogroup turns out to have the following structure:

V®=f+ xg,
V'=1+4 ym,
VP =r + Ps,

V*=U(s — g) + r, + Ps,,
Ve =Q(s — m) + r, + Ps,,

V‘=f(g+m)dt+6,

7

where f, g, I, and m are functions of ¢, d is a constant,
and r and s are functions of ¢, x, and y. These functions
obey the equations (a prime denotes differentiation
with respect to )

(g+m)' ~ [(a+ b~ 4clg + m) =0,
(g —m) = (a—b)g+ m),
f'+ b —af + (c—ab)f =0,

"4+ (@—b)' + (¢ —ab)l =0,
Iy + axr, + byr, + cxyr +r, =0,

s, =1+ ym' — bl — by(g + m),

s, =f"+ xg' — af — ax(g+ m),

s; = 2(ab — c)xy(g + m) + (@b — c)(xl + yf)
—ax(I' + ym")y — by(f’ + xg’)
+a(g+m —g"

The addition of an arbitrary solution is given by r.
To detail the other transformations, we write
he = —}@a+b) £ (e + b — o),
and note that
M+l=—(a@+b) and Ai =c
We then have two cases. Note that in each case we have
nine parameters: «, 8, ¥, 6, 4, v, £, 5, and k.
Case 1: Ay # Ay

g=7v+ala+ A)eM 4 f(b + A)e it
m= —y + a(b + A" L Bla 4 i)e"PrA,
f= ﬂe(a+l1)t+ ,‘}e—(bﬁ—}.l)t
| = Ee(b+11)t + ne—(a+l,)t’
§ = (ll — }'2)(a}.le().1—lg)t + ﬂzze—{).p—lg)i)xy
+ (Slle(b-‘.ll)t + nl2e—(a+ll)t)x
+ (ﬂlle(a+21’t + vlze—(b’f—ll)t)y
— alle(ll'—}-g’t + ‘Blze‘(ll-—lz)t + k’

(58)

(39
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so that
I/‘t = 6 + ae(lr—iz)t — ﬂe—(ll—lg)t.

Case 2: by =y = A:

g =2t + 8+ (a — b)a® + BH) + y,
m=2at + f — (a ~ b)(atf® + f1) — y,
f=(u + v)eori
e = (5 + nt)e—(a+}.)t, (60)
s = 22t + A8 + W)xy + x(n + A& + Int)e~ Pt
+ y(v + Au + Avf)elatit
— 2(Aat + A8 + @)t + K,
SO that

V= 2u® + 2Bt + 6.

We summarize the significance of the parameters in
Table V. There are no invariant varieties.

For similarity solutions, set r = 0 and adjoin the
forms contracted with a general isovector. Only one

equation now results:
VP = VP, + V'P, 4+ V°P,, (61)

which is quasilinear. The standard integration pro-
cedure gives

dx _f+xg

dt vt

dy 1+ ym

L 62
dt 1’4 (62)
P _ s

dt 148

Similarity variables are

w = —L + X/M,
and

z=—H+ y/Q, (63)

TaBLE V. Invariance group parameters for the Lambropoulos
equation.

Parameter

Z
P

Type

time-dependent scale change in x, y
time~dependent scale change in x, y
constant scale change in x, y

time translation

time-dependent translation in y
time-dependent translation in y
time-dependent translation in x
time-dependent translation in x
scale change in P

addition of arbitrary solution

[ N NV SRR S
TARTT ISR DR

[
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where
M = exp (J(V")“g dl),
Q = exp (f(Vt)“lm dt),
QM = V), (64)
L=[ovoyar
H= f (VY1 dt.
Also,

P = F(w, z) exp (Awz + Bz + Dw 4+ E), (65)

where
A=m— bV

B =L(g ~ aV*) + MY,
D = H(m — bV') + Q7Y,

E =fdt[LH(m — bV (66)
+ L(V'H" + VV'H' + mH’)
+ H(V'L' + VYL + gL)
+a+ (VYK - 9l
where
K=k+ vy —ad, Casel,
=k+y+p—ad, Casel
The equation for Fis
F,,~ CwF,+ TF=0, 67)
where
C =2y — (a— b,
P'=Gwz+nw+pz+gq,
and

G =y + yi(b — a) + 0*c — ab).

The slight asymmetry in this equation is caused by the
slight asymmetry in 4 above. p and # are integration
constants resulting from the L and H quadratures. g
is a combination of constants p, n, K, the isogroup
parameters, and a, b, and c.

A readily soluble subcase (given here for Case 1) is
obtained by setting
Then F = Fj(w) + Fy(z). One has a six-parameter
(o, B, &, n, u, v), two-arbitrary-function (F, and F,)
solution of the original equation. In this case, one has

_ Vt(Q—ll)/
af(hy — 2)*’
_ Yoy
af(ly — Ap)’ ,
k= —af(l; — LP’LH + (V)71
and k is guaranteed to be constant.
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TasLE VI. Isogroup of the Einstein~-Maxwell cylindrical wave equations.

No. t r 17 C A B F [ Type
1 1 0 0 0 0 0 0 0 time translation
2 t r 0 0 —A —B ~F -G r, t scale change
3 0 0 0 1 0 0 0 0 potential translation
4 0 0 1 C 0 0 F G U, C scale change
5 0 0 C }(C? — &) F G CF — Ae* CG — Be

The two special solutions reported by Neuringer'?
are special similarity solutions for which f=1=0,
f=0,a=—0%#0, and K = either 0 or —26(4, —
22)-

F. Einstein-Maxwell Cylindrical Wave Equations

Cylindrical wave equations for combined gravita-
tional and electromagnetic fields have been presented
before by one of the authors* in connection with
solution generation methods in general relativity:

U + (1N, — U, = eY(CE = Cp),

Cor + (/NC, = C,, = 2C,U, — CU). (68)
¢*U is a metric coefficient (gravitational potential); C
is an electromagnetic potential.

IfwewriteA =U,,B=U,,F=C,,G=C,,and
include U and C in our set of variables, we obtain the
following differential forms:

«=dU — Adt — Badr,
B =dC — Fdt — G dr,

do = —dA dt — dB dr,

df = —dF dt — dG dr,
y = dBdt + dA dr — [e *Y(F% — G?) — BJr]dr dt,
8 = dG dt + dF dr — [2(BG — AF) — G/r] dr dt.

(69)

The isogroup has five generators, as shown in Table
VI

We see from this table that the isogroup breaks
naturally into two subgroups, which respectively
transform only the original independent (7,r) or
dependent variables (U, C). The first subgroup is
quite trivial; the second is a multiply transitive group
on (U, C) space which turns out to be integrable.
Integration of dUJdr = VY and dCldr = V° yields
finite transformations which can be put in the form

C = —_—,
§+(C—-17)2+V2
) v

V= Ty (10)

U

where V = eV, V' = ¢V and &, 7, and { are constants.

These equations generate new, physically distinct,
solutions from old; they are implicit in the previous
work, where they were found by a different approach.¢
A discrete transformation, C' = —Cand V' = V, was
also presented there, and is indeed obvious from Egs.
(68). We do not find it with our present approach
because it cannot be obtained by a continuous
transformation from zero.

We list here, for completeness, 1-forms { whose
exterior derivative d{ is in the ideal (analogous to the
treatment for the Korteweg-de Vries equation). We
write { = Rdt — Tdr and give four solutions. The
d{ are not listed since they are rather long.

A. R =2r(FGe?V 1+ 4B),

T = —re ?Y(F* 4+ G®) — r(4* 4+ B%);
B. R =rGe?Y,
T = —rFe?Y;
C. R=r(?YCG + B), n
T = —re*UCF + A);
D. R=r(C% — 1)G + 2BC],
T = —r[(C% 2V — 1)F 4+ 2AC].

For each of these there is an integral conservation
law for Egs. (68).
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The existence of gravitational fields of Petrov—Penrose type [4] in the presence of a perfect fluid is
established. In particular, the general type [4] solution of the Einstein field equations with a perfect fluid
as source is obtained subject to the restriction that the repeated principal nuil congruence of the Weyl
tensor is geodesic. The line element is expressed in terms of four arbitrary functions of a single variable,
and in general admits no Killing vectors. The fluid flow is irrotational, but has nonzero shear, expansion,
and acceleration. The physicaily reasonable requirement 0 < p < A4, where p is the fluid pressure and A4
the rest energy density, is imposed, and restricts the domain of validity of the solutions to a certain extent.
In addition, it is shown that the stronger condition 0 < p < A/3 excludes certain of the above solutions
and further restricts the domain of validity of the remaining ones.

1. INTRODUCTION

At any point P in space-time,the Weyl conform
tensor (assumed nonzero) defines a set of four direc-
tions (possibly coincident) along the null cone at P
which satisfy!

kioChyoarek ik k* = 0,

called the gravitational principal null directions
(p-n.d.’s). A gravitational field is said to be null or of
Petrov-Penrose type [4] in some region if all the
p-n.d.’s coincide in that region. The resulting p.n.d.
then satisfies?

Capeak® = 0. (1.1)

Gravitational fields of this type have been inter-
preted as a simple form of gravitational radiation
propagating along the congruence of null curves to
which the repeated p.n.d. is tangent.>~* For a source-
free field (i.e., zero Ricci tensor) the Goldberg-Sachs
theorem® asserts that this congruence, called the
principal null congruence (p.n.c.) of the type [4]
gravitational field, is geodesic and shear-free.

In this paper we consider type {4] gravitational
fields with a perfect fluid as source. Such fields have
been considered by Kundt and Triimper* and by
Szekeres,® who derived some general relationships
between the p.n.c. and the fluid congruence, but
obtained no explicit solutions.

The Einstein field equations with a perfect fluid as
source read®

Rab - %gabR = —[(A + p)uaub - pgab]s

uu, = +1, (1.2)
where u, is the fluid velocity, 4 the energy density,
and p the pressure of the fluid, which we take to

satisfy the inequalities
0<p<L A (1.3)

The signature of the metric tensor gg, is (— — — +).

We will show that, for type [4] solutions of (1.2),
the p.n.c. cannot be geodesic and shear-free, as in the
vacuum case. We therefore consider type [4] solutions
for which this congruence is geodesic, but has nonzero
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1. INTRODUCTION

At any point P in space-time,the Weyl conform
tensor (assumed nonzero) defines a set of four direc-
tions (possibly coincident) along the null cone at P
which satisfy!
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(p-n.d.’s). A gravitational field is said to be null or of
Petrov-Penrose type [4] in some region if all the
p-n.d.’s coincide in that region. The resulting p.n.d.
then satisfies?

Capeak® = 0. (1.1)

Gravitational fields of this type have been inter-
preted as a simple form of gravitational radiation
propagating along the congruence of null curves to
which the repeated p.n.d. is tangent.>~* For a source-
free field (i.e., zero Ricci tensor) the Goldberg-Sachs
theorem® asserts that this congruence, called the
principal null congruence (p.n.c.) of the type [4]
gravitational field, is geodesic and shear-free.

In this paper we consider type {4] gravitational
fields with a perfect fluid as source. Such fields have
been considered by Kundt and Triimper* and by
Szekeres,® who derived some general relationships
between the p.n.c. and the fluid congruence, but
obtained no explicit solutions.

The Einstein field equations with a perfect fluid as
source read®

Rab - %gabR = —[(A + p)uaub - pgab]s

uu, = +1, (1.2)
where u, is the fluid velocity, 4 the energy density,
and p the pressure of the fluid, which we take to

satisfy the inequalities
0<p<L A (1.3)

The signature of the metric tensor gg, is (— — — +).

We will show that, for type [4] solutions of (1.2),
the p.n.c. cannot be geodesic and shear-free, as in the
vacuum case. We therefore consider type [4] solutions
for which this congruence is geodesic, but has nonzero
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shear. Section 2 contains a discussion of the well-
known properties of congruences of null geodesics.
In Sec. 3 the discussion is specialized to the case
under consideration, and the dependence of the
expansion and shear of the p.n.c. on an affine param-
eter is derived. The general line element is given in
Sec. 4, and some of its properties discussed in Sec. 5.

2. PROPERTIES OF NULL GEODESIC
CONGRUENCES

In discussing the properties of a congruence of null
geodesics, it is convenient to use a null tetrad? (k*, n®,
m®, m%), where k* and n® are real null vector fields, m*
is a complex null vector field, and m® is the complex
conjugate of m®. The orthogonality properties of these
vectors at any point are

k*m, = k°m, = n°m, = n°m, = 0,

k'n, =1, m°m, = —1.

(2.1)

It follows that the metric tensor g,, can be expressed
in terms of the null tetrad as

8ar = kony + kyn, — myi, — myi, .

2.2)

The real vector field k° is chosen to be tangent to the
given congruence of null geodesics. The remaining
freedom in the choice of null tetrad is described by’

k* = Rk®, m® = &S(m® — RTKY),

i® = R7'n* — Tm® — Tm" + RTTk®, (2.3)

where R and S are arbitrary real functions and 7 is
complex.

The geometric properties of the null congruence
are then described by the complex scalars

p = koym®i®, o = ky,m*m’, (2.4)

which, under (2.3), transform according to

p = Rp, &= Re*Sg. (2.5)

The real part of p is called the expansion, the imaginary
part the twist, while the absolute value of o is called
the shear. By means of a tetrad transformation (2.3)
with § = T = O,we can ensure that the tangent field k°
corresponds to an affine parameter on the congruence.
We then have the following expressions for the
geometric scalars’:

p+p=—k,
(p — P)* = —2kpgpk™,
06 = Hk@nk® — $(k%)’1-

These quantities have a simple geometric interpreta-
tion. Intuitively speaking, if ¢ 5 0, a small circle will

(2.6)
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be deformed into an ellipse as one follows the null
geodesics. On the other hand, ifc = Oand p + 5 # 0,
the radius of a small circle will change along the
congruence. Finally the vanishing of p — 5 is a
necessary and sufficient condition for the null geo-
desics to generate null hypersurfaces.®
Equations governing the behavior of p and ¢ along
the null geodesics may be derived by contracting the
Ricci identities
ka;bc - ka;cb = dedabm

with m®®m® and m°®m°, and substituting from (2.6).
One obtains, after specializing the tetrad so that®

My, k® = 0, Q.7

the following equations'®:
Dp = p? + oG + Dy, (2.8)
Do = (p + p)o + ¥, 29

where D = k°0/0x® denotes differentiation along the
congruence, and

CDOO = —%Rabkakba

‘P‘o = ""Cabcdkambkvmd.

(2.10)
(2.11)

3. PROPERTIES OF THE NULL GEODESICS

We apply the results of the preceding section to the
p-n.c. (assumed to be geodesic) of the type [4] perfect
fluid space-time. First, Eq. (1.1) implies!*

¥, =0. (3.1

Furthermore, it is a consequence of the field equation
(1.2) and the Bianchi identities (as verified in the
Appendix using the Newman-Penrose'? formalism)
that the p.n.c. satisfies the restrictions

(3.2)
(3.3)

which are invariant under the tetrad transformation
(2.3). Equations (2.8) and (2.9) thus reduce to

Dp = p? + 400,

p =5

@00 = 30‘6,

(3.4)

(3.5)

In addition, by virtue of the field equations (1.2),
Eq. (3.3) can be written

Do = 2po.

(A + p)(k"u,)® = 604, (3.6)
which implies ¢ 3 0 in the presence of a fluid.
Furthermore, Eq. (3.4) implies p # 0.

On taking Eq. (3.2) into account, we can state the
following theorem,
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Theorem 3.1: If the principal null congruence of a
type [4] gravitational field with perfect fluid as
source is geodesic, then this congruence generates null
hypersurfaces, but has nonzero shear and expansion.

The coordinate system is now specialized so that
x!, x%, x* are constant along the null geodesics of the
p-n.c. and x® = r is an affine parameter along this
congruence. Then the tangent field £ is given by

k* = 6%, 3.7

and Eqgs. (3.4) and (3.5) may be integrated to yield the
r dependence of p and o. There are two distinct cases
to be considered.

Case I: p* — 406 = 0:

p=—1/@2r), o= —1/@r). (3.8)

Case II: p* — 406 # 0:
p= —rl(rt = k¥,
with & = k(x%, x%, x%).

o =k/[2(* — k3], (3.9)

We have used a coordinate transformation of the
form r' =r + f(x!, x%, x*) to eliminate the ‘“con-
stant” of integration and a tetrad transformation
(2.3) with R=1, T=0, and dS/or =0 [so that
(2.7) is preserved], to set ¢ = & [see Eq. (2.5)].

4. THE LINE ELEMENTS

We complete the construction of the coordinate
system as follows. Let the null hypersurfaces generated
by the p.n.c. (see Theorem 3.1) be given by v = con-
stant, and let £ and # be parameters labeling distinct
geodesics in these hypersurfaces. Then the quantities
(xt, x2, x3, x*) = (&, ,r,v), where r is the affine
parameter along the p.n.c. (introduced in the preced-
ing section), form a coordinate system which is
closely related to that of Robinson and Trautman.'?

It is convenient to use the tetrad freedom (2.3) with
R =1,5 = 0, to set m*u, = 0 so that u, is of the form

u® = (1/2B)k* + Bn®, (4.1)

where
B = u%k,. 4.2)

The simple r-dependence of p and o [see Egs. (3.8) and
(3.9)] now enables one to integrate the field equations
in Newman-Penrose form, in a manner similar to that
used by Newman and Tambourino, to obtain the
r dependence of the metric tensor, the fluid velocity,
energy density, and pressure, together with certain
equations relating the various “constants” of integra-
tion that arise. One finds, in agreement with a result
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of Kundt and Triimper,? that the fluid congruence is
hypersurface orthogonal. Furthermore, the coordi-
nates can be specialized so that the corresponding
family of hypersurfaces is given by r = const. It
follows, by virtue of (3.7) and (4.2), that

u, = BO?. (4.3)
In the above procedure, the function k(&, 7, v) of Eq.
(3.9) is transformed to be a positive constant'® k.
Class 1I necessarily divides into two subclasses Ila
and Ilb depending on whether p* — 405 < 0 or

p® — 406 > 0. The affine parameter r can assume the
values

0<r< oo, 4.9
0<r<k, 4.5)
0<k<r<ow 4.6)

inclassesI, ITa, and IIb, respectively. The line elements,
representing the general solution to the problem under
consideration, are given below.

Class I: p? — 406 = 0:
oH , \?
d2__§(d _Z—Q_d)
s° = —r*|d§ r 2 v

2
— (dn +2rt oH du)
on
+ 2H dr dv — B 2H® dv?,
where
B2 = 4[az(v)r5 + bﬂrg], b = const,
H = Ly(n, v) cos a(v)§ + Ly(7, v) sina(v)é,
with a(v) > 0 as a nonconstant function. The func-
tions L,(#n,v), « = 1,2, which are not permitted to
vanish simultaneously, are each expressed in terms of
two arbitrary functions E,(v) and F,(v) by'®
L,(n, v) = E,(v) cos [by + F,(v)],
The fluid pressure and energy density assume the form
p = @ria@) — 7b%],
A —p = 12b2r1,

b #0,
b=0.

4.7

In deriving this solution we have imposed the con-
dition p < 4 [see (1.3)]. If b = 0, the requirement
p > 0 is also satisfied for all permissible values (4.4)
of r with a(v) essentially!” arbitrary. However, if
b # 0, it is necessary to restrict the function a(v) and
the domain (4.4) of r according to 7528 < a*(v),
r < B, where 8 is an arbitrarily assigned positive
constant.
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Class Ila: p* — 406 < O:
oH , \
ds* = —(k* — r2)R_1(d§ — Rk —= dv)

o0&
— (k*=r)R (dn + Rk oH du)ﬁ
on
+ 2H dr dv — B2 H® dv?,
where
B2 = 2(k? — r3)[kta2(v) — B2(r + k)],

= const,
H = L,(n, v) cos a(v)é + Ly(n, v) sin a(v)&,
R(r) = (k — r)}k + )3,
with a(v) > 0 as a nonconstant function. The func-
tions L,(n, v), « = 1,2, which are not permitted to

vanish simultaneously, are each expressed in terms of
two arbitrary functions E,(v) and F,(v) according to®

E,(v) cos {[a*(v) — 2b°Kk*]ty + F(v)},
a’(v) > 2b*k?,
Lam:0) =\ £ (1) cosh {126% — a0}ty + F.(0)},
a*(v) < 2b%>.
The pressure and energy density are given as
p = @)KE — rt)y B4R — Sk — k%) + ka*(0)],
A —p = 120%r(k® — r2)-L. (4.8)

In the case a*(v) > 2b%?2, the requirement p > 0
holds for all permissible values (4.5) of r provided that
a(v) satisfies the additional restriction a%*@) >
[1 4 (2)}1k22. If b = 0, a(v) is essentially!” arbitrary.
In the case a?(v) < 2b%? (= b # 0) it is necessary to
restrict the function a(v) and the domain of r according
to a?(v) > ak?b?, r < Bk, where,for fixed 1 < a <
2, f <1 is the unique positive number satisfying'®
48 — 56+ a—1=0.

Class I1b: p* — 406 > 0O

2
ds® = —(r* — kz)R“l(dE + k'R aa—g dv)
2
e L k2)R(d17 — k'R7? oH du)
o
+ 2H dr dv — B*H® dv®,
where
B2 = 2(r2 — 2B [B2(r + k) — k~1a%()],
b = const,
R(r)= (r — }r + b,

with a(v) > 0 as a nonconstant function. The non-
vanishing function H(&, 7, v) is determined in terms
of arbitrary functions E,(v), F,(v), a=1,2, its
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explicit form depending on € = %1 according to'®
+the following.

(i) e = +1:

H = Ly(n, v) cos a(v)é + Ly(n, v) sin a(v)é,
Ly, v) = Ej(v) cos {[26% — a*(0)l'y + F, ()},
a’(v) < 2b%:2.
(i) e = —1:

H = Ly(n, v) cosh a(v)§ + Ly(n, v) sinh a(v)é,
L, v) = E,(v) cos {[a*(v) + 26%*'y + F,(0)}.

For corresponding e, the pressure and energy density
are

p = (3)r? — k2 H[B2(—4r3 + 5kr + k3) — eka?(v)],
A — p = 12b2r(rt — k¥4 4.9)

In the case € = —1, the requirement p > 0 holds
with b # 0, provided we restrict the function a(v)
and the domain (4.6) of r according to ak?h? < a?(v)
and r < fk, where, for a fixed arbitrary positive
number x, we have a unique g > 1 satisfying!®
46 — 56 — 1 — « = 0. There are, however, no
restrictions on a(v) or the domain of r if b = 0.7

In the case € = +1 (= b # 0), the function a(v
and the domain (4.6) of r are restricted by the in-
equalities [a(v)/b]? < ak?, r < kf, where o <2
determines § > 1 as the unique real number satisfying
463 — 56+ a—1=0.

In connection with these restrictions, we should
note that some authors®® impose, instead of (1.3), the
stronger condition 0 < p < 14 on the fluid pressure.
Solutions with b = 0 are then immediately excluded
from our line elements, but all others with suitable
functions a(v) survive. For example, Class I will then
require that the function a(v) and the domain (4.4)
of r be restricted by the inequalities 0 < 76%f <
a*(v) < 15b%, 0 < < r < B, where « and § are
positive constants which satisfy 1 < f/a < %> but
are otherwise arbitrary.

The Killing equations were solved for the above line
elements. It was found that, provided a’'(v) # 0,
(which we have assumed) the only metrics which
admit a nontrivial group of isometries are contained
in the subcase of Class I for which 4 = 0. For

- example, if

H =cosa(v)é=b =0,

this metric admits a one-parameter group of isometries,
unless a(v) satisfies
(a/a,)l = —%’

in which case there are two independent Killing vector
fields, this being the maximum number possible. As a
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second example, if
H = ncosa(®)t=b=0,
there are no Killing vector fields unless a(v) satisfies
(afa’) = —1,

in which case there is one. Finally, we note that if
a'(v) = 0, the line elements of all three classes are
conformally flat (see Sec. 5) and admit a six-parameter
group of isometries.

5. PROPERTIES OF THE WEYL TENSOR AND
FLUID CONGRUENCE

For type [4] gravitational fields, the Weyl conform
tensor defined by

Cabcd = Rabcd + ga[(:Rd]b + Ra[cgd]b - (R/3)ga[cgd]b ’

with R,, = R%,,., can be written in terms of the null -

tetrad of Sec. 2 as

Copea = "‘4(CVachd + CVachd)9 (5.1)

where
Voo = k[amb] s

and C is a scalar, in general complex.?

For the class of solutions considered here, it is a
consequence of the field equations and the Bianchi
identities that the function C is proportional to the
shear of the p.n.c. and to the shear scalar (0,50} of
the fluid congruence, the latter being defined by??

Ogp = Uy — Uialty) — (0/3)(8ar — uatty), (5.2)
where
(5.3)

— 1,0 e b
0 =u,, t,=u,u

are the expansion and acceleration of the fluid,
respectively. The explicit formula, derived in the
Appendix, is

2C? = 36*°B%0,,0", (5.4)
ab

so that C is real. When the expressions of Sec. 4 are
substituted into (5.4), one obtains?

C = a(v)a'(v)F(r)/H, (5.5)

where
r—3, Class I,

F(r) = {(k* — r®)-%, Class Ila,
e(r2 — k2)~%, Class IIb.

(5.6)

Thus the Weyl tensor is nonzero if and only if the
Sfunction a(v) in the line elements is nonconstant (as
assumed). In addition, the vectors k* and m®, deter-
mining the null bivector V,,, are given by (3.7) and

m® = 274 |F(r)| [f(r)oF + if (r)~'83],
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where F(r) is defined by (5.6) and f(r) by

r, Class I,
f(r)={(k — )k + r)-}, ClassIla,
(r — k(r + k)1, Class IIb.

It is shown in the Appendix that V,, is covariantly
constant along the p.n.c. so that

oC - o
Cabcd;eke = —4 2 (Vachd + Vachd)'
r

The behavior of C,; along the p.n.c. is thus determined
solely by the function F(r) of Eq. (5.6) which gives the
r dependence of C. Note** that, for the Robinson-
Trautman type [4] vacuum solutions [whose repeated
p-n.c. is hypersurface generating (and hence geodesic),
shear-free, but expanding], the function C of (5.1)
varies as r~1.

We remarked earlier that the fluid congruence is
necessarily hypersurface orthogonal. One also finds
that it is further restricted by having the shear scalar
related to the acceleration scalar according to

Wiy = —()omo™ .7
Finally, the expansion 6 is calculated to be
6= 35298, y198 (5.8)
or ov

From Eq. (5.4), (5.7), and (5.8) we thus conclude that,
for the class of type [4] perfect fluid solutions under
consideration, the fluid has nonzero shear, acceleration,
and expansion. For the conformally flat solutions
[a’(v) = 0], the fluid has zero shear and acceleration
but nonzero expansion, and satisfies an equation of
state of the form p = f(4). These solutions therefore
belong to the Friedman class of perfect fluid space-
times.?

We conclude by discussing the question as to
whether a region of one of the type [4] perfect fluid
solutions under consideration can be suitably joined
to a vacuum region of space-time. It is customary to
require the Lichnerowicz junction condition to hold
across a fluid—vacuum interface X. This implies?® that
the pressure vanishes on X and that the fluid velocity
u®is tangent to X. We thus investigate the existence of
a hypersurface on which p = 0, such that

|:u“ i’i] = 0.
0x" 4, o

From Egs. (4.7)-(4.9) it follows immediately that
hypersurfaces on which p vanishes exist if and only if
the constant b is nonzero. However, a straightforward
calculation shows that for all the line elements with
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b # 0 [and a(v) nonconstant] the condition (5.9) is
violated. We thus conclude that none of the present
class of type 4] perfect fluid solutions can be joined to a
vacuum solution with the Lichnerowicz junction
condition being satisfied across the fluid vacuum
interface.
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APPENDIX: DERIVATION OF
MAIN RESULTS
In deriving Eqs. (3.2) and (3.3), it is not necessary
to introduce a coordinate system explicitly. It is
convenient, however, to use the tetrad freedom (2.3)
with S = T = 0 to set u%, = 2-% which means that
the tangent field £ no longer corresponds to an affine
parameter (as in Sec. 3). Equation (4.1) simplifies to

u® = 278k + n%. (A1)
By means of the field Eqs. (1.2), and (Al), the tetrad
components'? @, «, f = 0, 1, 2, of the Ricci tensor
become
Dyy = 20, = Oy, = HHA + P) >0,
(D01 = q)oz = (Dlz =0,
A = R[24 = (4 — 3p)/24.

(A2)

Since k° is tangent to the repeated p.n.c., which is
assumed geodesic, we have

k=0, ¥, =V, =¥, =¥, =0,%, £ 0, (A3)

whereW,,a =0, 1, -, 4, are the tetrad components
of the Weyl tensor.}? We use the Ricci and Bianchi
identities in Newman-Penrose form (Ref. 1, pp. 348-
51), with the former labeled I,,I,, - -, I3 and the
latter II;,Il,,---,II;. With the specializations
(A2) and (A3), the Bianchi identities IT,~II, simplify to

— 0Dy = (7 — 2& — 2f)Dy,, (Ad)
0= —0)Dyy=0 =1, (A5)
(D — 8)Dgy = (& — 24 — 2y — 27 + 2p — p)Dy,

(A6)
— 0Py = (=7 + 7 + 27) Dy, (A7)
6(1)00 = (=2 4+ 7+ 27)@y, (A8)

(D — M)y = 30V,

+QRA—pu+p—2p—2¢—2Dy. (A9)
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Equations (A4), (A7), and (A8) immediately imply

a+pf=m—v+7=0. (A10)
Since (D — A)®,, is real, (A6) entails

and, by means of (A5), (A10), and (A1l), the imagi-
nary part of the Ricci identity I, reads

(p—Pp—fag+et+é—y—7p =0 (Al2)

Furthermore, by virtue of (A5) and (Al0), the
expression

Do + (= D1 + 67) + (AL — &%) + (—Ac + 07)

vanishes identically. When it is evaluated using the
Ricci identities I, I, I;,, and I;4, one obtains for ¥,
the expression

VY,=2fp—fa+e+é—y—7p). (Al3)
On the other hand, Eqgs. (A6) and (A9) imply
0=3c%,-2(0—a+e+é—y— 7y, (Al4)

which with Egs. (A12) and (A13) yields (p — p)¥, = 0
and (®y, — 306)¥, = 0, verifying (3.2) and (3.3).

To proceed further, we substitute (Al) into the
definition (3.2) of o,, and introduce the expressions
for the covariant derivatives k,,,, #,., in terms of the
spin coefficients to obtain?’

Gabaab = (%)(P —ftete— Y- 77)2’
which when combined with (A13) yields
Y32 = 126%,,0%.

If we use (2.3) with R=1, T =0 to set ¢ = &, and
introduce an affine parameter, we obtain the required
equation (5.4).

Retaining the nonaffine parameter, we next obtain
further simplification of the spin coefficients. Equation
II, immediately implies ¢ = ¢, while (A7) with (3.3)
gives

200 = —7a. (A15)

A linear combination of 1,, I5, Iy, L, L5, and I,4
yields an expression for 8(p — g+ e+ € — y — ),
which with (A13) and (A15) enables us to evaluate
0¥,. On comparison with IT; we obtain

7 = 88, (A16)
which when substituted with (A15) in I;; and I,
implies

op = du = 0. (A17)
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The commutator?® (6D — DJ) is applied to p and the
operator ¢ is applied to I, yielding two expressions for
d0Dp [simplified by (A17)], which when equated
necessitate

a=ﬂ=77=0,::>6€=60'=0- (A18)

To summarize, we have the following restrictions
on the spin coefficients:

k=oa=f=7=0,
(A19)
(A20)

Before completing the integration of the field Eqs.
in Newman-Penrose form,it is essential to use the
transformation (2.3) with S = T = 0 to re-introduce
an affine parameter (characterized by € + é = 0)
along the p.n.c. We thus require that

e+ =RE+&+DR=0. (A21)

Such a transformation will in general not preserve
o = f§ = 0 since

p—pmp—fma—G=A-1=0,

c—é=o—d=p—7=0.

(x4 p)=2énR.

However, because we have d(e 4 €) = 0, we can solve
(A21) for R, subject to R = 0, and thus achieve
€ + é = 0 while preserving & = g = 0.2 If we write
R = 2}B, Eq. (Al) assumes the form (4.1). The
conditions (A19) are left unchanged while (A20)
becomes

(A22)

e=0, o=2B*, 7=2B%. (A23)

With the aid of (3.3), the Ricci identities I, and I,
now reduce to (3.4) and (3.5), and the integration can
be carried out as described following Eq. (4.2).3

Finally, note that, as an immediate consequence of
their definitions,'? the spin coefficients k = 7 = € = 0
immediately imply that the complex null bivector V,
of Eq. (5.1) satisfies ¥V, k°= 0, as mentioned in
Sec. 5.
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A projection operator expansion is used to obtain the explicit forms of finite transformations in the
triplet, octet, and decuplet representations of SU(3). The projection operators are obtained from the
characteristic equations for the matrices in these representations. These characteristic equations are
developed from known properties of the 4;, F;, and decuplet matrices; where multiple eigenvalues
appear, it is shown that the relevant matrices also satisfy reduced equations in which no eigenvalue
appears twice or more. General features of the method are discussed.

1. INTRODUCTION

The eightfold way! and related particle symmetries
are usually discussed in terms of infinitesimal SU(3)
transformations. These transformations are easy to
use, and they provide us with enough mathematical
apparatus to derive most consequences of the theory.
As a result, the art of transforming quantities through
finite angles in SU(3) space has been somewhat
neglected. Since there are occasions where such trans-
formations cannot be avoided, we describe in this
paper a general method for handling them. The method
can be applied to all representations of SU(3), but for
practical reasons we restrict ourselves to the triplet,
octet, and decuplet.

Our approach to the problem is akin to an eigen-
function expansion: If we can expand the quantity
we wish to transform in terms of the eigenfunctions
of the transformation operator, then we can carry out
the transformation simply by replacing the operator
by its appropriate eigenvalues. Now it often happens
that, while we know the eigenvalues of an operator,
we do not know the eigenfunctions. To avoid the
labor of computing them explicitly, we shall therefore
make our expansion in terms of a complete set of
projection operators, one for each eigenvalue. As we
shall see, these projection operators depend only upon
the original transformation operator and its eigen-
values.

To obtain the projection operators, we consider an
n-dimensional vector space spanned by vectors

a= (al9a2"”;an)' (11)
Finite transformations in this space take the form
a—a = ¢, 1.2)

where 4 is an n X n Hermitian matrix and 0 is a
parameter. By the Cayley-Hamilton theorem,? A4
must obey the characteristic equation

Q=TI —-«) =0,

k=1

(1.3)

where a;, a5, , «, are its eigenvalues. When the
eigenvalues are all distinct, we define the matrices

P(d) =TI (A_“"), I=1,2,,n, (14)

EEL N0 — Oy
and observe that, as a result of Eq. (1.3),
P(A)A = AP(A4) = o,P,(4), nosum on/,
P, (A)f(A) = f(A)P,(A) = f(x)P(4), (L.5)

where f is any function of 4. In particular, when we
take f'to be P,(4), we find that

P, (A)P(A) = 6mlPl(A)‘ (1.6)

We can also use the partial fraction decomposition
of Q-1 [see Eq. (1.3)] as a formal identity to prove that

n
gl P(A) =1, (1.7)
where 1 is the unit n X n matrix. Thus the P,(4) form
a complete set of projection operators, and by virtue
of Egs. (1.5) and (1.7) we obtain the desired expansion
for a’ in Eq. (1.2):
n
a’ = e%a = Y P (4)a. (1.8)
=1
When the eigenvalues of 4 are not all distinct, we
cannot use this method as it stands because the
denominator in Eq. (1.4) will have zero as a factor.
However, we can modify it quite easily if A satisfies
not only the full Eq. (1.3), which contains repeated
factors, but also a reduced characteristic equation

with no repeated factors. Let us therefore suppose that
A satisfies the equation

ﬁ(A _ak)=0’

=1

(1.9)

where a,, oy, ***, &,,, m < n, are the distinct eigen-
values. We can then define projection operators exactly
as in Eq. (1.4), except that k and / both run from 1 to
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m instead of 1 to n. The completeness relation of
Eq. (1.9) is modified in exactly the same way, and so
the expansion of Eq. (1.8) becomes

m
a’ = ¢a = Y P (A)a. (1.10)
i=1

In the next three sections of the paper, we study the
characteristic equations for the three-, eight-, and
ten-dimensional representations of SU(3), and we
show that, whenever a repeated root occurs, the
appropriate matrix satisfies a reduced equation. To
carry out this program, we shall need certain proper-
ties of the SU(3) matrices and of the spaces in which
they operate; since many of the properties have
already been discussed by different authors,3~" we
shall review them without giving proofs.

In the fifth section of the paper we consider finite
transformations. From the results of the previous
sections, we give explicit formulas for the triplet,
octet, and decuplet representations of SU(3).

2. CHARACTERISTIC EQUATIONS
FOR THE TRIPLET

The three-dimensional representation of SU(3)
consists of matrices 4;, i =1, 2,-++, 8, which obey
the standard commutation and anticommutation
rules!

(4, l.’i] = zlfijk}*k,
{Zn }*i} = %ﬁﬁl + 2di:‘k}*k' (2.1)
These matrices are traceless and normalized so that
Tr (2) =0, Tr(A4,) =20,;. 2.2)
Each of them satisfies the identity

M?— L Tr (MOM — 1 Tr (MBI =0, (2.3)

as can be shown with the aid of the Cayley-Hamilton
theorem.2 We shall use this result to study the charac-
teristic equations of the Z;, but, before we do so, we
must learn something about the geometry of the octet.
The octet space of SU(3) is spanned by real vectors
n = (7, T, ", 7). As is well known, we can
construct two invariants and a dual vector from :

X =mm, Y=dyummm,

2.4)
2.5)

II; = d;em .

The invariant X is the square of the norm of =, and it
is never negative; the invariant Y, on the other hand,
is the inner product of = and its dual vector II,

Y =axll,, (2.6)

and it can be positive, negative, or zero. To determine
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the properties of II, we use a property of the d-
coefficients,3-5
diiadkla + dikad.’ila + dz‘lad:ika

= 3(0:0 + 0ads + 0u0,), (27)
which can be derived from Eq. (2.3). We then find that
the norm of II is proportional to X,

ILIL, = 3x2, (2.8)

and that its dual is a linear combination of = and
itself,
dia‘k""jnk = }Xm,,
diIl;I1, = §Ym; — 3 X11,. (2.9)
Because the vector IT 4+ um must have a nonnega-

tive norm for all values of the parameter u, the value
of the invariant Y is always bounded by

X —3y2> 0. (2.10)

When Y vanishes, the vector 7t is orthogonal to its dual
[Eq. (2.7)], and it is called an “s-vector” by Michel
and Radicatti.® When Y reaches its maximum absolute
value, 7 is parallel to its dual,

Y = (X3, I = (X3 a, (210

and it is known as a “g-vector.” ® The significance of
this classification will become apparent below.
We now define the traceless matrix

(l'ﬂ)=§lim.

Since it satisfies the identity of Eq. (2.3), its character-
istic equation is

(2.12)

AP —XA-m)—3YI=0 (2.13)
and its eigenvalues satisfy
o — Xoo — 2YI = 0. (2.14)

This equation will have three real roots as long as the
condition of Eq. (2.10) is fulfilled. They are

o = 2(X/3)¥ cos (¢ + 2km), k=1,2,3,

cos ¢ = 3Y)(X)d. (2.15)
When Y is zero, the roots are
= —JX, =0, ag= +J/X. (2.16)

If we assume that 7 is a unit vector (X = 1), then
Eq. (2.16) implies that the operator (A - w) has the
same eigenvalue spectrum as does the isospin matrix
32, in the standard representation.! In other words,
when 7 is an s-vector, }(4'7) is an element of an
SU(2) subalgebra.®
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When the absolute value of Y is at a maximum,
two of the three roots coincide with one another.
The roots are

[F XD FADE 22004 for ¥ = (X)L
2.17)

For = a unit vector with negative Y, the matrix
(% - =) has the same spectrum as Aq in the standard
representation.! Therefore (4 - ) behaves as a hyper-
charge-type operator whenever n is a g-vector.®

In general |Y| lies somewhere between zero and
(X*/3)* and  is neither an s-vector nor a g-vector.
Consequently, the matrix (4-«) has three distinct
eigenvalues, but it is not an isospin-type operator. It
is always possible, however, to find linear combina-
tions of = and IT which do fall into the s- and g-vector
categories; therefore, we can always convert an arbi-
trary matrix {4 - «) into an isospin or a hypercharge
operator.

It remains for us to show that when ¥ = 4 (X?3/3)%,
the matrix (4 - =) satisfies a quadratic equation as well
as the cubic one of Eq. (2.13). To do this, we multiply
the second equation of (2.1) by m;7; and sum over the
indices i and j. We obtain

(A-m)? = 3XI+ (A-10).
From Eq. (2.11) we can rewrite this as

(-mP = §XT + (X3}~ m), V= £(X33)},
or
[(A-m) & (DG =) F 2(X/3%] =0,
Y = +£(X3/3)}, (2.18)

This is exactly the equation we would expect from
Eq. (2.17) if we were to drop one of the repeated roots.
Up to now we have been using the standard repre-
sentation (3). We now turn to the conjugate repre-
sentation (3), whose matrices are related to those of

the (3) representation by
Zi = '—'1;'1‘5

(2.19)

where T denotes transpose. The 1, satisfy the first
equation of Eq. (2.1) and the conditions of Egs.
(2.2) and (2.3); but instead of the second equation
of Eq. (2.1) they obey

{)"_i’ Z,-} = $0; — Zdijkzk' (2.20)

Because of this, the representations 4; and 4; cannot
be related to one another by unitary transformations,
and hence they are not equivalent representations of
SU3).

To obtain the characteristic equation for (4 -+ 7), we
merely replace (1 7) by (—4-7) in Eq. (2.13). The
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characteristic roots are therefore opposite in sign from
those of (1 - ), but the multiplicities remain the same.
In other words, the properties of the (3) representation
can be obtained directly from those of the (3) by the
replacement

(A7) > ~(L-m),

oy > — Xy

in Egs. (2.13) and (2.15)-(2.18).

.21

3. THE OCTET

From the f and d coefficients of Eq. (2.1) we can
construct eight-dimensional matrices

(Fi)mn = -“{fimns (Dz)mn = dz‘mn ’ (31)
which obey the commutation rules
[Fi, F;] = ifFr, UF D} =ifi Dy (3.2)

The F; form an eight-dimensional representation of
SU(3) and the D, are operators transforming as an
octet with respect to the group. Because D; and F;
are respectively symmetric and antisymmetric matrices,
we can rewrite the second equation of (3.2) as®
D, + FD, = DF, 4+ D.F, = dy;,, F,

kim* m -

3.3)

From Eq. (2.7) and various Jacobi identities for A-
matrices, we can show that®?

{F;, F;} + 3{D,, D;} = 26,1, (3.4)
{Fi, Fj} = 01 + 3d;n. Dy — R,
(Rz'j)nm = 62‘77161'72 + (Sz‘n(sjm‘ (35)

Equations (3.3), (3.4), and (3.5) are the basic equa-
tions that we need to examine the characteristic
equations for the octet matrices.
A. The General Equation

We begin with some preliminary resuits. Multi-
plying Eq. (3.3) by w7, and summing, we obtain

2F-m)(D m)y=2(D o) =7 = (F-1), (3.6)
where the notation (4 - B) represents Y, 4, B,. Since

the quantities in Eq. (3.6) are matrices, we can operate
with them on the column vector 7

2D - m)p(F - m)gymry = (F« H)ypmy.
But, because £, is totally antisymmetric,

(F - m)gymy = ~fypymimy = 0,
and so
(F - Wypmg = ifyppll,mp = 0.
From this result and Eq. (3.2) we find that
[F+m F-T]=0.

3.7

(3.8)
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We may now multiply Eq. (3.5) by =,HI; and use
Egs. (3.8) and (2.9) to write

WAF-m(F-TM) =Y + X(D-7) + RymJl,. (3.9)

To eliminate the last term of Eq. (3.9), we multiply by
(F- ) and use the antisymmetry of F; together with
Eq. (3.7); then with the aid of Eq. (3.6) we obtain

[4(F-m)? — XYF a)(D-w)=Y(F-a). (3.10)

To eliminate (D - =) from this equation, we note that
from Eq. (3.4) we have

(F-m)? 4 3(D ) = XL 3.1hH

We therefore square both sides of Eq. (3.9) and find
that®

(F - m){[4(F - 7 — XP[X — (F- m)?] — 3% = 0.
(3.12)

Equation (3.12) is of degree eight in the (8 x 8)
matrix (£ - 7), and hence it must be the characteristic
equation that we would obtain from the Cayley-
Hamilton theorem. We note that zero is a repeated
eigenvalue and that the other six eigenvalues may
or may not be distinct from one another. Thus we
must show that (F - ) satisfies reduced equations if
we are to develop projection operators along the lines
described at the beginning of the paper. To pursue
this question, we shall examine separately the three
cases in which 7t is an s-vector, a g-vector, or neither.

B. Equation for s-Vectors

When m is an s-vector (¥ = 0), the characteristic
equation (3.12) has two single roots (4+/X), and three
double ones (0, +4,/X). We therefore expect (F- )
to obey the reduced equation

(F- m)[4(F 7 — X|[X ~ (F-7)2] = 0. (3.13)

To prove that it does indeed obey Eq. (3.13), we multi-
ply Eq. (3.10) by (D - =) and use the fact that ¥ = 0
to write

(F-m)[4(F ) — XYD - n)? = 0.

Equation (3.13) follows from this and Eq. (3.11).

C. Equation for g-Vectors

When w is a g-vector (3Y2 = X3), Eq. (3.12) has
zero as a quadruple root, and =+(31X/2) as double
roots. To derive the reduced equation in this case, we
go back to Eq. (3.5) and multiply by =7, to obtain

AF -7 =X+3D-11 — R,mor;. (3.14)

We eliminate the last term by multiplying by (F- =),
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and then with the aid of Eq. (2.11) we find that
AF 7)® = X(F - 7) + GQY/X)F - w)(D - m).

Using Eq. (3.6) and (2.11) again, we can rewrite this
as®

(F - m[4(F - m)2 — 3X] = 0. (3.15)

This is exactly the reduced equation we require
since it contains each of the three distinct eigen-
values once and only once.

D. Equation for General Vectors

When = is neither an s-vector nor a g-vector, equa-
tion (3.12) has zero as a double root. To determine the
other roots, we note that since the inequality of Eq.
(2.10) holds, we can define

siny = BYYX), —a/2 <y <72, (3.16)
The remaining roots can then be expressed as
o =cosfly + (k- Drl, k=1,2,3,4,5,6,
(3.17)

and they are all distinct from one another. Therefore,
in this case we need only eliminate one of the (F- )
factors of Eq. (3.12).

To do this, we write

(F- m)[4(F - 7 — XR(D - m)?
= {(F: m[4(F - m)* — X}(D - m}
X {[A(F - m)* — X}(D - m)}
= Y(F- a}{[4(F - 7)* — X}(D - =)}
= Y¥(F - m), (3.18)

where we have used Eq. (3.10) twice. From Eq. (3.18)
and (3.11), we obtain the required equation, namely

(F- m{4(F - 7t — XP[X — (F- m)?] — 372 = 0.
(3.19)

This completes our discussion of the octet matrices.

4. THE TEN-DIMENSIONAL REPRESENTATION
Besides the standard commutation rules

[B;, Bj] = if 1B 4.1

the matrices B, of the ten-dimensional representation
also satisfy®
d;3BB; = %B, 4.2)
and
8

4.3)



FINITE TRANSFORMATIONS

where 7 is the 10 X 10 unit matrix. We can use these
properties to construct symmetric second- and third-
rank tensors

T; = {Bz" B,-} — $d;5By — %51'51, 4.4)

Ti:ik = BiBa'Bk

all permutations
- _1_72(61'ka + 6jkBi + 6701'31)
~ *(d;;,B,Bi + d;3,B,B; + dy;,B,B))
+ W5edid (4.5)
which are traceless:
Too = QiupTop = diggTopy = Tour = 0. (4.6)

Since there are 27 independent T;; and 64 inde-
pendent T, these tensors combine with the nine
matrices B; and I to form a complete set in the space
of 10 x 10 Hermitian matrices, and any member of
this space can be written as a linear combination of
them. In particular, the fourth-rank tensor

i:ikBl + Tjlei + TkliBJ' + Tli.’i‘B]c

can be expressed as®

Siim = (HdijaTaa + GaaTais) + 3304, 0 + 0T3)
— 13d,;,8,3 T, + cyclic permutations of j, k, [}.

4.7)

From this result we shall deduce the characteristic
equation for (B w) =

4.6"

Sim =

-1 Bym;.
A. The General Equation

Multiplying both sides of Eq. (4.7) by w7 m,m, and
summing over the indices, we obtain an equation for
(B-m)and (B-II):
3B-1I)? + [3X — 12(B-7m)*(B - 1) + 4(B - m)t

—4XB- 7P+ 6YB 7)) =0. (4.8)

Next we multiply Eq. (4.7) by 7,7 m,I1,, and after some
tedious algebra we obtain another equation:
—6(B - m)(B- 112+ [4B-7)? — X(B-n) + 3Y]
X (B-I1) —2X(B:7)® — 2Y(B - m? + 2X%B - m)
=0. (4.9
To eliminate (B - 1I)2, we multiply Eq. (4.8) by 2(B - m)
and add the resultant to Eq. (4.9):
[20(B - m)* — 5X(B-m) — 3Y}(B-II)
= 2(B - w)[4(B - 7)* — 5X (B m)*
+ 5Y(B- @) + X%. (4.10)

We can now eliminate (B-Il) altogether by multi-
plying Eq. (4.8) by [20(B-m)® — 5X(B- =) — 3Y]?
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and making use of Eq. (4.10). After some lengthy
manipulation we obtain a characteristic equation of
the tenth degree:

(B m)[4(B - m)? — 3(B - m) + cos y]
X (4B 7)® — 3(B-m) — cos y]

X [4(B 7 — 9(B-m) = 3¥siny] =0, (4.11)

where we have set X = 1 and 3!Y = sin y [see Eq.
(3.16)].

When | Y| lies between zero and its maximum value,
Eq. (4.11) has ten distinct roots. Seven of them,
namely

g =0, oy =cosHy + (k — )7},

k=1,2,3,4,5,6, (412

are the same as in the eight-dimensional representa-
tion [see Egs. (3.17) and (3.19)}, but the remaining three
are new:

a0 = 3tcos 32y + (4k — Dn], k=17,8,9. (4.13)

When Y is zero, there are three double roots (0, +1)
and four single roots (1, 42); this spectrum is
exactly the same as that of T in the tenfold repre-
sentation. When Y = —1/,/3, the eigenvalues of
0 = (2/\/3)(B - =) run from +1 to —2 in unit steps,
and their multiplicities decrease from fourfold for
(4+1) to singlefold for (—2), again in unit steps. This
spectrum matches exactly the spectra of hypercharge
and electric charge.!

We now show that when 7 is either a g-vector or an
s-vector, (B ) obeys an appropriate reduced equa-
tion.

B. Equations for s-Vectors and g-Vectors
When Y is zero, Eq. (4.10) becomes

5(B- m[4(B - m)? — X)(B - II)

=2(B - m[4B- 7P — X|[(B-n)* — X], 4.14)

and (B - II) can be eliminated from Egs. (4.8) and (4.9)
to yield
15(B - 7)(B- 1) = 2(B- m)[(B - m)? — X]

X [2(B:m)? — 3X]. (4.15)

We now multiply Eq. (4.15) by [4(B- 7)* — X] and
use Eq. (4.14) twice. In this way we obtain an equa-
tion, namely

(B-m[4(B - ) — X][(B* n)* — X]

X [4B-7)2 —9] =0, (4.16)

in which each eigenvalue appears once and only once.
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When Y = —1//3 and X = 1, we find from Eq.
(2.11) that T, = (—1//3)m,. Equation (4.8) becomes

(B m)[4(B - m)® + (4/3)(B - m)?
—3B-m-3/31=0 (417

Q/J/3)(B - 7),

Q0 +2)(0* -1 =0. (4.13)

Again, the distinct eigenvalues appear only once in
the equation. Thus, in both the s-vector and the ¢-
vector cases, (B - 7) obeys a reduced equation.

or, in terms of @ =

C. The Conjugate Decuplet

it is not difficult to show that the matrix B,,
obtained by taking the negative transpose of B,, obeys
the standard SU(3) commutation rules. However,
because

B, = —B}, (4.19)

the relation of Eq. (4.2) becomes?®

dia‘kBiBj = —%Bka (4.20)

and so the B; give us a representation which is not
equivalent to the original B;. The characteristic equa-
tion for this conjugate decuplet is obtained by re-
placing (B - 7) by — (B - 7) everywhere in the preceding
discussion. As a result, the signs of the eigenvalues
change, but the multiplicities remain the same.

5. FINITE TRANSFORMATIONS

We denote the infinitesimal generators of SU(3)
by £, and any matrix representation of them by M,
The operators and the matrices then satisfy the
commutation rules

[F,., F;] =i iijk (5-1)

(5.2)

and
M, M)) = ifiuM,,,
respectively.
A tensor operator V', is said to transform according
to the representation M if

[Fi ’ ‘Fp] = 1{/.7'(]‘/11‘)“) . (53)
From this and the relation
eia(iv'-nn}/- e—z'o(i‘~1,-)

(i6)*

=, +i6lF - m, ]+ - [Fom [Fom ]

+%%WWHFWJFﬂﬂUH+“u
(F-m

8
=3 Fym, (5.4)
k=1
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we conclude that

za(F 17)\1}' —10(F T

= W (), (55)

If o, k=1,2,""",m, denote the distinct eigen-
values of M - m = 33, M andif P/(M - ) is defined
as in Eqs. (1.4) and (1.5), we can rewrite Eq. (5.5) as

w(F n)l}ﬁ —:B(F ) _

Z‘F [Pl(M ﬂ)]rp w“ (5'6)

This is our basic formula for finite transformations.
We now apply it to the special cases of the octet,
triplet, and decuplet; for convenience we shall assume
from now on that = is a unit vector,

(5.7)

A. The Triplet

In the three-dimensional representation (3) the
matrices M are equal to $(4,) and the transformation
operator is ¢"“?4") The projection operator for the
eigenvalue o, of (4 - =) is, in general,

Py = [a(A- m)* + o2 m) + 2Y/3)/ 204 + Y),

(5.8)

where o, is given by Eq. (2.15). When = is an s-vector,
the eigenvalues become +1, 0, —1 and the appropriate
projection operators are

Poy=30-m* @ m) P=[l—-(@A n),
Y=0. (5.9
When 7 is a g-vector, there are only two distinct
eigenvectors, 1/,/3 and —2/,/3, and the projection
operators are
le/a = 3[3%(1 ‘) + 2],
Poy/s = }=3¥A-m) + 1], ¥ = —1/3.
From Egs. (5.5) and (5.6) we can express the
transformation operator as

z P (}. ,”)ewak/z

for

(5.10)

2(0/2)(}. Ty

= A + B(A-m) + C(A- =% (5.11)

where the coefficients 4, B, and C are

0ax/2 2 iBay/2

e e
3 ; 2o + YY)’

—‘Z %€

€ 2, + Y)

iBax/2

(5.12)

in the general case,

A=1, B=isin02, C=(cosf2—1) (5.13)
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in the s-vector case, and
— 1[261'0/2\/3 + e—iO/\/3]’
— (1/\/3)[ 1.6/2\/3 _ —iB/\/B]’
C=0
in the g-vector case. Given the relations
(- mp = (A-TD) + 3,
/(e + Y) = 2/(3a® — 1),

which follow from Egs. (2.1), (2.14), and (5.7), we
see that the general result of Egs. (5.11) and (5.12) is
identical to the expression for ¢'** derived from a
different point of view by Macfarlane, Sudbery, and
Weisz.® Equation (5.13) is the same as the expression
in the three-dimensional representation
of SU(2)!%; this is not surprising in view of the fact
that (4 - 7) belongs to an SU(2) subgroup of SU(3)
whenever 7 is an s-vector. The g-vector case of Eq.
(5.14) is the only one in which the transformation

for ez‘lB,’Z)J-n

operator is linear in (4 - 7).

For the conjugate three-dimensional representation
(3), the eigenvalues of (4-w) are opposite in sign
from those of (4-w), and the corresponding pro-
jection operators can be obtained by applying Eq.
(2.21) to Eq. (5.8). The expression for ¢@* ™ then

becomes

ORI — T4 BA-m) + CA- m)?
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where
A_ _ -2y z ewakl2 z wak/Z(a )
3 2@, —Y) <@, — Y)
(5.14) .
10Gy/2=
o) Y (5.17)
ke z(a’h Y)

in general,
A=1, B=isin6)2, C=

in the s-vector case, and

(cos 8/2 — 1) (5.18)
(5.15)
A= %[ze—w/z\/a + eio/\/:i]’
E — (1/\/3)[910/\/3 - eaiﬂ/Z\/S]’
C=0
in the g-vector case. As a check on these results, we
observe that they can also be obtained by taking the

transpose of Eq. (5.11), replacing 6 by (~6), and
noting that &, = —u«,.

(5.19)

B. The Octet

In the case of the octet representation the matrices
M, are equal to the F; of Eq. (3.1) and the trans-
formation operator is e¥"”). The eigenvalues of
(F- ) are

oy =0,

w,=cosify+ (k—Drm), k=1,---,6, (520)
[see Eqs. (3.16) and (3.17)] and the projection op-

(5.16) erators are

Py = [cos? y — 9(F - m)* + 24(F - m)* — 16(F - m)°], (5.21)
P~ (F - Mdo(F - m)° + 4o5(F - m) + cos p][4(F - =)* — 3(F - 7) + cos w] i=1,35 (522
6 cos po,(2a; + cos )
—(F - m)[da(F - m)* + 4o(F - ) — AF - m)® — 3(F - m) —
p, = =\ Ml (F - m* + «(E - m) — cos yII4F - m® — F - m) — cos y] j=2,4,6. (523)
6 cos pa(20; — cos p)
To expand ¢¥"" in terms of the P,, we use the fact 1= 4(cos p — 3a,)(i sin Oa;)
that [see Eq. (3.17)] 2 %45 3cos (20, + cos y)
O = — Ol (5.24) _ s ( 4(cos p — 3a;) cos fa;
We then find that i=135\cos® v 3(cos p)a(2e; + cos zp))’
6 .
SOFT 1 + z An(F . ,n_)n, (5.25) A = 160(1(1 sin 90()
where n=1 5553 cos p(2a, + cos )
(i sin fo,) cos Ag = —16 ( 1 __cos b ) (5.26)
PO N 1353 cosy\cosy 2u; + cos

Vs 3o (20, + cos )

i3 (cos2 )

When w is an s-vector, (¥ w) has five eigenvalues

~3 instead of seven,

(4o — 3) cos Bai)

30(2e; + cos )/ o0, =0, £3, 1, (5.27)
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and the corresponding projection operators are

Py = [4(F- 7 — 1]U(F - m)* — 1],
Piy=Fs0 £2(F-m(F- 7 = (F-m)], (5.28)
Py = 251 £ (F-m)a(F- =) — (F-m)].

The coefficients 4, of Eq. (5.25) in this case are

Ay = (i/3)(8 sin §/2 — sin 6),

Ay = (3% cos 6/2 — L cos O — 5),
Ay = (i{3)(4 sin 6 — 8 sin 0/2),
Ay = (4 + £ cos 6§ — 12 cos 6/2),
As=A;=0,

(5.29)

When = is a g-vector, the eigenvalues are

a, =0, £3%2, (5.30)

and the projection operators become

Py = §[3 — 4(F - my,

P, = +(1//3[1 £ Q//3)(F - mUF-m). (531)
The corresponding coefficients in the expression of
Eq. (5.25) for eF"™) are

A, = (2i\/3) sin (6./3/2),
4y = §(cos (6/32) — 1),
A3 = A, = A; =4, =0.

(5.32)

As in the s-vector case of the triplet representation
[see Eq. (5.18)], so here the coefficients 4; and A4, are
such that the matrix (2/\/3)(F- ) behaves as a
member of a three-dimensional representation of an
SU(2) subgroup!® of SU().

C. The Decuplet

The matrices representing the decuplet are given
by the B; of Eqs. (4.1)-(4.3). In general they have
ten distinct eigenvalues [see Eqgs. (4.12) and (4.13)],
and hence there are ten projection operators. In
terms of the quantities

L=4(B 7)® —3(B 7)) + cosy,
M=4B-7)p? —~3(B 7 — cosp,
N=4(B 73— 9(B-m) — (3./3)siny,
R, = 4a,(B - 7)* + 42}(B - m),

(5.33)

they are
P, = LMN/(3! sin v cos® y),
P = (B m)(R; + cos y)NL
P 6, cos p(ded — )[4 — 9a; — (34/3) sin y]’
i=1,3,5,

S. P. ROSEN

_ (B m)(cos y — R )MN
T 6 cos p(dod — oy)[dod — 9o; — (3/3) sin y]”
i=2,46,

k

_ (B m)[R, + (3/3)sin y]LM
3oy (dord— 30, )(dod— 3a, + cos y)(dad — 3o, — COS )
k=1,38,09.
(5.34)
When = is an s-vector, there are seven distinct eigen-
values, namely 0, +4, 41, 43, and the corresponding
projection operators are
Py = (=)[(B" P — 4](B " ) — 1]
x [(B -2 — 4],
Py =487 PBE B — 1]
x [(B-m® — 4],
Py = (=75)B 7 £ 1)(B-m[(B- ) — 1]
x (B mp = ],
Py = #5(B m £ PB- (B m? ~ 1]
X [(B-m)2 —1].
In the case of a g-vector, the only distinct eigenvalues
of (B-m) are 0, +£4,/3, —,/3, and the appropriate
projection operators are
Py = (—4/3/3)[(B*m)? — F1[(B- =) + /3],
Poyys= (4)93) (B 7 £ £/3)(B- (B 7) + /3],

(5.35)

P_/3 = (—4/93)B - m[(B - m)? — il (5.36)
From the general expansion
PN = 3 P(B - m)e™, (5.37)
i

we can express the transformation matrix as a poly-
nomial in (B - m):

P =1+ Y A4,6(B- m" (5.38)
In general the polynomial is of the ninth degree [see
Eq. (5.34)], but it reduces to the sixth degree when =
is an s-vector and to the third degree when = is a
g-vector;

A, =0 for n>10, in general,
n>7, wans-vector, (5.39)
n >4, mag-vector.

The specific formulas for the 4, can be obtained by
comparing Egs. (5.37) and (5.38); they are very
complicated and so we shall not quote them here.
The conjugate ten-dimensional representation (10)
is described by the B; matrices of Egs. (4.19) and
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(4.20). Its eigenvalues are opposite in sign from those
of the (10) representation. In all cases, the appropriate

projection operators for the (10) can be obtained from
those of the (10) by means of the substitution
(B 7))~ — (8- m),
o —> — iy, (5.40)
where &, = —a,,.

6. DISCUSSION

We have now completed the task of finding explicit
forms for finite transformations in the triplet, octet,
and decuplet representations of SU(3). The projection
operator method we have used is a general one which
can, in principle, be applied to all representations.
In practice the main problem associated with the
method is that of finding the characteristic equations
in the various representations.

We believe that the device we used to obtain the
characteristic equation of the ten-dimensional rep-
resentation can be extended to all other triangular
representations?; however, because we have to con-
sider tensors of higher and higher rank, the com-
plexity of the device probably increases very quickly.
As far as other types of representation are concerned,
we are not sure what general tricks are available.

Throughout our analysis we have separated the
s- and g-vector cases from the general one. In both
instances multiple eigenvalues appear, and we have
to turn from the general characteristic equation to the
reduced one in which no root appears more than
once. It is possible, however, to pass from the general
case to the s- and g-vector by means of careful limiting
procedures. The rules are that if « is a single root of
M -7 and § is an n-tuple root, then (M - = — )/
(« — B)" should be replaced by (M -7 — B)/(« — B)
and (M= — f)"1/(f — f)»* by 1/n. The reason
for using 1/n in the second case is that there are
formally n projection operators for § when it becomes
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an n-tuple root. The validity of these rules is easy to
demonstrate as long as the reduced characteristic
equation is satisfied.

Finally we note that the projection operator method
can be used for many other groups besides SU(3).
In fact the s-vector case of (1 =) [see Egs. (5.11) and
(5.13)] and the g-vector case of (F-m) [see Egs.
(5.25) and (5.32)] are simple examples of its use for
SU(2). The method is probably a good one to start
with for any group, but it may not be the best in all
cases.

Note added in proof: Y. Lehrer-Ilamed [Proc.
Cambridge Phil. Soc. 60, 61 (1964)] has given a
general formula expressing any function f(4) as a
polynomial in the matrix A with coefficients deter-
mined by the eigenvalues of 4. He applied the formula
to finite SU(2) transformations. The author is grateful
to Dr. Y. Dothan for drawing his attention to the
work of Lehrer-llamed. For other methods for
dealing with finite SU(3) transformations, see D. F.
Holland [J. Math. Phys. 10, 531 (1969)] and references
contained therein.

* See, for example, M. Gell-Mann, and Y. Ne’eman, The Eightfold
Way (Benjamin, New York, 1964).

*S. MacLane and G. Birkoff, Algebra (Macmillan, New York,
1967), p. 316.

3 D. S. Carlstone, S. P. Rosen, and S. Pakvasa, Phys. Rev.
174, 1877 (1968).

* L. M. Kaplan and M. Resnikoff, J. Math. Phys. 8, 2194 (1967);
V. I. Ogievetskii and I. V. Polyvarinov, Yad. Fiz. 4, 853 (1966)
{Sov. J. Nucl. Phys. 4, 605 (1967)).

® A. J. Macfarlane, A. Sudbery, and P. H. Weisz, Commun.
Math. Phys. 11, 77 (1968).

¢ L. Michel and L. A. Radicatti, The Geometry of the Octet
(to be published).

?R. E. Cutkosky, Ann. Phys. (N.Y.) 23, 415 (1963). See es-
pecially the appendix written in cooperation with Dr. P. Tarjanne.

5. P. Rosen, J. Math. Phys. 5, 289 (1964). The result follows
from Egs. (6) and (26) of this paper together with the definition
B, = (A:Bopr.

9 S. P. Rosen (to be published).

19 See, for example, A. Messiah, Quantum Mechanics, Vol. 11
(North-Holland, Amsterdam, 1962), p. 578.
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We discuss the restrictions imposed on a spin-2 meson theory when the source is related to the stress
tensor. We consider a spin-2 meson theory with a field-source identity, which postulates that the
traceless part of the stress tensor is proportional to the irreducible part of the spin-2 meson field. We
examine the consequences of imposing the field-source identity and Lorentz covariance on the spin-2
meson theory. We show that the field-source identity determines the parts of the singular terms in the
stress—tensor equal-time commutation relations which are the most singular in the coupling strength g.
It further requires that some of the singular terms be g-numbers. We obtain the constraints imposed on
the field-dependence of the source Jyv(x) by the field-source identity and the Lorentz covariance con-
ditions. We show that as a consequence of some of these, the interaction term gJ,,y(x) must be nonlinear

in the coupling strength g.

1. INTRODUCTION

In an earlier paper we have discussed the general
noncommutation and field-dependence requirements
on the source of a spin-2 field when the source is
assumed to be divergenceless. The physically most
interesting divergenceless second-rank symmetric ten-
sor is the stress tensor, and accordingly it is of interest
to examine the restrictions on the theory when the
source of the spin-2 field is related to the stress
tensor.

We have elsewhere! discussed how the hypothesis
of the tensor-meson dominance? of the matrix elements
of the stress tensor may be expressed in a field theory
by a field-source identity in a manner analogous to the
field-current identity® that has been postulated for
expressing the hypothesis of vector-meson dominance*
of the matrix elements of the electromagnetic current.
For a theory with one neutral spin-2 meson, the field-
source identity takes the form

0,(x) = (MU, (x) — nuu(x)], (L1

where ©,,(x) is the stress tensor, u(x) is the trace U,",
and U,,(x) is the renormalized field operator for a
neutral spin-2 field with mass m. The coupling strength
g is defined by taking the source of the spin-2 field to
be gJ,,, with a suitable normalization of the source
J,v, as discussed in Ref. 1.

In a spin-2 meson theory with a field-source
identity, the source of the spin-2 field is also closely
related to the stress tensor; the relation between their
matrix elements has been discussed in Ref. 1. In
this paper, we examine what restrictions are imposed
on such a theory by the requirements of Lorentz
covariance, in addition to the general field dependence
and noncommutation requirements discussed earlier.®
The restrictions imposed by Lorentz covariance on

the spin-2 meson theory are taken into account by
considering the equal-time commutation relations
(ETCR’s) among the components of the stress
tensor.%7 The general form of the stress-tensor ETCR
consistent with Poincaré invariance and locality has
been discussed by Boulware and Deser.”®

We obtain the following results:

(1) The field-source identity determines the parts
of the singular terms in the stress-tensor ETCR’s
which are c-numbers and which are the most singular
in the coupling constant g.

(2) Because of the field-source identity, it is
necessary that some of the singular terms in the stress-
tensor ETCR’s be g-numbers.

(3) The field-source identity and the stress-tensor
ETCR’s impose explicit constraints on the nature of
the field dependence of the source density J,,(x) in
the field equations for the neutral spin-2 meson.

(4) As a consequence of some of these constraints,
the interaction term gJ,,(x) for the spin-2 field must
be nonlinear in the coupling strength g.

The first result is analogous to the result following
from the field-current identity in a vector-meson
theory, where the identity determines the singular
terms in the ETCR’s among the vector currents.?

The most important restrictions on the theory are
those imposed by Lorentz covariance, expressed by
the stress-tensor ETCR’s stated in Sec. 2. The con-
straints on the field dependence of the source which
follow from the covariance conditions and the field-
source identity are discussed in Sec. 2.

On requiring the Jacobi identity to hold for the
double commutators of the source J,, and the dynam-
ical variables of the spin-2 field, strong restrictions
are imposed on the operator nature of the singular
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terms in the stress-tensor ETCR’s. These are discussed
in Sec. 3. In Sec. 4, we show that the restrictions
following from the field-source identity and the Lorentz
covariance conditions imply that the source gJ,, of
the spin-2 field must be nonlinear in the coupling
strength g. This is interesting because it shows the
essentially nonlinear nature of a theory in which the
source is related to the stress tensor. A familiar
example of this is theory of the gravitational field.®

In Sec. 5 we verify that the source J,, of the spin-
2 field obeys certain requirements, which follow
from the recent work of Orzalesi, Sucher, and Woo,!!
and Divgi and Wo0.12 In Sec. 6, we briefly summarize
our conclusions.

2. CONSTRAINTS IMPOSED BY COVARIANCE
CONDITIONS AND FIELD-SOURCE IDENTITY

The conditions imposed on a field theory by Lorentz
covariance, as expressed by the ETCR’s among the
components of the stress tensor, are the following?8:

i[000(x); Ogo(¥)]eg=uo
= [Og(x) + Op(»)]
X 0,0(x — y) + ®g0,00(, ¥),
i[©@00(%)s Q03]
= [0x(x) + Oo(y)1sa]
X 9i8(x — y) + wgo,04(x, ¥),
i[@gg(x), G)kl(y)]aco:uo
= [—0p0,(x) + Op(¥)0, + Op()0;]
X 0(x = y) + wgo X, ¥),
i109(x), Ogi(1)]rg=vs
= [0g(x)0; + Op(1)9,]
X 0(x — p) + o0, V),
i[00(x), © o (M)]ag=n,
= [0 ()50 = O — ©(V),0)
X 0,0(x = y) + Or malX, ¥). (2.5

Here, the operators wyg 49, €tc., are subject to the
following constraints, as a result of the commutation
relations (CR’s) among the generators of the Poincaré

group:
(a)

(2.1)
2.2)
(2.3)

(2.4)

fd3xw e (x, ) =0 (2.6)

for the singular term w - - -
equations (2.1)-(2.5),

occurring in each of the

(b) <woo,oo> =0= {@00,11) = (Wox00> 2.7
(<) Wg0,00(%, ) = —wgp 00( ¥, X),
ka.Om(x’ y) = —'wOm,Ok(ya X), (28)
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(@ [0 100, 9) = 0,
f daxkaoo,o,m(x,. y) =0,

fd3xka00,mn(x, »=0 (29

f X001 0m(%s ) — X005 omX, )] = O,

Jd3x[kam,mﬂ<x, Y) = X mnXs ¥)] = 0,

Consider a theory with only one neutral tensor
meson, with the quantum numbers of the vacuum.
The field-source identity

2

On0) = = Un(0) = o0}, (210)
together with the ETCR’s (2.1)-(2.5) and the canon-
ical commutation relations for the spin-2 field, impose
constraints on the structure of the interaction.

To obtain these, we first write down the equations
describing a spin-2 field interacting with a divergence-
less source J,,(x):

apl_[puv - %(aunv + avIIu) - %nuval(ﬁl - H).)
= %mg(qu - nuv”) - %g']uva (2] ])

(I — ‘%‘S;."ﬁv) + (I — %5zvﬁv) - ﬂ"vna

= 0,W* — 16,0,W") — 18,(0,W*"), (2.12)
o4J,, = 0. (2.13)

These lead to the following equations:
0"(U,y — 1) = 0, (2.14)
n*, =4@,U,, + o,U,, — 3,U,.), (2.15)
u =§:W%j, i=u,, (2.16)

(Dz + mz)va - (auav + mzn;n')’” = g‘]uv' (217)

In the above #,, denotes the Minkowski metric,

(I, -1, =1, =1, and u = U°,.
Choosing the dynamical variables to be
U' = Uy — 31U mm » (2.18)

and the momentum m,, conjugate to U,;”,

T = —ZHOU +2(V? — %mg)_](akal - %mﬁnm)ﬂ"mm,
(2.19)



684

we may express the other components of U,, as
follows:

Upm = §V* — m*)[(30UT) — gJo), (2.20)
U = — ;31_2 (a”)k + 3—72’;4', ak(aaﬂ)

2
+ ;ﬁ;(fo,c -2 akamJOm), (2.21)

Ugo = (3V2 — m® Y (@0UT) — gJoo] — 3—‘:;/

(2.22)

Here j denotes the trace J,°, and we have used the

notation
(0m)y, = 0'my,, (007) = 0*0'my,,

(9oUT) = d%'U,,T. (2.23)

We substitute the field-source identity in the

relations (2.1)-(2.5) and re-express the results in terms

of the dynamical variables. The relation (2.2), for
instance, leads to the following relation:

i[D'90UT(x), D™ oo(Y)] + i[D™(x), DT00U(y)]
— gi[D7(x), D™ po(¥)]
= (1/m")[F(x) + F(y)]0*0(x — ¥)
— (g/m)[F(x) + F(11(x — y)

- (g/m4)woo.oo(x: y). (2.24)
Here D denotes the operator
D = (3V2 — m?), (2.25)
and we have introduced the notation
7, = (0m), — (2/3m?)0,(007), (2.26)
& = Jor = (2/3m%)9,0,J,,. (2.27)

When the source density J,,,(x) is nonsingular in the
coupling strength g, then (2.24) implies the following
relation:
i[00UT(x), Jog (M1 + ilJes " (x), 20U ()]

= D)D{(1/m)7x(x) + 71(1)10:(x — y)
— (1/mY@g0,00(x, )} (2)

Here, @g9,00(x, y) denotes the coefficient in possible
terms in gy go(X, y) of order 1/g:

g Wop,00 = (1/8')5500.00 + w(()?)),oo + 0(g), (2.28)
an
IR = ()]0 (2.29)

The relations obtained similarly from (2.2)-(2.5)
are the following:
wOO.OkS(x7 y) = —(2/3g2)V23k6(x -,
i[08U 7, 3,1 + ilJ55, 72
= D(x){U,c,T(x)alé(x -
+ 1[D7'90U p(x)]18,0(x — y)
+ [D™98U 1(»)18:0(x — )
+ (1/m®*)@go,01(x, )},

(b1)

(b2)
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i[00U 7 (x), jAy)]
= (1/m*)D(x)({[#(x) — 7(¥)10;
— (1/m*)Doomn(x)}d(x — y)
—~ {@o0,u(X, ¥) — Doo,00(x, ¥)}), (c1)
1700 (X)s U " (¥)]
= (1/m*) D)7 pn(x) — (1/m®)[0,,7,(x)
+ 0,7 () — $01mn0,7(%)
= Tu(¥)0n — Fu(¥)0m + $NmnT(¥)0,
+ (2/3m*)(0,,0, ~ 31wV )(x)]}
X 6(x — y) — (1/m*)D(X)@go,mn (%, ¥), (c2)
i3, 7] + il7(x), 3]
= [7,(x)0 + 7(1)0,)0(x — y) — Oor,om(X, ¥), (d)
gk, mn (X5 V)
= ("8 3andn + NP — §mai)O(x — ¥)
— (2/3m*)0,0,0,5(x — y)1, (el)
i3, 90U T(Y)] + il(%), Jooly)]
— (1/3m®)[7(x), Dj(y)]
= D(y)({D'00U*(x)d;
= 2[U"(y) + $miD00UT(1)10,}6(x — »)
+ (l/mz)U—)Ok,Zl(xs 1))
and
i3, U "]
= UpaT(¥)0:0(x — ¥)
~ {1:xlUmi"(p) + 1.y DI00U ()]
+ 05lU " (0) + 31, D7100U7 ()]
- %nmn[Usz(J)) + J:i’?kzD_laaUT(J’)]}
X 9,8(x — y) + (1/m*)Dop mn (X, ). (€3)
The notation used in the above equations is as
follows. wyy,g is the part of wy, o, Which is the most
singular in g, while (1/g)@qq,o; 15 the part which be-
haves as g~1. Similarly for wg; .., and @y ,,, . Writing
explicitly, we have
@g0,0x = (1/83)g%@00,01°] + (1/)00,01
+ a part regular in g, etc.

(e2)

(2.30)
In obtaining the relations following from (2.2) and

(2.5), we have used the canonical commutation
relations for the spin-2 field:

iU (), T D]y =
where

akl.mnT = $emMin + Nenllim — $Mciimn)-  (2.32)

The results (bl) and (el) tell us that in the singular
terms wgq,or and gy, in the stress-tensor ETCR’s
(2.2) and (2.5), the parts most singular in g are ¢
numbers. We note that the trace (in m, n) of this c-
number part of wy ,,, is equal to the corresponding

Srmn 0(x — ¥), (2.31)
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c-number part of wyg, gy

ka,mmS(x’ y) = woo.orcs(xa ) (2.33)
This is a consequence of (2.2) and (2.5) and the
Lorentz transformation properties of (0 [6,,(x),
eia(y)] |0>'

The relations (a), (b2), (cl), (c2), (d), (e2), and (e3)
express constraints on the structure of the g-inde-
pendent parts of the source J,,. For instance, the
relations (a), (cl), and (c2) imply that Jy,(x) and j(x)
must depend on the canonical momentum variable
m(x). These constraints are in addition to the
restrictions imposed because J,, has zero divergence;
the latter have been discussed in Ref. 1.

3. CONSTRAINTS IMPOSED BY THE
JACOBI IDENTITY

In the last section, we have obtained a number of
constraints on the source density J,, in the form of
relations for the commutators of components of J,,
with the dynamical variables U,," and =, . Since the
dynamical variables themselves satisfy the canonical
commutation relations (CCR’s), the Jacobi identity
for double commutators will impose consistency con-
ditions. We examine these in this section.

There are three independent constraints arising from
Jacobi identities applied to the commutator con-
straints obtained in Sec. 3. First, consider the rela-
tions (b2), (c2), and (e3), and the CCR’s. The CCR’s
are given by (2.31) and the vanishing of [U,,,” (x),
U ()] and [m,(x), m,(»)] at equal times.

From (e3), we may obtain an expression for the
equal-time commutator (ETC)

i[ooUT, §,'1. (3.1
Using this together with (b2) gives an expression for
the ETC
1750, il. (3.2)
The relation (c2) gives an expression for the ETC
ilJ60> Una' ), (3.3)
while the CCR gives the ETC
i, U1,
which is a ¢ number.
The Jacobi identity for the triple commutators of

v

the operators 7, U,,., and Jy, then leads to the
following relation:

(U (2), {D(x)300,00(X, ¥) + alaju_)Ok,IjT(ya x)}]
+ [#(9)s D(X)Doo,mn (2, )] = 0. (£)
This gives a constraint on the operator character
of the singular terms wyq o » wok_,jT, and ®gg, n” (2, X)

occurring in the stress-tensor ETCR. Thus (f) is
consistent with the two functions

(3.4)

(3.5)

- T
wOD.mn (Za X)
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and _ .
{D(x)woo.o,c(x, )+ alaj(')Ok,Ij (y, %)}, (3.6)

both being ¢ numbers. In a model in which this is
true, we would have the additional restriction that
(3.7

since the vacuum expectation value (VEV) of wyg, pp
must vanish, which follows from (2.3). We stress that
(f) does not necessarily require (3.5) and (3.6) to be
¢ numbers; however, the latter may be true in a
particular model.

In a manner similar to the above, we may start
with the relations (b2), (cl), and (e2), and the CCR;
the Jacobi identity for the operators

j(y), #.(x), and 22U7(z)
then leads to the constraint
[7(x), D(2) D(y){000,1(2, ¥) — Po0,00(2: ¥)}]
— 3m®*[00U ,(z), D(y)
X {Dor, mm(¥s X) + @gp, 0y, X)}] = 0. (g)

Again, the constraint (g) would be consistent with
the quantities

{‘T’oo,n(z, X) — @gg,00(2, x)}

- T
oo, mn (Z’ X) = 0’

(3.8)

3.9)

{U_)Ok.mm(x! Y) + @o0,01(¥s X)} (3.10)

being ¢ numbers. In a model in which this is true,
(3.9) would further imply that

and

o, 1(25 X) = @19 00(2, X). (3.11)

Note that each term in (3.11) must be a ¢ number or
zero, since it has a vanishing VEV.

Finally, we consider the relations (d) and (e3) and

the CCR. Using these and the Jacobi identity for the

operators
Fm» 7 and Uy’ (3.12)

we obtain the following constraint:

i[UmnT(y)a U_)Ok.m(xa Y)] + (i/m2)[7~7l(z)’ (Z)Ok.mnT(x’ y)]
+ (i/m*)[7:(X), @0y, (2, ¥)]
= —Fpa(y)0(x — )0, 0(x — z)
= Fima(0)0(z — y)9,0(x — z)
+ NerFima(2)0(z — x)0,0(x — y)
+ N Frmn(X)0(x — 2)0,0(z — y)

_ (n,,,ka,»(z) + 7oFund2) — $mnFane(2)

_ .4 ém,,.k/"@—vz) 5z — 1)3d(x — )

9m? 0z,
- (nankmr(x) + 77mlerM'(x) - %nmanlr(x)

_ 4 s 1 v;) 8(x — 18,5z — y). (h)

mn,ir
Im? 0x,,
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Here we have used the notation
o 0

Fiua(x) = 6;
lmn( ) itimn axj 377’12 axl

i 1 -2
X (axmaxn /Y ) (3.13)

In contrast to the constraints (f) and (g), the
constraint (h) requires that at least one of the singular
terms wy, o, and (UOk,mnT must have a g-number part.

We note that a simple set of assumptions about the
operator character of the singular terms in the stress-
tensor ETCR’s that would be consistent with the
constraints (f), (g), and (h) (which in turn follow from
the covariance conditions and the field-source identity)
are that @gq o, and oy s are ¢ NUMbers, Moo, pmn’ =
0, while @g,,; = 9,00 are ¢ numbers (or zero) and
®ox,0; 15 @ nonvanishing ¢ number.

These are statements only about the parts of the
singular terms that are proportional to 1/¢g. The terms
proportional to 1/g2 in wgg, o and G, are given by
(b1) and (el), while &y ,,, and @y o; have no terms
proportional to 1/g® Therefore, the simple assump-
tions above, if true for @y o, €tc., are also true for
the parts of @gg o> Dor, mn » €LC., that are singular in g.
The considerations of this paper do not give any con-
straints on the parts that are regular in g (apart from
the constraints on the VEV’s of wyq 01> @00, mn» €tC.,
that follow directly from the stress-tensor ETCR’s).

4. NONLINEARITY OF THE SOURCE IN THE
COUPLING STRENGTH

We now examine the additional relations that would
follow from the stress-tensor ETCR’s (2.1)-(2.5) and
the field-source identity if the source term gJ,, were
linear in the coupling constant g, thatis, if J,,'” (x) =
Jy(X).

For instance, consider the relation (2.24) following
from (2.1) and the field-source identity. WhenJ,,,(x) =
J P (x), then the terms of order g in (2.24) lead to the
relation

i[D™ W g9(x), D oe(0)]

= (1/m")[&(x) + F(»]50(x — )
+ (1/'”4)“’00,00(0)(3" »)s 4.1)
where w00 is the part of g oo that is independent
of g.

Similarly, we obtain from (2.1)-(2.5) and the field-
source identity the following relations [if we assume
Juv(x) = Juv(m(x)] :
i[D_lJOO ’ 8k]

= D" Yg(x) + D Yeo(1)10:0(x — ¥)

- (l/mz)woo_o,cm)(x, ), 4.2)
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i[D ¢y, j]
= (1/m*{[Fu(x) — 52110, + 100i(x)
+ m™2D3,Jo,(x)}0(x — y)

- (1/’7’12)[0)00,11(0)(3", y) — “)00.00(0)(3‘, 1218

(4.3)
0 = {[#.(1)0, + 201 — ndu(13;]
- [amJOn(x) + anJOm(x) - %nmnak']l)k(x)]
+ (2/3m*)(8,n0n — 3 V)OS (X)}(x — )
+ ©g0,mn (X)), (4.4)

i[3.(x), 3,()]
= —[,(x)0; + 3’1;(}’)81]6(" -y - ‘/)ozc.oz(m(x, ),

(4.5)
—i[&x, D_IJOO] + (i/'"2)[75k,j]
= —[D () — (1/m?)j(x)]0,0(x — y)
+ 2[D"Wog(y) — (1/m*) j(3)]10:0(x — y)
+ (1/m®ywg 11 " (x, ¥). (4.6)
0 = 30pn (D Voo(¥) — (1/m*) j(M]2,0(x — )
+ (M) 0g ) (%, ). (47)

In the above equations, oo, mn T is the traceless

part of wyg, " (With respect to the indices m and n),
and @y, " is the g-independent part of wgg, . s €tC.

"The relations (4.4) and (4.7) directly give strong
constraints on the singular terms wgq "7 and
Wormn T . The Jacobi identities for triple commu-
tators, e.g., those involving &, , j, and Jy,, give further
restrictions on the singular terms.

Consider (4.7). This directly gives the g-independ-
ent, traceless (in m, n) part of the singular term
Wor.mp 10 the stress-tensor ETCR (2.5). It is seen that
this expression is consistent with the general require-
ments on Wy, py, -

Next we consider (4.4). The properties (2.6) and
(2.9) required of wyg, (X, ¥) require that

f 000, T (x, ) = 0 (4.8)

and

f dxxtene n @T(x, ) = 0. (4.9)

(4.8) and (4.9) require that

[amJOn(x) + an'IOm(x) - %nmnakJOk(x)] )
- (2/3m2)(aman - %nmnvz)al‘lﬂl(x) = 0’ (410)

while (4.9) and (4.7) require the following:

_[nkngm(y) + nkman(y) - %ﬁmn?fk(,V)]

+ yk{[amJOn(y) + anJOrn(y) - %nmnal‘]m(y)]
— (2/3mY)(@n0n — $MmaVD0Jo(3)} = 0. (4.11)
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(4.11) implies that

Fn(0) = 0. 4.12)

As the origin of y can be chosen arbitrarily, this
implies

Fnly) = 0. (4.13)

Recalling (2.27), we see that (4.10) and (4.13) would
require that

Jop(x) = 0. (4.14)

This shows that the assumption that J,(x) is
independent of g implies that J,,(x) = 0 in a Lorentz-
covariant theory with a field-source identity. There-
fore, such a theory with a nonzero interaction requires
that the source term gJ,,(x) be nonlinear in g.

5. VERIFICATION OF SOME PROPERTIES OF
THE SOURCE J,,

Recently, results have been obtained by Orzalesi,
Sucher, and Woo,! and by Divgi and Woo,? which
state that if S,,(x) is a symmetric, local second-rank
tensor operator with zero divergence, obeying certain
additional conditions,! then the space integrals of
Sy and (x,S, — x,S,,) will be proportional to the
generators P, and M, of the Poincaré group:

f xS,q(x) = CP,, .1)

fd”x(xusvo — x,5,0) = CM,,. (5.2)

The source tensor J,,(x) of the spin-2 field U,,(x)
has the properties required of the operator S,,(x),
as noted in Ref. 1. We have pointed out there that this
may be used for fixing the normalization of J,,(x),
by requiring that

Jd?‘xl},o(x) = P,. (5.3)

The results of Refs. 11 and 12 then imply that we
should be able to write J,4(x) in the form

Juo(x) = ®;¢0(x) + Buo(x)9 (54)

such that B,(x) obeys the conditions
f d’xB,y(x) = 0, (5.5)
J' Px[x,B,o(x) — x,Bo()] = 0.  (5.6)

We shall now check that the properties of the
source J,, are consistent with this requirement.
Using the field-source identity (2.10) in Eq. (2.17)
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for U

uv» We obtain the following:

1 .
([:l2 -+ m2)®‘,,v = mz(J,,v — Szg(auav - D277nv)])a

(5.7
which leads to
(O° + m)O() = (0* + m)j(x),  (5.8)
where ® denotes the trace ®7. This implies
J(x) = O(x) + x(x), (5.9)
where y(x) obeys the equation
(@* + mPy(x) = 0. (5.10)
We therefore obtain from (5.7) the equation
= 0,, + B,,, (5.11)
where
B,, = (Q*m")®,, + (1/3m*)(@,9, — 0, )(© + y).
(5.12)

We must now check whether B,, has the properties
(5:5) and (5.6). We first write

2
f d*xByy(x) = %’5 [ APx0;4(x) — ;1; f d®xV*0 4(x)

+ 530 [[00) + 4091 (513
3m

The first term is of the form (1/m?)d;P; and vanishes
(by momentum conservation). The remaining terms
vanish by Gauss’s theorem if we assume the vanishing
of the surface integrals at infinity. We thus obtain

f 4B y(x) = 0. (5.14)

Similarly, we write
[xBac) = @aimyp, — 1) [arsv:

X {Bgo(x) — 3[O(x) + x()]} = 0. (5.15)

Therefore, the requirement (5.5) is satisfied. We next
write

f d*x(x;Bjo ~— Xx;Bi)
= aﬁfdsx(xiﬁ)jo —_ ij)m)
+fdax(xiv2®jo - xjv2®i0)

+ 19, f Px(x9; — %2)(0 + )

=M., =0, (5.16)
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where we have integrated by parts, set surface terms
equal to zero, and have used angular momentum
conservation.

We finally write

f d3x(x,-Boo — XoBjp)
= M, — f Pxx V000 + %o f 450,

+1 f 30O + 1) — bxody f &*x0(0 + 2)

= agMio = —[Py, [Py, My]] = i[P,, P;] = 0.
(5.17)

This shows that J,, can be written in the form (5.4),
with B,, satisfying the conditions (5.5) and (5.6), so
that our model satisfies the requirements of Refs.
11 and 12.

In concluding, we note that there are several tensors
in a spin-2 theory such that their space integrals may
be used for constructing the generators of the Poincaré
group. For instance, from the equation

gJuv = (DZ + mz)(qu - "]uvu) + (ﬂvaz - auav)u

and the requirement that the space integrals of J,,
and (x,J,, — x,J,0) should be proportional to the
generators of the Poincaré group, it follows that one
may also use the tensor

(D2 + mg)(qu - nuvu) (518)

instead of J,, to construct the generators P, and M, .
Our hypothesis that (U,, — 7,,u) is proportional to
the stress tensor is consistent with this, as this hypoth-
esis implies that the space integrals of (5.18) will
also be proportional to P, and M,,. A more general
form of the field-source identity would be the following:

®yv = (a + sz)(va - ﬂ”v“) + C(nva2 - auav)u'
(5.19)

We have postulated the identity in the form (2.10)
because of its simplicity and because it involves no
arbitrary parameters.

6. CONCLUDING REMARKS

In this paper, we have obtained the constraints
imposed by a field-source identity and Lorentz

K. RAMAN

covariance on a spin-2 meson theory. The results
obtained here indicate the nature of the restrictions
on a theory in which the spin-2 field and its source
are closely related to the stress tensor. Although we
have not exhibited a model theory satisfying all the
field-dependence requirements, the latter are given
explicitly and do not appear to lead to any incon-
sistency, which lends support to the existence of such
field theories.

As discussed in Ref. 1, the field-source identity may
be extended in a straightforward way to take into
account the two neutral spin-2 mesons f and f’.
The constraints imposed on such theories by Lorentz
covariance are a straightforward extension of the
results obtained here.
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The role of singular forward multiparticle scattering amplitudes in S-matrix formulas for the higher
virial coefficients is studied in detail. It is shown that by means of a simple limiting process one can give a
precise, unambiguous meaning to the traces over on-shell scattering amplitudes which appear in our
previous formulas for the virial coefficients. The general arguments, in which we maintain a reasonable
level of rigor, are supported by explicit calculations for the third and fourth virial coefficients. Also, the
angular momentum expansion used in earlier work is shown to converge.

1. INTRODUCTION

It is intuitively clear that the thermodynamic
properties of a dilute interacting gas can be understood
in terms of the collisions involving a small number of
particles.’2 The concept of the scattering matrix,
which gives a complete description of the collision
process, therefore enters into statistical mechanics.

By way of the virial expansion, the role of the S
matrix in statistical mechanics was examined in a
previous paper,® hereafter referred to as I. A simple
prescription for calculating the virial coefficients in
terms of S-matrix elements was derived.

This prescription, stripped of details, reads

b, ~ | dee™® Im Tr S‘lg- S, (1.0

€

and thus relates the n-particle S matrix at c.m. energy e
to the coefficients b,, from which the virial series can
be obtained readily. A generalized form of (1.1)
gives a basis for extrapolating toward a statistical
mechanics of relativistic gases. The qualitative and
physical aspects of (1.1) and some simple applications
were discussed.

It was also pointed out in I that an annoying
problem remains in (1.1) even in its simplest non-
relativistic form. The problem is as follows. One wants
(1.1) to depend only on strictly on-shell scattering
amplitudes. In our original derivation Tr S—1(5S/6e)
is supposed to be understood as limit as £ — ¢ + i0 of
Tr S~Y(E)[0S(E)/0E] where E is a complex off-shell
energy whose on-shell value is «. One can easily see
from the discussion in I that Tr S‘1(5'S/ de¢) as defined
this way will depend only on on-shell quantities

provided that the scattering amplitude or T matrix
does not become infinite anywhere on the energy shell.
If the 7" matrix does blow up somewhere on the energy
shell, a special discussion is required. These remarks
are relevant for physics because, while the two-body
T matrix is always finite in the physical scattering
region, for three or more bodies the on-shell T matrix
has poles in the physical region. A typical diagram
with this property is shown in Fig. 1. The origin and
nature of these singularities are discussed below, here
we simply note that they indicate a possible difficulty
in a program directed towards expressing all the b, in
terms of on-shell amplitudes. In I we suggested a
method for handling these singular pieces of multi-
particle amplitudes and concluded that, in principle,
everything was all right and b, could indeed be written
in terms of on-shell amplitudes. This analysis was,
however, not rigorous. In a later paper,? hereafter
called II, we studied b, in considerable detail and
came to the same conclusion for this particular case.
Unfortunately, the more rigorous methods of II were
cumbersome and not easily generalizable to arbitrary
n. The purpose of the present paper is to complete the
program. We will show that in spite of the poles in the
multiparticle amplitudes, all the b, can in fact be
calculated from on-shell quantities. Also we give a
recipe for computing b, which is, in principle, very
simple and elegant. In practice, however, our present
formulas will probably not be overly useful. This leads
us to remark that although we have now shown that
all the b, are determined by on-shell scattering data,
there is still a lot of work to be done on the formalism.
What we feel is needed is a hard study of the qualitative
properties of scattering amplitudes involving several
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Py, P2
F1G. 1. A typical diagram for the scatter-
' ing amplitude which becomes singular for
P, P forward scattering, where p; = p, and the
, 3 f 8 :

P, intermediate state energy denominator
vanishes, as a consequence of momentum
conservation.

4 i
p2 p3

particles, with the possible goal of finding a rearrange-
ment of the virial series which would be more useful
in practice (e.g., more rapidly convergent in certain
cases). This more difficult problem will only be
touched upon in the present paper.

Let us now be more specific.

First we have to understand where the above
mentioned singularities come from and what they
look like. Consider as an illustration the on-shell
scattering amplitude for three particles of equal mass.
Let the initial momenta be p;, ps, and p; and the final
momenta be p;, p,, and p;, where > p, = > p; and
> p? =Y pi® since we are on shell. This amplitude
blows up when p} + p; = pi® + (py — p. — Po)* This
singularity, which has the analytic form of a pole, is a
reflection of the fact that one way to make a three-
particle event is to have two successive two-particle
collisions 2’ + 3’ — 2" + 3, followed by 2" + 1" —
2 4+ 1, with p, =p, +p, — p;. (See Fig. 1.) In a
kinematic configuration where the relation p} + pj =
pi¥ + (p1 — p1 — P.)* holds, energy can be conserved
in each two-body event separately. When this happens
the two collisions may occur arbitrarily far apart in
time and the S-matrix as conventionally defined blows
up. In particular, we note that in the forward direction
where p, = p; and p, = p,, one is sitting right on top
of the pole. Unfortunately (1.1) contains, among other
things, integrals over forward scattering amplitudes.
This does not, of course, imply a divergence in b,.
It simply means that one must carefully specify the
on-shell interpretation of (1.1).

We have discovered a simple modification of (1.2)
that makes the on-shell nature of the S-matrix
expressions for b, explicit. It is to write

b, ~lim |dee ¢ Im Tr (S+(€) 58_ S(e)ei”“) , (1.2)
€

-0

where ¢?/s is a rotation around the third axis in the
c.m. frame and ¢ is now explicitly the on-shell energy.
The rule is to do the trace and integration over e
before taking the limit as 6 — 0. Because of rotational
invariance, which is assumed in the derivation of (1.2),
the direction of the third axis is entirely arbitrary.
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The reason that S can immediately be placed on shell
in (1.2) but not in (1.1) is that with the rotation %’z
inserted, the singular forward amplitudes are avoided.

It should not be thought that (1.1) is wrong or fails
to give an onshell formula for &,. If one is careful
with the contour of the e-integration in (1.1), this
formula gives results identical to (1.2). As stated
above, the latter is explicitly on-shell. Notice that a
forward amplitude in (1.1) will be replaced by a limit
from a nonforward direction when one goes to (1.2).
Thus, one might anticipate that, upon carefully doing
the e integration over the forward amplitudes in (1.1),
a new set of terms related to on-shell scattering
arbitrarily close to, but not exactly in, the forward
direction will arise. This is indeed the case. It is,
however, not a simple task to recognize these terms.
This is why the on-shell nature of (1.1) is not trans-
parent.

The method of treating (1.1) suggested in I and
worked out in detail for b, in II was to take the trace
for each fixed angular momentum J and then to sum
over J. For a given J, the T matrix is sufficiently
regular on the energy shell so that none of the diff-
iculties described above appear. One then has to
verify that the sum over J converges and gives the
right answer. For b, this was done in IL. The angular
momentum method is very closely related to the 8 — 0
limit in (1.2). The precise connection is explained in
the text.

In previous work on the connection between the
b, and the S matrix, it appears either that the
existence of singular forward scattering amplitudes has
been ignored or else that the treatment has been
restricted to a fixed angular momentum J, ignoring
questions about the convergence of the sum over J.

We are aware that a reasonable amount of mathe-
matical care and rigor is needed to firmly establish
an equation like (1.2). For this reason we have taken
time to give rigorous justification for those steps in
the derivation of (1.1) which might appear to be
particularly questionable. In an appendix we use path
integral techniques to prove that b, can be written as
the limit of a trace where, as in (1.2), the final state is
rotated relative to the initial state. Armed with this
result, we can obtain (1.2) in exactly the same way
that (1.1) was obtained earlier. The steps in the latter
calculation are all well defined if one remembers to
first establish the formula in a finite volume and then
take an infinite volume limit. We are careful to show
that the limit as 6 — 0 can be interchanged with a limit
of infinite volume. As a byproduct we are able to
prove that the angular momentum series of b,
converges. While there is room for improvement, we
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feel that the level of rigor maintained here should
satisfy most readers.

In addition to obtaining the general results described
above, we illustrate the situation with several specific
calculations for b; and b,. For b;, we compute the

contribution of all singular pieces of S*(gS/ae). We do
this both by using the explicitly on-shell small angle
limit (1.2) and by carefully doing the ¢ integration in
(1.1). As expected, the two methods agree and also
agree with the angular momentum sum worked out
in II. The next coefficient b, brings in some qualita-
tively new effects. Again we calculate the contributions
of singular amplitudes using both (1.1) and (1.2).
Again both methods agree. We consider these explicit
computations as strong evidence that our basic
approach is indeed correct.

Due to the already extreme length of this paper, we
have chosen to omit any discussion of applications.
We would, however, like to state the following fact
without proof or supporting discussion. It is that the
forward singularities in S7(0S/0¢) have the interesting
property that they give the leading contribution to b,
at low temperatures. As mentioned above, these
singularities are the result of two or more successive,
well separated collisions each involving fewer than n
particles. Therefore, the pieces of b, which are largest
for small temperatures depend only on the scatterings
of fewer than n particles. In particular, the largest
piece of b, comes from successive two-body collisions
and can be expressed as a function of the two-body
scattering lengths above.® This might turn out to have
some useful consequences.

The paper is organized as follows. In the next
section we review some basic facts about the virial
coefficients and state some results about the 6 — 0
limit. Our basic formulas and results are also stated
there. Derivations given in I are, however, not
repeated. Section 3 is basically a prelude to Secs.
4 and 5, where the explicit computations for b; and
b, are discussed. In the case of b, , most of the detailed
work is relegated to appendices.

We will restrict ourselves to nonrelativistic particles
of a single species. The extension to relativistic
situations discussed in I is straightforward. For
simplicity, we will also assume that there are no bound
states, and we will take account of Fermi or Bose
statistics only when it is important to do so.

2. BACKGROUND AND SOME
BASIC RESULTS

This section is intended to provide a fairly rigorous
foundation for our later discussions of the virial series
from the point of view of scattering theory. We will

really not be exclusively concerned with scattering
theory here. Rather, we begin by reviewing some of
what is known about the virial expansion in the more
usual U-function formalism. We then state a few
simple but basic results which are necessary to justify
the § — 0 limit described in the Introduction. The
proofs are relegated to appendices. Then we review
our previous results concerning the connection
between b, and the S matrix and, finally, state our
main result.

A. Definitions
We are interested in a nonrelativistic gas of volume
V', temperature 1, chemical potential 4, and pressure
P. The power series expansion for the grand potential
Q= —PVis

Q=0Q,— V33 b(V)Z", .1
n=2

i = (mf2mp)t, (2.2)

where Z = e#, Q) = — Vp11-3Z is the grand poten-
tial for an ideal gas, and m is the mass of a gas
molecule. In (2.1), the coefficients depend on V: We
are only interested in

b, = lim b, (V).

V-

(2.3)

With suitable restrictions on the interactions, this
limit can be rigorously shown to exist.® We consider
only cases where (2.3) makes sense, and we will not
concern ourselves further with questions having to do
with interchanging the limit ¥ — oo and the sum over
n in (2.1). This latter point has been extensively
discussed in the literature.® We pause only to say that
the ability to interchange the sum and limit essentially
defines the gas phase.

Our object of study, then, is b, as defined by (2.1)
and (2.3). We recall that b, depends on the dynamics
of a finite number (n) of particles in an infinite volume.
This is the basic reason why b, can be expressed in
terms of on-shell scattering amplitudes.

The usual expression for b, involves a function

<X1“ ‘an Unlyl".yn)
= connected part of {(x; * = - X, | e P |y, - - -y )},
(2.4)

where H, is the n-body Hamiltonian and *‘connected
part of” means to subtract out products of the U, for
m < n in the usual way. The algorithm for construct-
ing U, is well known so we need not go into the details,
except to remark that in perturbation theory language
U, is simply the sum of all connected diagrams.
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It is convenient to factor the c.m. dependence out of
U, . We define

& X Unlyy - ¥a)
= ndi~3 exp [— 2nm[B)(X — Y]

X {3 Un {¥Dem.» (2.5)

where nX = > x;, nY = >y, and the matrix element
with the ““c.m.” subscript is independent of X and Y.
The labels {x} and {y} on the states are supposed to
stand for any pairs of 3n — 3 coordinates specifying
the relative distances between particles in the c.m.
frame. It is easiest to think of {x} as the full set of
coordinates x; * - * x,, subject to the constraint Y x, =
0, which obviously leaves 3n — 3 variables. The object
b, is then given by

b, = (n¥n) f ity (XN Up | {8Dom > (2:6)

where du, is a 3n — 3 dimensional integration in the
3n dimensional space of the x’s. Because the integrand
in (2.6) is translaticnally invariant, one has a certain
amount of freedom in defining this integration. For
our purposes it is convenient to set

dp, = 03Xy + X+ + X,)dx,d%%; -+ dPX,,.
@.7)

The integration runs between + o0 and —oo for all
the x’s.

We will also need the expression for b, in terms of
momentum space variables. We define

Pl Uy [@o.m.
= f du, du,e PR (3 U1yl L, (2.8)

where p and q stand for the variables p, - - - p, and
Q. q,, subject to the c.m. constraints Y p; = 0 and
> q; = 0. In many future formulas this c.m. constraint
will be implicit. It is important to keep this in mind.
Clearly, one can write

by= ) [dp ol Ul @)
where
dp = (277')353(1’1 +p+ 4+ P
daPl d3P2 dspn
cee . (2.10
((217)3 Q2n)? (277)3) ( )

Equations (2.6) and (2.9) are neatly summarized by
b, = (n¥[n!) Tt (U)o, (2.11)

where the meaning of the trace over c.m. variables
should be obvious.
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B. The Small Angle and Infinite
Volume Limits

We define
- f XN Uy HRXD) o, dit

= [@ U, 1R dp. 12
where ¢®’3 is a rotation about the third axis in the
center of mass system and {Ryx} and Ryp are the
correspondingly rotated coordinates and momenta.
In all cases of physical interest, U, is rotationally
invariant so that e*/s can be replaced by a similar
rotation about any axis without changing F,(6).

In Appendix A, it is shown that for potentials
which fall off rapidly at large separations between
particles, F,(0) is continuous at # = 0, i.e.,

b, = (n¥n)F,(0) = lim (n}/n))F (6). (2.13)
80

Specifically, we prove (2.13) for potentials of strictly
finite range or which fall off exponentially with
interparticle distance. Actually, (2.13) probably holds
for all potentials of interest to us, i.e., those potentials
which are well enough behaved to construct a scatter-
ing theory of the usual kind. This will become clear
when the reader sees how we use this result.

Equation (2.13) is not too surprising. From a phys-
icist’s point of view, the only possible worry might be
that F,(6) is defined as a trace over a system which is
allowed to occupy an infinite volume. If the volume
were finite, (2.13) would be essentially trivial. For this
and other reasons to become apparent later, it is
useful to record a result about the infinite volume limit.

Consider an artificial system confined to a sphere in
the center of mass system defined by Y, xZ < A?
(remember Y; x; = 0). The boundary condition is to
be that the wavefunction vanishes at > x; = AZ% Let
U,(A) be the new U function and define

F (6, A) = Tr [U,(A)e7], .
X UL [{Rex)) dpy. (2.14)

Ez12<A

For potentials of the type described above, it is shown
in Appendix B that

lim & (6, A) = F(6)
A— o

and
lim ¥ ,(0, A) = F(0),

A=

(2.15)
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or

90 \A>

b, = lim ( lim (n}/n)F (8, A))

= lim (lim ¥ (6, A)) :
A-ro0 \8—0

This result is useful because it is sometimes convenient

to manipulate expressions for F, with a finite A,

taking the limit as A — oo at the end of the calculation.

According to (2.15), we can always freely interchange

the limits 8 — 0 and A — oo.

C. The Angular Momentum Series for b,

As mentioned in the Introduction, it is often useful
to compute b, in an angular momentum basis. That is,
one writes

J
where b, is that part of b, which comes from states
whose c.m. angular momentum is J. We now turn to
the properties of the b, and the series (2.16). Among
other things, we can use (2.13) to prove that (2.16)
converges, a result which makes our previous work
on by (see II) completely rigorous.

Suppose we want to break the trace of a rotationally
symmetrical operator 4 up into pieces coming from
states of fixed J. This may be done by means of the
projection operator

P,=@a) QI+ 13 f dRD%(R)U(R), (2.17)
M

where U(R) is the Hilbert space transformation corre-
sponding to a rotation R, Disar(R) are the usual
rotation matrices for spin J, and the integration is over
the rotation group. By definition, one has

TrA=zTrJA,
J

Try A=TrAP;. (2.18)

If A is rotationally invariant so that U(R)AU(R) =
A, the above formulas can be considerably simplified.
Consider

Tr, A = 87 Y2J + 1) f dR'S DI (R) Tr [AU(R)]

(2.19)

for rotationally symmetric A. We can parametrize the
rotations R by a unit vector e and an angle 6, corre-
sponding to a rotation through an angle 6 around the e
axis. Now 3, D~ (R) and Tr [4U(R)] are themselves
rotationally symmetric and can therefore depend only
on 6, not on e. Hence we can do the e integration in
(2.19) trivially leaving only a one-dimensional integra-
tion over 6. All we have to do is compute the volume
element dR in terms of e and 6, and then compute

D D .. as a function of 8. The calculation is standard
and the answer is

Try; A = Qn)%2J + 1)

X Judﬁ(l — cos 0)y7(6) Tr (4e7%), (2.20)

—T

where

J .
1s(0) = zJemm.

m=—

(2.21)

Obviously, we could have replaced */¢ in (2.20) by a
rotation around any axis, since Tr (4¢**7) is inde-
pendent of e for e = 1 and 4 rotationally symmetric.

Let us now apply (2.20) to the virial coefficients.
From (2.10) and (2.12) we have

by, = (n%/27rn NRJ + l)jﬂ do(l — cos 0)y (O)F ,(6).

(2.22)
The completeness relation

Q)3 (2 4+ 1)(1 — cos O)y,(6) = 8(6), (2.23)
J

plus the fact proven above that F,(6) is continuous at
6 = 0, proves the convergence of (2.16), according
to the usual theorems on orthogonal series. Note also
that, according to (2.15), the sum over J can be inter-
changed with the limit of infinite volume (A — c0).
Having shown that > ;b;, converges in the
mathematical sense, it is still desirable to have some
idea about rate at which (2.17) converges. One
expects to be able to neglect the b ;,, in (2.16) for J 3> J,
where J is a typical angular momentum in the states
[{X})e.m. in (2.6). Let j be a typical momentum and d
be a typical distance between particles, then
J ~ npd. (2.24)
To estimate d, we have to consider two effects. The
first is the range of the interaction, call it a. If two
particles are separated by a distance less than a, they
will certainly contribute to b, . The other effect is that
particle 1, for example, can interact with particle 2
and then propagate freely over to particle 3 where it
interacts again. The relevant distance here is the
distance over which particle two can propagate. From
the well known imaginary-time analogy, we know that
its distance can be estimated from the single particle
diffusion equation

Qf___ —-1—V2
B

Over a time B, a particle can diffuse a distance
(m]B)* ~ 1, the thermal wavelength. Hence the second
length is 4 and combining the two effects, we get

d~a+ A (2.25)

2m
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Of course, j is of order 71, which finally gives

J ~n(aji + 1). (2.26)

Note that J increases with n. Also J does not tend to
zero as A — oo, i.e., at zero temperature. This, as will
be seen later, is a consequence of the singular ampli-
tudes in the on-shell scattering formulas. For n = 2,
the second effect mentioned above does not exist,
‘hence

J, ~ 2afd), 2.27)

as one would expect from the Beth-Uhlenbeck expres-
sion for b, in terms of two-body phase shifts. Note that
intuition obtained from looking only at the two-body
case is misleading here.

D. Off-Shell S-Matrix Formulas

In I it was shown that
Tr(U,)e.m.
1 —8E ( —1 a )
Tr (AS;YE) == S, (E
e r ( )aE (E)

¢,c.m.

dE, (2.28)

4qri

where A4 is a symmetrization or antisymmetrization
operator explained in I, and the off-shell S matrix is
defined by
S(E)=1+ [(E+ in — Hp)*
— (E — in — Hy)IT(E),
SHE)=1—[(E+in— Hy?
— (E — in — HyYT'(E),
T(E)y=V + V(E + in — H)V,
THE)=V + V(E — in — H)V.
H, is a free particle Hamiltonian
V=H-— H,.

(2.29)

The object 7 is a positive infinitesimal which serves to
define the integration contour in (2.28). (We use E
rather than e for the energy to remind ourselves that
we are off-shell. This convention will not be followed
in later sections.) The subscript *““c.m.” means the
S matrix with the center of mass motion factored out.
Specifically, the H in (2.29) is the total Hamiltonian
minus the kinetic energy of the c.m. Thus,

55)
-1 _
(AS aE c.m.

contains no overall momentum conservation delta
functions. The subscript ‘“c”” means to take the
connected part. The algorithm for obtaining

@ww%&ml
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from S;I[BS,,(E)/BE] itself is identical to the algo-
rithm for obtaining U, from the W functions. For
example, for n = 3 and Maxwell-Boltzmann statistics
such that A = 1, one has

>

OE * 9E
_ 0
- Se 1(13 3) 5E SZ(la 3)

(s;1 9 53) st s, - 571, 2) 535 Si(1,2)

El
— 83%(2,3) == S4(2,3), 2.30
2(2,3) 35 4% 3) (2.30)
where S, (7, j) is the two-particle S matrix for particles
i and j, it is obtained by setting V' = V,(i, j) in (2.29).
In general, U, is obtained from W, (W, ~ e~##x) by
subtracting off terms of the form e##’, where H' is
equal to H, minus the interaction terms connecting
two or more clusters of particles, and then adding in
certain exchange terms. Correspondingly
as
AS;! —")
(45,

is obtained from 5;1(38,2/ 0E) by subtracting off terms

of the form S''3S’[dE where S is defined by
(2.29), with H = H’, and then adding exchange terms.
In perturbation theory language [AS;I(‘E;S”/aE)]c is
just the sum of all connected diagrams contributing to
AS;(3S,,/0E). It s easiest to think of [AS;(3S, /9E)],
in this perturbation theoretic sense, but its definition
is in no way dependent on perturbation theory.

The derivation of (2.28) given in I involved the
cyclic invariance property [Tr (ABC) = Tr (CAB)] of
the trace. To do things properly, one should use a
finite volume so that all traces are convergent and well
defined. The limit of infinite volume is then taken after
(2.28) has been established for a finite volume. We
are implicitly assuming, then, that

(ASn E Sn)c

has a sensible limit as the volume tends to infinity.
This is certainly true to any finite order in perturbation
theory and with a little thinking the reader will easily
see, in fact, that this must be the case if scattering
theory is to make any sense at all. For n = 3, the
proofs that the Fadeev equations have reasonable
solutions provide a rigorous justification. No doubt,
similar rigorous results could be obtained for n > 3.
We are, of course, assuming that the potentials fall of
fast enough at large separations between particles so
that the S matrix as usuvally defined exists. Thus,
Coulomb interactions for example are not allowed in
the present discussion.
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FiG. 2. A lowest-order singular dia-
gram. The dashed lines denote two-body
potentials.

pz ‘( p3
p4 p2 p3

P, l» P,

(E+in — Hyy ' — (E ~ in — Hy)!
~ —=2mid(E — Hy)

Since

for infinitesimal #, it appears that (2.28) depends only
on on-shell matrix elements of 7. Upon closer
inspection this is not so obvious. If the relevant matrix
elements of T(E) are themselves singular as E ap-
proaches the energy shell, one cannot simply interpret
(E + in — Hy™ ! — (E — in — Hy)™* as a delta func-
tion, but must carefully investigate the manner in
which the contour in (2.28) winds its way around the
singularities of the integrand. The 7-matrix elements
are singular, but nevertheless (2.28) does depend only
on on-shell scattering quantities. This is the main point
of the present paper. We remind the reader that
singular 7-matrix elements are in no way an indication
of infinities in &, . The only difficulty one encounters
is that these singularities in 7" make it harder to show
that b, can be obtained from strictly on-shell quantities.
The small angle limit is designed to accomplish the
latter.

Before giving explicit on-shell formulas, it is well
to look at a simple example of a singularity in 7" such
as that pictured in Fig. 2. Let # = 3, and suppose that
particles 1 and 2 interact with a potential ¥,, particles
2 and 3 interact through Vy,;, and that there is no
direct interaction between 1 and 3. Exchange will be
ignored, so A is set equal to 1. Keeping only terms of
order Viy,, Vi3, and Vi,V,;, the three-body T matrix is

Ty(E) = Vig + Vag + Vio(E + in — Hy)Vas
+ Vs (E + in — Ho)Vy,

+ O((V)%, (Var)®.  (2.31)

To compute

we need the two-body 7 matrices which to this order
are

Tz(la 2) = V12 + 0[(V12)2],
T,(2, 3) = Vo3 + 0[(V23)2],
T(1,3) = 0.

(2.32)
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Using (2.30), one readily verifies that

i O
(s s(B)
_10
" 20E
X (Viol(E + in — HyY ™ + (E — in — Ho) [Vay
+ Vil(E + in — Hyy™" + (E — in — Hy) '1V)}
+ O((Via), (Vas)*)s (2.33)
and that

c

[(E + in — H) ™ — (E — in — Hy)™']

—r

1O g
(ol (sg ()5 ss(b))c Pem
- - 0
= 7070 5

X {[E + in — e(p)I™ — [E — in — «(p)I"}
X {[E + in — (I + [E — in — «(p)T™},
(2.34)

where €(p) = > p;/2m, and the F’s are the Fourier
transforms of the V’s. Note that, according to our
c.m. convention, there is no overall momentum
conservation delta function. Furthermore, by defini-
tion

dE

,c.m.

f eI Ty (S;l(E) % &,,(1;"))c

= BV (0)7(0) f dEePE f dp

X {[E + in — e(pI™ — [E — in — «(p)I™)
X {[E+in —ep)I™ + [E — in — ()]}
+ O((Vao)’, (V12)), (2.35)

where dp is defined by (2.10). It is clear that in (2.35)
we cannot set

(E+in—e 1 —(E—in— et = —2mid(E — ¢
without getting into trouble. Rather one must set
(E+in—et—(E—in—e™
X [(E+in—e +(E—in—e7]

0
= 27— &(E — .
ﬂlaE ( €), (2.36)

with the result that

dE

r e D
J ‘ " T (53 I(E) a—E_ Sg(E))c,c.nu
= 20iB* T O)Pul0) [ 7 dp

+ 0V, (Vas)?). 2.37)
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This example should give ample illustration of why
one must be careful about interpreting

(E+in— H)™* — (E —in — Hy™?

as —2mid(E — Hy). It also illustrates some other
general points.

(i) The (E + in — )t + (E — in — €)' singular-
ity in T,(E) does not cause the trace or by to be sin-
gular. It only requires that we be careful with the
contour of integration.

(ii) Even though one cannot put
(E+in— Hy)™ — (E—in— Hy)™?
—2mi0(E — H,)

in (2.33), the trace in (2.35) still depends, to our
present accuracy, only on on-shell quantities. This
follows from the fact that if terms of order (V,)? and
(Va3)? are neglected, V,, and 7, are the on-shell two-
body 7 matrices. As we shall see, an analogous but
less trivial result is true in higher orders.

(iif) One can easily see that the reason that the
above singularity in T'; coincides with the singularity in
(E+in— H)r—(E—in— 1’10);1 is that we took
a forward matrix element of [S;'(0S:/0E)],. For a
general matrix element
-a“ SS) lp,>c.m. 4

S—l
<P|( 3 3E

the two singularities do not coincide and

(E+in— H)™ — (E—in — Hy)™
can be replaced by —2mid(E — H,). This is why the
small angle limit is useful.

Finally we record a useful variant of (2.28). By
integrating by parts, one readily verifies that

B

Tr (Un)em.
r(Unem. =~

f ¢E Im Tt [A In S,(E)], oo, dE,
(2.38)

where the subscripts ¢ and c.m. have the same meaning
as before.

E. On-Shell S-Matrix Formulas

Using the same methods as were employed in
obtaining (2.28), one can show that

Tr (U e o.m. = F,(0)

1 _BE ( ~1 0 67 )

-— Tr {AST(E) = S(E 3
Je r (E) o7 S(E)e

4mi e,c.m.

(2.39)

dE,
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where, as before, 72 is a rotation around the third
axis in the c.m. The derivation of (2.39), which will be
left to the reader, depends on the assumption of
rotational invariance so that ¢?/:Se™%s = S etc.

As is the case with (2.28), a proper derivation of
(2.39) involves starting in a finite volume, establishing
the formula and then taking the limit of infinite
volume. Rotational invariance can be preserved by
taking the volume to be a sphere in the c.m. frame. As
discussed above, the limit of infinite volume can be
shown to be interchangeable with the limit as 6 — 0.
Thus we may assume an infinite volume and a finite 0.
The limit as ¢ — 0 will be taken later.

The advantage of (2.39) is that it is easy to get on
to the energy shell. Since the trace of

(As—1 2 Se“”-"‘)
) o
involves only nonforward matrix elements of

f]
AST'— S},
( O )c'
the singularities in

(E+in— H)™* — (E—in— Hy)™?

no longer coincide with singularities of the T matrix.
Therefore, in the absence of bound states,

(E+in — H)™ — (E — in — Hy™

can be set equal to —27id(E — H,). The qualifying
remark about bound states is necessary. This was,
however, thoroughly discussed in I and need not be
gone into here. Henceforth, we assume that there
are no bound states.

To give an explicitly on-shell version of (2.39), it is
convenient to define some notations. Let

p) = Ips* " P = @me) 1V |e£), (2.40)
(Spi=0)
where € = Y pi/2m is the energy and & stands for
some 3n — 4 dimensionless variables which, along
with e, specify the c.m. momenta of the n particles. A
particular choice for the set & might be the vectors

¥ = p:2me) 7, (2.41)
which are not all independent but satisfy
2vi=0 Xy=1 (2.42)
Let the volume element be
dp = e 1(2me)t 1 de d§, (2.43)

where dp is defined by (2.10). For the particular
choice (2.42), d§ is easily shown to be
dé = 2m)*5(2 y)o(Z yi — 1)

x dP,[Q2m)% - - - d,|(27)°. (2.44)
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Finally, let

8, € &)
= 8(& — &) — 2mi (& T(e + i0) &), (2.45)
and
S(§, €, Rot")
= §(& — Rot') — 2mi (e&] T(e + i0)e”7|e&"), (2.46)
in an obvious notation. Note that we are defining
on-shell S-matrix elements for a given energy e. With
the above normalization, § is dimensionless.
Now setting
(E +in— Hy)™? — (E—in— Hy)™
= —2mid(E — H,)
in (2.39), which is allowed for 6 # 0, and doing some
algebra identical to that done in I, one finds

F,(0) = 4 fwe_ﬂe Tr (AST(G) 2 S(e)ew"a) de,
4mi Jo Oe A
(2.47)
where

Tr (A 8'(e) g; S(E)e“”s)

[

- f dE de dE (A;;s*(s', . £ g— S(E, e, Res))
€

(2.48)
s e &) = 8¢, O, (249
and
Ay are the matrix elements of the exchange
operator defined in [.  (2.50)

The subscript “c’ means the connected part as before
and 87! has been replaced by 8, since S is unitary
on-shell. Finally, collecting everything together, the
virial coefficient is given by

—pe t a . 0
fe Tr (AS (¢) a—e S(e)e 3) de,

¢

b, = lim

6-0 4min!

(2.51)

which is an explicitly on-shell formula. Equation
(2.51) is our main result. Its use will be illustrated in
the following sections.

On-shell formulas for the terms 4, in the angular
momentum sum are easily obtained by inserting (2.47)
into (2.22). Also the analog of (2.38)

b, = lim (n¥8/2mn") f < Im Tr [A¢™7° In S(¢)], de
-0

(2.52)
is sometimes useful.

3. INTERIM SUMMARY AND NOTATION

Equations (2.51) and (2.52) give explicit formulas
for b, in terms of on-shell scattering amplitudes. The
rule is always to compute the trace and do the integral
over € before taking the limit as 6 — 0. If one proceeds
in this order the calculation is well defined at every
step. Basically, what is happening is that forward
n-body scattering amplitudes are being defined by a
particularly simple limiting procedure. The forward
amplitudes thus defined do blow up, but the integrated
trace remains finite and does give the correct b,. As
mentioned before, because of rotational invariance
the rotation, ¢"*/s can be replaced by a rotation through
an angle 6 about any axis.

In the following sections, we compute the contri-
butions to b; and b, which come from pieces of

[8-1(d8/0¢€)] which blow up in the forward direction.
This provides an explicit demonstration of how (2.51)
and (2.52) work.

Of course, one must get the same b, from (2.28). As
mentioned above, in this equation one must be
exceedingly careful about the integration contour.
Consequently, (2.28) is not a manifestly on-shell
expression. Nevertheless the final expressions one
obtains from (2.28) are on-shell and do agree with
(2.51). Below, we show this directly for b; and b,.
This is accomplished simply by doing the E integration
carefully and applying some identities from scattering
theory. The angle 6 is never introduced here. To us,
this is a most convincing demonstration of the
correctness of the whole scheme.

Actually, we have found that in practice neither
(2.51) nor (2.52) are particularly convenient. This is
because the states [¢£) tend to be complicated. The
most convenient expression for b, seems to be

3
2

np fe‘ﬂ‘ Im Tr [AIn S, (e + i0)e?73], de,
2mn!
3.1

which, as it stands, contains the full off-sheli S matrix.
However, with 6 2 0 we know that we can write

S,(e +i0) = 1 — 2mid(Hy — €)T,(e + i0),

b, = lim
-0

(3.2)

so that everything ends up on-shell with an energy e.
We use e instead of E to remind us of this fact. It is
easiest to work out the traces in the |p) representation
defined in (2.10) and (2.11). To do this, one expands

In S, (e + i0) = —27id(e — HY)T,(e + i0)
+ (2m)%0(e — Hy)T, (e + i0)d(e — Hy)T, (e + i0)
+-- (33
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to obtain
. n%ﬂ

b, = —lim "L re ( f dpe ) (p| AT, [<(p) + i0] )
8-0 n!

~ i [dp dp'e HVole(n) - <)
x (pl AT, [e(p) + i0] [p")

x (p'| T,[e(p") + 01 |p") + - ),
where the state |p’) is defined by ¢

Ip) = ¢"*{p)

(3.4)

(3.5)
and the energy is

&) = (1/2m) 3 p}.

Note that (p’) = «(p), so that (3.4) is on-shell.

Our calculations in the following sections will be
based on (3.1) or some variant of it. The following
conventions will be observed.

(3.6)

(i) The symbol p without a subscript will be reserved
for the set p, - - - p, momenta in the center of mass
> p,=0. An individual particle’s momenta will
always carry a subscript.

(if) The subscript “c.m.” will be suppressed [as it
is in (3.1)-(3.4)] with the understanding that we are
always working in the c¢.m. system.

(iii) The mass of all particles will be set equal to §
so that the energy is e(p) = > p;. The symbol € with
no argument will also be used as the energy variable
in a T matrix, i.e., T(¢). In this case it need not be the
on-shell value of energy.

(iv) When doing algebra and combinatories, the
rotation €’s will usually be suppressed. Since, by
rotational invariance, /s commutes with all opera-
tors of interest, this factor can be reinstated inside the
trace at any stage in the calculation. It is best to think
of the symbol “Tr” as being equipped, either explicitly
or implicitly, with a rotation e*/s. The difference
between (2.28) and (2.51), for example, is then just the
difference between setting 6 = 0 before or after doing
the integration over energy. Furthermore, in explicit
calculations of matrix elements, the state e™’/s [p)
will usually be denoted simply as |p’) as in (3.4) and
(3.5). When this is done the meaning should be clear
from the context.

(v) Exchange will generally be ignored and the
exchange operator suppressed.

The general matrix element

pl IT(9) [p") 3.7
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will be called “on-shell” if e(p) = ¢ = ¢(p’), and
called “forward” if p = p’. Sometimes |p’) will be
¢"3 |p) so that e(p) is automatically equal to (p’).
We shall often encounter T matrices involving only
two of the n particles, say particles i/ and j. We shall
denote them by

@l Tyy(e) 07, (3-8)

where p, = p; for k 5 i, j and p, + p; = p; + p; by
momentum conservation. Momentum delta functions
are always left out of 7-matrix elements. The explicit
meaning of (3.8) is

@I T 1B = (p T (= 3 pi) g (9)

where T is the two-body 7 matrix and € — 3. ; P}
is the two-body energy. Invariance under the product
of time reversal and parity requires that

(pip;| T(w) [pipj) = (pip;| T(w) [p:py). (3.10)

We will find this result very useful. Another useful
fact is that

(p:psl T() |pip)
={p; + Q. p; + Q| T(o") |p; + Q, p; + Q) (3.11)

for any Q, where o’ = 20% + 2Q - (p; + p,) + .
Also, to save writing we introduce the conventional
Green’s functions

G(z) = (z — H),

Go(2) = (z — Hp) L. (3.12)
Calculations based on (2.38) which start out with
= 0 will be called “off-shell.”” (Even though we

know that they end up giving on-shell results.)

Calculations which start with 6 3£ 0 are manifestly

on-shell and hence are called “on-shell.”” Often the

on-shell and off-shell calculations can be done at the
same time provided we agree to call

Gyle + i) — Go(e — in)
= off-shell — 2#id(e — H,),

Go(e + i) + Go(e — in)

= off-shell 2Pfe — H,, (3.13)

and remember to keep 7 fixed and finite until the end
of the calculation. In connection with doing both
kinds of calculations at once, we remind the reader of
convention (iv) above.

In the following section we will be breaking (In S),
up into

(In S)c = (In S)clsing + (In S)c‘nonsing, (3.14)
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where (In S)cls,ing contains all pieces of (In S), whith
are singular in the forward direction on the energy
shell. This splitting of (In S), into two pieces is not
unique, but this will not be important. What we will
do is to take a specific division of (In S), and compute
only the contribution of (In S) g to b,. The
remaining contribution from (In S)Q]m,m;ing will be a
strictly on-shell object no matter how we choose to
compute its trace. Therefore, when we have shown
how to use the 6 — O limit to compute the trace of
(In S)|sing We will have shown that all of b, can be
expressed in terms of on-shell quantities. Similarly,
when we have shown that the “on’ and “off” shell
methods are equivalent for (In S)|sing, We will have
shown that they are equivalent for all of (In S)..

4. SINGULAR THREE-BODY TERMS

The contribution of singular diagrams to b; was
studied in detail using an angular momentum repre-
sentation in II. Here we shall obtain the same results
via the small angle limit.

First let us write the logarithm appearing in (3.1)

as a series
0

Tr(InS), = — 3 (1/m) Tr [2mid(e — Hy)T(e + i0)]™.
(4.1)

For simplicity the factor /s will be suppressed until
needed. In counting the diagrams representing the
terms in (4.1), we must keep each distinct diagram
only once. Taking advantage of the invariance of the
trace under cyclic permutations of operators, the
factor m~! may be conveniently eliminated by adopting
the convention that two diagrams are the same if they
can be obtained from each other by a cyclic permuta-
tion of T matrices.

The singular three-body diagrams are given in Fig.
3. We use a wavy line to denote the factor (e — H, +
i0)~%, which is part of a single three-body 7 matrix, in
contrast to the factors of 2mid(e — H,) which join
different 7" matrices and are denoted by solid lines.

P2 Ps

P2y Ps

Fic. 3. Three-body
singular diagrams. The
circles (there can be any
number of them joined by
solid lines), denote two-
body 7" matrices. The wavy
line denotes a factor G,.
Notice that diagrams ob- "
tained by cyclically per- pz
muting the T matrices
are identical by our con-
vention.

"

P2

U

Py

!

P3

P, P

FiG. 4. Kinematical variables in evaluating the three-body singular
diagrams.

These diagrams are easily summed (see I1) giving?
(1/27) Im Tr (In 8)c|sing

~ReTr (¥ = H)THOP - Th). ()

where P denotes the principal part, Ty, and T4 are
two-body T matrices, and we have used the identity

m

[27"i5(€ - HO)Tij]m

0
= [1 — 2mid(e — Hy)T,,I™
=1+ 2mid(e — H)TS;. (4.3)
For our purpose of illustrating the small angle limit, it
is not necessary to perform this sum. It will be clear
as we proceed that summing is irrelevant except to
simplify the writing.
The kinematic variables are depicted in Fig. 4.
Substituting (4.2) into (3.1) and integrating over e,
we find

ba sing — Ll_l}(l) - 3%ﬁfdpe-—[3€(p)
x Re [(p| Ti(e) Ip")

X (0| Tie) [DOP(} — piB™"), (4.9)

where [p’) = €3 |p) as in (3.5), and the intermediate
momenta p” are determined by momentum conserva-
tion, i.e.,

Pi=p,
P5 = Ps, (4.5)
P: = —p{ — P; = —p, — p;.

Note that whereas the integrand in (4.4) is a piece of
the on-shell three-body amplitude, the two-body T
matrices Ty and 73, are not on-shell except at the
point p3* = p3. It is convenient to evaluate 4.4)
using the variables pi, p§ and »;, v;, ¢ and ¢ defined
by

Pi = 71€0s ¢, pi =wsing,
ps =rycos(@ + ¢), pi=wsin(p+ ¢). (4.6)
We do not need p, because of the condition p, + p, +

p; = 0. Evidently ¢ is the angle between the pro-
jections of p, and p; onto the (x, y) plane. One easily
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verifies that

dp = (2m) vy dvy dvs d do dpi dp;.  (4.7)
By rotational invariance, the integrand is independent
of @, so that integrating over ¢ just gives a factor of
27. Also, because the singular denominator

"2

pr—pi®=2(pi"Ps — P1* P3)
= 2yw4lcos ¢ — cos (¢ + 6)] (4.8)
is independent of pi and p3, it is convenient to do the
integrations over the latter variables first. Defining

Glr1, 5, ¢, 0) = —(277)‘53%/3fdpf dpgeP<®

x Re [(pl T35 [p") (p"] Tl 9] (4.9)
one has

b3 = lim J\d‘l}l d'Va dd)G(vl, V3, d)’ 0)
8-0

X Plcos ¢ — cos (¢ + ). (4.10)
Note that, as (4.10) stands, the limit as § — 0 cannot
be brought inside the integral. This is because we have
already set

(e + inp — Hy ™ — (e — iy — Hy)™

—27id(e — H,)
to get on shell. We can, however, transform the
integrand to a form in which the limit and integral
can be interchanged. First we charge variables from
$tod = ¢ + %6. Since the integrand is periodic in ¢,
the limits of ¢’ can be taken to be the same, —= to =,
as those of ¢. Then one has

f f f dy, dvy d¢’
0 0 J-m

GOn, 75, ¢ — 10, 6) 1
2 sin (6/2) sin ¢
Next we note that, by rotational invariance, 'the
rotation ¢®’s could have been replaced by e 7
without in any way effecting the value of the trace.
Thus we can add to (4.11) the same expression with 6
replaced by —6 and divide by two to obtain

b3 = ]im
-0

(4.11)

b3 sing
= lim 4 f dv, dv, dd’
6—~0
x [G(VI’vB’ (}sl - 6/2>6) - G(’l’l,’l’:,,(f), + 0/2a _0)]
2 sin 6)2
1
X P
sin ¢’
190G
=% d'l’ld’ﬂgd(ﬁ( 26¢(’V1, ‘V3,¢ 0)
oG 1
— 0O} P X 4.12
+ 39 (1’1, V3, ¢’ )) sin ¢ ( )
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which is finite since G is finite as 6 — 0. Since the
integrand is periodic in ¢’, integration over the
principle part of (sin ¢') is well defined.

Now let us compute the derivatives of G which
appear in (4.12). To this end, we display the general
functional form of the T matrices by writing

(pl T23(€) Ip") = (papsl T! (e — ph) (P'Ps

= F(ow, 0", t, €), (4.13)
where
¢ =<1t
o = (p; — p)°
= (2p§ + pz)z + 4v§ + 1"]2_ + 41«'1113 COS qs,
2 (4.14)
= (p3 — P2)

= (2p5 + pD® + 4} + »} + vy cos (¢ + 0),
t = (ps — p3)* = 2931 — cos 0),

and the total energy e is

«p) =pi + pi+ 0}
= 2[(p}® + (p9)® + pipi + v} + 2 + vy cos @),
(4.15)

According to (3.10), F is symmetric in w and "
that is

s

Flw,w",t, €)= F(o", v, t, ). (4.16)

It is now straightforward to compute the desired
angular derivatives of (p| TJ; |p”). One finds

10 a)
—=——+
( 204 9=0
oF oF 10F
= 21}1113 sin (;S(aw 5;; + 55) m=w”, (4.]7)
=0
but according to (4.16)
oF oF
— = — 4.18
aw P aw/r o ( )
so that
10 0 . oF
( 204 + ——)F‘H) — vz 8in ¢ E w=m”, 4.19)
=0
and
10
— . T /I
(-3 5t )<p| How)|
0
= —ypgsin ¢ <P| T23(e) [p) (4.20)
e=€(p)
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Obviously, the same result holds for the derivatives of
("l T, |p’), and clearly

19 .0
= = 2= e be
(za¢+ af})e

. 0 _
= —yppysin ¢ — e P
0=0 de

e=c(p)
(4.21)
Then putting everything together, one has

(-124 2

296 T 30) s
: 3
V1v3 Sin 753 f z 2 a
= ————— {dpydp; =
(2my P 4ap; e

X [e—ﬂ‘ Re <p| T;r,(e) Ip) <pl TIZ(E) Ipﬂle:e(p) ?
(4.22)

and changing variables back to p, the final result is
#
3°B 0 g t
b3 ging = “’2_ Refdp é; [’ (PaPs| Tas(€) [Pops)

X (pipel Tia(e) [Pl (423)

Thus we have an explicit example of how the small
angle limit can be used to give well-defined expres-
sions for b, in terms of on-shell scattering amplitudes.
Note that (4.23) does contain some off-shell derivatives
of two-body amplitudes. These are, however, part of
the on-shell three-body amplitude. This should not be
surprising if one remembers that the on-shell three-
body 7" matrix as constructed from, say, the Fadeev
equations, depends on the complete off-shell two-body
T matrix, not just its on-shell value. What counts in
the present context is only that b; can be written in
terms of on-shell three-body amplitudes. Thisis guaran-
teed by the fact that, for finite 6, our calculations are
explicitly on-shell. The result in (4.23) is obtained by
letting 6 approach zero after calculating with finite ¢
and is therefore an on-shell quantity. The part
by nonsing of b3 which comes from the rest of the expan-
sion of In S is also explicitly on-shell. Thus we have
obtained an expression for b; which contains only
strictly on-shell three-body scattering amplitudes.

As stated above, we can also obtain (4.23) starting
with (2.28), where 0 = 0 from the beginning. This
calculation starts off-shell. If in (4.2) we substitute
(3.13), the result is

(1/27) Im Tr (In S)e)sing
= (1/4m) Im Tt {[Gy(e + in) — Gyle — in)ITis(e)
X [Gole + i) + Gole — i) Ta(]}.  (4.24)

Inserting the intermediate state to bring (4.24) into
the form of (4.4) with the ¢ integration not yet done,
one finds

it
bging = —Z—g Im (dGG_ﬂéfdp

X {[e —e(p) + in]™" — [e — e(p) — in]™"}
X {le — e(p) + inI™ + [e — «(p) — T}
X (p| T1(€) 19) (Bl Tasle) 1), (4.25)

since for 6 = 0, p = p’ = p". Now we proceed as we
did in (2.36) we obtain

__3%ﬁ

bs sing =

Refdee”"fdpé’[e — €(p)]

x (p| T1al€) [p) (Pl Tasle) |p), (4.26)

which is clearly the same as (4.23). The off-shell
calculation is obviously much easier, but, having
obtained (4.23) in this manner, we would then have to
show that we are really dealing with an on-shell object.
This would essentially amount to going through the
whole 6§ — 0 business to show that the integrand in
(4.23) was a certain limit of the on-shell three-body
amplitude as one approaches the forward direction.

5. SINGULAR DIAGRAMS IN b,

Due to algebraic complexities, it is very difficult to
apply the same kind of detailed analysis on b, ging to
the singular diagrams of arbitrary number of particles.
While already vast in number and complex in struc-
ture, such a detailed analysis can still be done for the
four-body diagrams with a reasonable amount of
labor. Although those with more than four particles
are much more complicated, we feel that the four-
body ones already contain most of the qualitative
features of singular diagrams in general.

Our purpose here is not to evaluate the contribution
of all four-body singular diagrams to b, but to
demonstrate the small angle limit interpretation of the
S-matrix formula for b, by evaluating representative
singular diagrams and thereby exhibiting qualitative
features which are absent in three-body diagrams.

Figure 5 shows typical four-body singular diagrams.
The ones in Fig. 5(a) are made up of two nonsingular
parts joined by a single energy denominator or 6-
function. They are qualitatively the same as those three-
body diagrams shown in Fig. 3. The ones in Figs. 5(b),
and 5(c) are characterized by two intermediate J-
functions, or two energy denominators, or one each,
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P
Py
P, P,

(b)
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2 5 5
Py
5 6 7
s Py
(c)

FI1G. 5. Four-body singular diagrams without exchanges. (a) Diagrams with two nonsingular parts joined by one line. (b), (c) Diagrams
with three nonsingular parts joined by two single lines.

joining three nonsingular parts. These are, roughly
speaking, more singular than the three-body diagrams.
There are also singular diagrams involving “ex-
changes” owing to the identity of particles. These
singular diagrams will be discussed later in this
section. We now proceed to study the diagrams in
Fig. 5. For the clarity of discussion, we shall leave the
part of algebra which is too complicated for a con-
tinuous presentation to the appendices, which may
also be read independently.

We will not make explicit changes of variables in
the integrals as was done in the calculation of bj gin, .
Rather, the actual changes to cylindrical coordinates
will be left to the readers imagination. Also, we will
generally ignore the z components of momenta. It is
clear that the p* played no real role in by, and we
might as well have worked in an imaginary two
dimensional world. We will make heavy use of the
symmetry of various integrands with respect to
rotations, interchange of particle labels and inter-
change of initial and final momenta in a T-matrix

element. Equation (3.10) will be used often and should
be kept in mind.

A. Diagrams a

The contribution of diagrams of the type shown in
Fig. 5(a) can be summarized as

— L im(rns),
27T

= Re Tr 8(c — Ho)A;P(1e — Hp)A,, (5.1)

which resembles (4.2). A, and A, are nonsingular parts
involving two and three particles, respectively. The
small angle limit can be carried out the same way as
was done in the last section, and will not be repeated
here.

B. Diagram b

This subsection is a simplified version of Appen-
dix C.

First let us sum the repeated two-body T matrices
in Fig. 5(b) to obtain T's. Again, this is unnecessary
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(a)

(b)

FiG. 6. Geometry of the momenta in Fig. 5(b).

except for a simpler notation. We have
—(1/27) Im (Tr In S),
= Re Tr 8(e — Hy)[T1:GoT15GoT1s
+ Tip2mid(e — H)T1sGoTis
4 ¥TT2mid(e — H)Ti2mid(e — H)TL,). (5.2)
The factor } in the last factor is to compensate for the
fact that the cyclic permutations of the last diagram

are identical. Substituting (5.2) in (3.1), we find their
contribution to b,:

446, = —lim p [ aper®

x Re (pl T [0") (0"} Ty [9”) (0”1 T Ip")

x [P(pi — P{®'P(pE — p1®)™!

= $7°(pi — p)O(pi — PO (5.3)
We shall ignore the z components of the momenta,
since they are irrelevant here. Figure 6 shows the
geometry of the vectors p,, py, and p;’” and p;. The
T-matrix elements together with the Boltzmann
factor is a function of p,, pj, pi’, 0,, 0,, and 6.
Except for the total energy variable [see (C4)]

«(p) = pi + P2 + ps + pi, (54)
which is not symmetric in pi, pi®, and p}’* because of
the p} term, the product of the three T-matrix elements
is otherwise completely symmetric in p;, py, and p;".
We may regard p,, pi, pi’ as the integration variables.
For any function u(p}) which, in addition to its pj
dependence explicitly indicated, is also a symmetric

function of p2, pi%, and p}’?, we have

u(ph[P(p: — ¥ 'P(p — pi™ ™ — (7%3)0(pi — p{®)]
= }u(p)P(p} — pi®)'P(pi — Pi®!
+ u(pOP(EE — PR — Py
+ u(ptHP(py* — pH'P(py* — pio)
— 78(p} — pH(p} — piPu(pD]l. (5.5)
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Let p} = 4(p} + pi® + pi
pi. (5.5) reduces to
82
62(p})*

) and expand u around

u(pd) 4 O — P}, it — 1, Pi% — P
(5.6)
"m2

It follows that as § — 0, when p}, pi®, pi’®, and ff- all
become the same, we have

e 0
dpl  Oe(p)
and, for (5.3),
2
by, = —p f aw: ol T 0l THO B

X (Bl T1x(©) [Pecetw - (5.7)

This result can also be obtained from an off-shell
calculation as shown in Appendix C.

The spirit of the above calculation is quite clear:
One takes advantage of the symmetries and trans-
forms the integrand into a form where the § — 0 limit
becomes obvious. In spite of the principle parts and ¢
functions, the expression (5.5) is effectively a smooth
function of 6 as shown by (5.6).

C. Diagrams ¢

Next we apply the small angle limit prescription to
the evaluation of the diagrams in Fig. 5(c). These
diagrams are different from those in Fig. 5(b) in that
they do not possess symmetry under cyclic permutation
and are more difficult to evaluate. This subsection is a
summary of the steps leading to a clear small angle
limit. The full detailed discussion is given in Appendix
D, which is complete by itself.

Figure 5(c) gives, after being summed over repeated
two-body T matrices,

~(1/27) Im (Tr In S),

= Re Tr &(e — Ho)[T3,GT55GoT1s (1)
+ Th2mid(e — Hy)T1Go T, )
+ T34GoTis2mid(e — HY)T, (3)

+ Tiamid(e — Hy)Ti2mid(e — HYTS, (4)

+ TG, T1,G,Tas (5)
+ T1,GoT34GoTas (6)
+ T3G Ti2mid(e — Ho)Tal, (7) (5.8)

where the labels (1)-(7) identify the terms with the
diagrams in Fig. 5(c). Taking advantage of the
symmetries under space inversion, time reversal, and
interchanging particle labels, we can simplify (5.8)
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P, Py

k-p, L —k—p‘;
q_p1 e _q‘p‘;
q-p,L___1"9p;
K=p, K-p;

(c)

Fi1G. 7. (a) Definition of angles in evaluating Fig. 5(c). (b) The
two-body T matrices in Fig. 5(c). (c) A term in the perturbation

expansion for TJa .

considerably and obtain

- L Im (Trin S),
2
= Re Tr (e ~ H){Tsi(Pje — H)Tis(PJe — Ho)T1,

+ TzTa(P/f - Ho)[T;rz(P/e - Ho)T:I:;

+ Toi(Ple ~ Ho)T1a)

+ 7' Tisd(e = H)Tidle — Hy)Tiy) (5.9)
For a simple illustration of the main point of the
calculation, let us regard the two-body T-matrix

elements in (5.9) as constants. We substitute (5.9) in
(3.1) and integrate over €. A little algebra gives

(b, = —4lp f dpe #<O(TT)?

x 2P 1, P ! -, (5.10)
2p, - (kK" — k) 2p,-(k — k)
where the vectors k and k’ are defined as
k=p + 9= —p; — P,
k'=p;i+ps=—p;— p;- (5.11)

Equation (5.10) is analogous to (4.4). It has two
denominators instead of one. It suggests that we can
do the same as we did in Sec. 4 for each denominator.
Let us define the angles ¢, and ¢, by Fig. 7(a). Then

Pg = pf + k* + pik cos 451,
ps = pi + k* + pik cos ¢y, (5.12)
€(p) = 2(p} + Pi + prk cos ¢y + pyk cos @y).
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We then change the variables ¢,, ¢, to ¢, — 6/2,
$4 + 0/2 so that we have

~2k - p, = 2kp, cos (¢, — 0/2) = x,
=2k’ + p, = 2kp; cos (¢, + 0/2) = x™,

2k - py = 2kp, cos (¢, + 6/2) = y*, (.13)
2K’ pg = 2kpy cos (¢ — 0/2) =

The total energy is, by (5.12),
«p) = 2p% + pi + k) +x” +yT. (5.14)

Thus, the integrand of (5.10) is proportional to

e-—ﬁx"P(x— _ x+)-le—ﬂu+P(y+ — y—)-—]
= 1Pl — ") ~ xM)]

X Pl(e® — )t — ), (5.19)
where we have symmetrized this integrand by taking
advantage of the fact that when ¢;,,— —¢,4,
xE, y¥ — xF,yT. As 0 — 0, we have x*, y* — x~, y~
and (5.15) becomes the second derivative of the
Boltzmann factor with respect to e(p). Equation (5.10)

becomes
__42
a0ty

(ba)y
When the p dependence of the T-matrix elements are
taken into account, the algebra becomes more
complicated but the procedure is about the same. The
calculation in Appendix D shows that

—pe(p)(TT)‘s.

(5.16)

(b, = —4¥p j dp’ (—— e (p] Ti(e) 1)

% (pl TJ:(e) 1p) (0l Thh(©) |p>) (5.17)

c=€(p)
it is easily shown that (5.17) can be obtained by
using off-shell forward amplitudes. [See (D34) and
(D35).]

D. Singular Exchange Diagrams

For the sake of simplicity we have ignored the iden-
tity of particles. As was shown in detail in Paper I,
it can be accounted for by introducing an antisym-
metrization operator 4 for Fermions (a symmetriza-
tion operator for Bosons) into the trace. It is sufficient
to discuss the Fermion case here. We have

Tr(In S),— Tr(A1n S),,

A= Z (-—)PP,
where P permutes the particle labels, (—)F = +1
depending on whether P is even or odd, and the

connected diagrams defined by the subscript ¢ now
include those joined by exchanges.

(5.18)
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Fi1G. 8. Four-body singular diagrams with exchange. (a) Exchange unrelated to the singular behavior. (b) Singular behavior closely related
to exchange. (¢) These diagrams are already included in (b) since they are cyclic permutations of those in (b). In (3), we have inverted the

order of the labels. (d) and (e) are equivalent (by cyclic permutation).

As can be easily shown, for three-body diagrams,
those involving exchange are nonsingular. This is not
the case for four-body diagrams. Figure 8 shows the
general singular four-body exchange diagrams that
are qualitatively different from the diagrams we
discussed so far. Those with exchanges within two-
body T matrices will not be discussed since they cor-
respond to modifications of two-body 7' matrices
only.

Notice that we still keep our diagram convention
that each diagram includes all cyclic permutations of
its T matrices. For example, the diagrams in Fig.
8(c) are already included in 8(b) and must not be
counted again.

In the diagrams shown in Fig. 8(a), the exchange
involves particles 3 and 4, which play no role in the
singular energy denominator. These diagrams can
thus be included in the category of Fig. 5(a), which
has been discussed already. The diagrams in Fig. 8(b)

(f) This is not a singular diagram. It is equivalent to (g).

will be studied in detail shortly. They are the only
four-body singular exchange diagrams which cannot
be included in Fig. 5(a). The diagram in Fig. 8(d) may
look like the third diagram in Fig. 8(b), but because of
the order of the 7 matrices it is quite different, as one
can write down in detail and see. In fact, it is already
included in Fig. 8(e), which again falls in the category
of Fig. 5(a). The one in Fig. 8(f) is not singular despite
its appearance. It is equivalent to the one in 8(g).

The diagrams in Fig. 8(b) are either disconnected
pieces joined by an exchange, or with the singular
denominator (or ¢ function) involving the exchanged
particle. Let us write down their contribution to
—(1/27) Im (Tr A In S),;

Re Tr (—Py3)d(e — H)THG,T},, from 1,

Re Tr (—Py)d(e — Hy)T1GoTY,, from 2,

Re Tr (— Pya)d(e — Hy)[§Ta2mid(e — Hy)T1,
+ 1Ti2mid(e — H)TL,), from 3,

(5.19)
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where we have summed the repeated two-body
T matrices to obtain the T1’s, P,; exchanges 2 and 3,
and we have written the contribution of Diagram 3 as
the average of (b3) and (c3). Combining the terms in
(5.19), we obtain

(3m) Im (Tr AIn S)yy005 = A3 + A,
1

1

€ — Iy

A, = Re Tr Pyyd(c — Hy)T4, P - TS, (5.20)

0

Ay = Re Tr Pysd(e — Hy)T1, P T),.

Multiplying (5.20) by the Boltzmann factor and inte-
grating over ¢ we have

by, = by + by,

by = —4ip f dpe™ A, de

lim 438 Re f dp

-0
x €™ (p,p,| T pipe (pepsl T 1P
x P(pi — p3y ' (2m)*0(py + Ps — P1 — D),

(5.21)
by = 4%ﬂfdpe"“A2 de
— lim 4}8 Re f dp
60
x e<® (p,p,| T |psps) (pupsl T Ipips
x P(p; — pa?y '(2m)°0(p, — p3). (5.22)

The quantities by, and b, are contributions from
Fig. 8(bl) and 8(b2), respectively, with the inter-
mediate G, replaced by the corresponding principle
parts. The d-function parts of the G, are removed
by the diagram in Fig. 8(b).

Consider (5.21) first. The off-shell energy variables
of the two-body T-matrix elements are evaluated at

+

e(p) — pi — ps = pi + pi, for Ta,

e(p) — Py — pi=pi+pi, for Th,. (523)
Equation (5.21) is unchanged if we interchange 1 and
4,2 and 3. This corresponds to putting 77, higher than
TJ, in Fig. 8(b1). Under this interchange, the principle
part in (5.21) changes sign. Therefore, we can write
the T-matrix elements and the principle part as

1(papel T'(P2 + P2) 195p3) (Bapsl T (0} + P2) pips
— (pupsl T'(02 + P2) Ipips)
x (papal T'(p% + P} IPspOIP(pE — p2)~L (5.24)

In the limit as & — 0, p, — p;, and (5.24) simply
gives the derivative of the T-matrix elements with
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respect to their off-shell energy variables, i.e., (5.24)
becomes

1(—8— (Pl Tiae) |p) (Pl Tix(e) |p>) (5.25)
2 ae e=€(p)
It follows that (5.21) gives
by = 4¥8 Re f dp2m)*d(py — po)e <
x ;(53— (2l Ti(e) [p) 0l Th(e) |p>) (5.26)

€=¢(p)

We now turn to (5.22). We shall use the variables
P1, Ps, kK = p; + p; and the angles ¢,, ¢, used in our
discussion of Fig. 5(c). [See Fig. 7(a).]
For the denominatorin (5.22), we have
p:—pi=(k—p)’ — (kK — p)*
=2k —-k)p
= x" — xt

(5.27)
where x* are defined in (5.13). The angular depend-
ence of the T-matrix elements have been analyzed.
[See (D20) and (D21).] We have
(papsl T'(05 + ) D3PI = fau(P3 + P ¥, ¥
(p:p3l T'(p} + p3) Ipips) = fua(P} + P35 X7, x7).
(5.28)
In view of the momentum ¢ function in (5.22), we
have p} = pj, so that
«(p) = pi + pi + 2p}
= pi + pi + 2001 + k) + 2x7,
pr=pi=pi+ K+ (5.29)
The condition given by this d function can also be
written as

k+KkK =p —ps (5.30)
since p, = k — p,, ps = k' — p;. It follows that

pi= &+ k' —p)
=(k+ k)’ +pi — (x +x5). (53D
The condition (5.30) is shown graphically in Fig. 9.
The 6 function in (5.22) is thus
O(py sin ¢y — p, sin ¢,)
X 8(p1 08 by + pyc0s b + [k + K'I). (5.32)

If we change the signs of ¢, and ¢, simultaneously,
(5.32), (5.31) are unchanged. The functions f3, and f;,

Kk +k’
Ps p| F1G. 9. Geometry of the condition
t c o -
4’4, e K+ k' =p —p;.
\\L*k
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are also unchanged if we hold their first arguments
fixed. The only thing that is not invariant under this
change of signs is the p} occurring in the energy
variables in (5.28) and (5.29). Again, the effect of the
principle part in (5.22), which has the form P/(x~ — x™)
by (5.27), is to differentiate with respect to the energy
variable in the § — 0 limit. Now we must notice that
there is a factor 2 in front of the x~ in €(p) in (5.29).
Thus, there appears a factor of 2 in differentiating the
energy variable of the Boltzmann factor. Therefore,
for the integrand of (5.22), we have

5(ps — Bo) (—;— g— e (p] TH(0) 1) (0l Theo) [

10 _,
ORI TR DS o)
2 0e €=€(p)
where the last term takes care of the factor 2 we just
mentioned. Combining (5.26) and (5.33), we have

b4a: = b41 + b42
= 43g Re f dpd(p, — py)

(5.33)

g —B€ 1 € T €
X (ae ¢ (pl TLa(e) 1) (Pl T( )|p>)

e=¢(p)

(5.34)

Notice that the Boltzmann factor in (5.26) is not
differentiated, while the one in (5.33) gives rise to two
terms. The sum becomes a total derivative as (5.34)
shows.

Finally, let us evaluate b, using off-shell amplitudes
in the momentum representation. Consider A, in
(5.20). Let us replace the 6 function and the principle
part by (2.36). Then we have

A =Re f dp{—15'e — ()]} (Bl Tha(e) Ip)

x (b Tia(€) [B) (2m)°8(ps — py)e . (5.35)
We put a prime on 4, because (5.35) is not the same as
the A, in (5.20) where the trace is interpreted as the
small angle limit (3.1). From (5.35), we obtain

by = 46 [dee 4]
1o _,.
= 4% Re f dp—(— e (pl The) Ip)
2\0%e

x (Bl Thy(o) |p>) @75y — By). (5.36)

€=¢(p)

The same procedure shows that A4; leads to the same
result. The sum by, + by, = 2by, is clearly the same
as (5.34). We have thus observed the interesting fact
that, in evaluating individual singular diagrams
contributing to b,, the on-shell # — 0 method and the
off-shell method do not always agree. Of course,

the sum of all singular diagrams always comes out the
same, as was shown above. Note that the failure of
the two methods to agree when only a single diagram
is taken into account is not an indication that there is
something wrong with our general proof. We can
obtain (3.1) from the rigorously proven (2.13) only
when S is the complete S matrix not just some piece
of it.

To summarize, what we have accomplished in this
section is an analysis of the singularities in four-body
amplitudes which are relevant for 5,. We have shown
explicitly for representative diagrams that the small
angle limit for defining the trace is well defined and
gives the same results as do calculations using off-shell
matrix elements. We feel that these results demon-
strate sufficiently the validity of our general con-
clusions.
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APPENDIX A
We wish to prove that (2.13) holds. Since

H U, Y Deom.

is a continuous function of its argument, this evidently
boils down to proving that [({x}| U, |{Rex})| is
uniformly bounded (for sufficiently small 6) by an
integrable function of {x}.

First we consider Maxwell-Boltzmann statistics,
where the U function is given by Feynman’s path
integral formula

{x} 8
G U (5o, = [ exp (= 2 [ o} au)
X U, ({z})D{z(u)} (A1)

(Maxwell-Boltzmann statistics),

where, in Feynman’s notation, the integration
D{z(u)} is over all paths {z(x)} such that {z(0)} = {y}
and {z(8)} = {x}. VU,({z}) is closely related to the
classical cluster function; it is

Uy = exp [ vittatap i) = 1
Vy = exp (- [ Vi) )
— exp (= [ Vattat) au)
— exp (-(} a2} du)

— exp (—J;ﬂVm({z(u)}) du) + 2, (A2)
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etc., where, for example, V;, is the potential energy of
the two particles 1 and 2 and ¥, is the total potential

energy of the three indicated particles. The general

scheme for constructing U, should be clear. Another,

shorter notation for (Al) is

EH U 1y Dem. = f dP,,V,({z})

(Maxwell-Boltzmann statistics),

(A3)

where dP,, is the Weiner measure.®

If —B, is a lower bound on the total n-particle
potential energy and if all potentials go to zero for
large separations between particles, then it is easy to
show that for any path®

V,({z}) < C,e’ P, (Ad)
where C, is the number of terms in the expression
for U, as a sum of products of W functions, i.e., the
number of terms on the right in (A2). Then, since the
Weiner measure is positive,

J}zpmmn({z}) < C, PP f P,  (AS)

and it is useful to remember that

f dP,, = "5 exp [—~(m2B)({x} — {y})?], (A6)

where {x}2 = Y x}, etc.

In the above formulas and in what follows, it is
important to keep in mind that we are working in the
n-particle c.m. Thus, > x, =0, >y, =0 and the
paths {z(u)} satisfy >, 2,(u) = 0 for all u.

Now let p, be the radius in the c.m., ie., p,
C (x)»)%. We are interested in large p, and, for
reasons to become apparent later, we restrict {y} to
lie in the region 3 (x; — y)® < 16(n%)'p;. For
{y} = {R,x} this can be accomplished by restricting
6 to small angles which satisfy

1 — cos 6 < (32n%)L, (AT)

Having restricted 0 in this way, let us divide the paths
in (A3) into two classes. Class I is defined as all those
paths for which 3, [x; — z,(u)]* < (16n%)1p2, and
Class II contains all other paths. Then, in an obvious
notation,

f P, ((z}) = fr dP,,0,({z}) + f{ APV ,((z)
(A8)

dP

Xy

and
f dP,,V,({z}) £ fl P,V ({z}) + C,e*B" f

II

(A9)
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where (A5) has been used. The two integrals on the
right-hand side of (A9) will be treated separately.
For fixed {x}, consider the function ¢({y}, ) defined

by
W51, ) = [ d., = fap., - [apa. @0

where the f dependence on the right is implicitly
contained in dP,,. It satisfies the heat conduction
equation

(1)2m)Vig = (0/0p)¢, (All)

where V2 is the Laplacian in the 3n — 3 dimensional
space of the {y}, and the boundary condition

¢({y}, 0) = 0.

To determine ¢ completely we need one more bound-
ary condition. To this end, we note that {; dP,, is the
Green’s function for an imaginary time Schrodinger
equation with an infinite potential barrier on the
surface > (x; — y;)? = (16n%)~1p7. Applying such a
barrier just keeps all paths in a sphere of radius
(4n%)~1p, centered at {x}, i.e., it just picks out paths of
class I. Evidently ; dP,, vanishes when {y} approaches
the potential barrier and, combining (A6) and (A10),
one has

(A12)

o({y}, ﬁ),Z}(xi~y1~)2=(1sn4)“1pf

m
32pn*

= n$2% 3" exp ( - pi) (A13)
The problem of finding ¢ has thus been reduced to
that of solving a simple spherically symmetric heat
conduction problem in 3N — 3 dimensions. Actually,
we do not even have to solve this problem. Think of ¢
as a temperature distribution which vanishes every-
where inside the sphere ¥ (y; — x,)? = (16n%)71p% at
f = 0 and which has the temperature prescribed by
(A13) on the sphere. Then it is obvious that for a
given B, ¢ must then be less than the maximum of the
boundary temperature for smaller values of 5. For
p2 > (168n%)[m(3n — 3)], the boundary temperature
is a monotonically increasing function of 8 so that

pi)

(A14)

m
328n*

(#n— py > 3n — 1)).

Now let us tackle the other term in (A9). For
paths of class I 3, [x; — z;(u)]? < (16n%)~1p}, and in
particular

f dP,, < n#1> " exp (—
I1

Ix; — z,)] < (n®)~p, (A5)
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foralli=1--+-nand 0 < u < B. Think of x;,i =1,
2, n, as a set of n points in ordinary three-dimen-
sional space, and let S be the set of points contained
in n spheres of radius (2n%)p, centered at the points
X1, Xy " * X,,. Evidently, the various three-dimen-
sional trajectories described by z,(u), Z,(u), - -,2, (1)
all lie in the set S. We now want to show that § is
disconnected, that is that S breaks up into at least
two pieces which have no point in common. The proof
is by contradiction. If S were connected, the maximum
distance between any two of the centers x; - ' - X,
would be (n — 1)p,/n®. But this is impossible since

S (x — %, = nxd + ol (A16)
7

for 3, x, = 0, which implies that (x; — x,)* > n~p}
for at least one j. Therefore S breaks up into two
disconnected pieces S; and S,. Next, since each
trajectory z;(u) remains in a sphere of radius (4n?)1p,
about its starting point x;, and the spheres which
define S have twice this radius, it follows that

|z,(u) — z,()| > (2n%)p,

for z;in S; and z; in S,. What we have shown, then,
is that all paths in class I have the property. that the
particle trajectories split up into two or more clusters
with no particle in one cluster getting closer than
(2n*)~1p, to any particle in cluster two. For large p,
this implies that U, ({z}) is very small. To be more
specific, let Vj,, be that part of the potential energy
which connects particles in cluster one with those in
cluster two. Furthermore, let ¥(p,) be the maximum
of |Vintl over all possible decompositions of the n
particles into clusters and over all configurations for a
given clustering, subject to the condition that no
particles from two different clusters are closer than
(2n%)1p,. Then it is possible to show that

|V, ({z)] < |f7P) — 1] C,ef B (A1)

for all paths in class I. Equation (A18) is a direct
consequence of (A2) and the properties of the classical
cluster functions. For n = 3, one easily sees that
V(p,) is the maximum of |V ;(x; — x;)| for i # j =
1, 2, 3, with |x, — x;| > (2r¥1p,. If all potentials
have a strictly finite range, then F(p,) is clearly
identically zero for large enough p, and, for potentials
that fall off exponentially at large distances, ¥ also
falls off exponentially with p,.
Finally, we have

(A7)

fIdem({z}) < [P 1] C e f ap,,

< [T — 1] C B f dP,,, (A19)
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and putting everything together gives
l({X}l Un ‘{R9X}>c.m.l
—%ls~3nc B R, [C (__ m 2)
<n 4€ Xp 326 p
+ ,elff'(p,r) — 1] (A20)

(Maxwell-Boltzmann statistics),

for p, sufficiently large and 0 satisfying (A7). Now, if
the potentials fall off fast enough so that [e#7= — 1
is integrable, which is certainly the case for finite range
or exponentially falling potentials, then we have
obtained an integrable bound on

<{X} | Un{Rex}>('.m. ’

and by the dominated convergence theorem, it is
legal to bring the limit as § — 0 inside the integral in
(2.12).

It remains to take Bose and Fermi statistics into
account. In this case one has to consider paths {z}
starting at {x} but ending not at {Ryx} but at {PRyx} =
{RyPx}, where P is some permutation of coordinates.
Furthermore the integrand in (A3) is no longer just
that given by (A2). Let us call the new integrand V.
For the moment we need to know nothing about V%
other than that it is bounded by C,e’”», where C,
has the same significance as before. Now we divide the
(3n — 3)-dimensional space of {x}’s into two regions.
Region A is to be that where

> (Px; — X2 > (32n%)1p2,
and Region B contains all {x} such that
S (Px; — x)* < (32n%) %%

For 6 so small that |1 — cos 6] + [sin §] < (128x#%)71,
it is easy to show that > (PRyX; — X,)® > (64n*)1p}in
Region A and Y (PRyx; — x,)? < (16n%)~p2in Region
B. When {x} is in A, the path integral is trivially
bounded by

f dPUY < C P37 exp [—(m[128n"B)p}],
(A21)

which follows from (AS5) and (A6). Region B can be
treated as before. Dividing the paths into classes I
and II as above, the previous bound holds for the
Class II paths provided only that we replace C, by C,,.
The class I paths again break up into two sets which
always stay at least a distance (2n%)~1p, apart. Evi-
dently, the permutation P cannot be interchanging
the coordinates of two particles in different clusters. It
is an elementary property of the U functions for Fermi
or Bose statistics that when the particles are broken
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up into two sets not connected by the permutation P,
then the integrand VY satisfies the same bound (A19)
for large distances between clusters as in the case of
Maxwell-Boltzmann statistics, provided only that we
again replace C, by C,,. Therefore, the treatment of
Region B reduces to the case done above. One easily
sees that (2.13) in the text is valid for Bose and Fermi

statistics also.
APPENDIX B

We are concerned here with the limits of § — 0 and
with infinite volume. Only the case of Maxwell-
Boltzmann statistics will be discussed. The extension
to other statistics along the lines of Appendix A is
trivial. Defining the sphere 3 x} = p2 < A? as in the
text, let

<{X}| Un I{R0X}>/C\m =J:\dPRgm:qJn’ (Bl)

where the subscript on the path integral means to
include only those paths which stay inside a sphere of
radius A. This is equivalent to putting an infinite
potential barrier on the surface p, = A, and enforces
the boundary condition that the wave functions
vanish on the sphere. We will not bother to prove that

Iim lim
820 A=+ JA

dPp..: VU, = lim lim fdPRam‘Un
A

A=09-0

= J dP,,U,, (B2)
since pointwise convergence should be obvious. One
should, on the other hand, worry somewhat about
bringing the limits inside the integral in (2.14). The
proof that this can be done requires only a simple
modification of the arguments in Appendix A. If
pe > A, then ({x}| U, |{Rex})2,, is identically zero.
(Remember that > (Rex,)? = Y xi = pi.) For p, <
A, breaks the paths into classes I, and II, which are
the same as before, except that paths leaving the
sphere are to be omitted. The contribution of the
Class 11, paths is now bounded by
Cne”B"f dpP,, < C,,e”B"f dpP,,, (B3)
ITp 11
since II, contains fewer paths than II. Similarly the
I, paths are easily seen to be bounded by

f dP,, U, < |efTP? — 1) C B f dp,,
Iz TA

< |efPP2) _ 1] C,efBn L dP,,, (B4)

since again I, is smaller than I. With the same
assumptions on the potentials as before, we thus have
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an integrable bound on |({x}| U, |{Rex})2y |, Which is
independent of both 6 and A. Therefore the limits as
6 — 0 and A — oo can be brought under the integral
over {x} in either order. Equation (2.28) may be
thought of as the result one obtains by taking 6§ — 0
first and then A — oo. Equation (2.51) and most of
our later work assumes the opposite order, A — o
and then 6 — 0.

APPENDIX C

This appendix is devoted to the task of evaluating
the contribution of Fig. 5(b) to b, by using the small
angle limit prescription.

We first sum over the repeated two-body T matrices
and obtain

_ L Im (Trin S),
2m

= Re Tr d(e — Ho)[leaoTiraGOTL
+ TIZZm'tS(e — HO)T];:;GOTL
+ 3T12mid(e — H)TI2mid(e — H)TL,]. (C1)

Here we remind ourselves that diagrams differing by
a cyclic permutation of T matrices are considered as
the same diagram in our convention. That is why we
have the factor % for the last term of (Cl), to correct
for over counting.

Substituting (Cl) in (3.1) and performing the e
integral, we find

4_%(1’4)1;

= —lim g3 |dp

6-0
- fe T ” ” 171 " ’

X e Re (p| Thy [p") (0| Ty 19" (p"] Tia [p")
x P(p} — pi®)'P(p} — piH™
— 37%(p} — PI9(p} — P,

where the vectors py, p; are defined in Fig. 6 and

()

mn m_r_7

) = [P1P:PsPy)-

o !

[Py = |[p1P2PsPs), P

The algebra of evaluating (C2) is sufficiently
complicated owing to the energy and momentum
dependence of the T-matrix elements. We shall
therefore divide it into three parts:

(1) The essential step is to use p;, py, p; as inde-
pendent variables of integration. To make this point
transparent, we first ignore the structure of the
T-matrix elements and regard them as constants to
simplify the algebra.

(2) Then the general procedure of taking the 6 — 0
limit is clear, and we put in the full energy momentum
dependence 7-matrix elements back.
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(3) Finally,wecompare theresult withthat obtained
by using off-shell forward amplitudes.

Since the z components of the momenta do not
play any role in our discussion, we shall ignore them.

1. Constant 7't Assumed

While particles 2, 3, and 4 appear on the same
footing, particle 1 is clearly special. Roughly speaking,
the effect of particles 2, 3, 4 is that of a “self-energy
correction” to the propagation of particle 1.

Figure 6(b) shows how p,, ps, and p, are related
to the momentum transfers p, — py, p; — py, and
p{” - p1 The angle 0 together with the fact that
p1 = p, completely determines p,, p;, and p, once
the momentum transfers are given. We have

Pz = (p, — pi)*/4sin® (6/2),
= (p{ — pi)*/4 sin® (6/2),
= (py’ — p)*/4 sin® (6/2).

In terms of the angles 6,, 6,, and 0, defined in Fig.
6(b), we have

(€3)

«(p) = pi + pi + ps + i, (C4)

Py + pi + pl
= [4sin® (0/2)T*(p, — PD* + (pi —
+ (p1 — p7)* + 2pipi(1 — cos 6;)
+ 2pipy'(1 — cos 6,) + 2pi'py(1 — cos 0,)],

m)2

where 6, + 6, + 0; = 6. We can use py, pi, p{, 0.,
0y, and 0, as variables of integration. In (C2), the
Boltzmann factor e #¢® s the only factor depending
on 6y, 6,, and 6. It is clear from (C4) that, after
integrating over 6y, 6,, and 05, the Boltzmann factor
gives

2
e w(py, by, i), (C5)

where w is symmetric in p,, p, and pi. The term with
principal parts in (C2) is not symmetric in py, py, and

py. Let us symmetrize it and write the integrand as

2
W(pl s P1 s P’l”)%(e—ppl P(pf ”2)“1P(p1 1/12)—-1
_ﬂpl"2P ”2 —1[) ne ”,2 _1
te (pi® — PP} )
o 12 - _ ” o
+ P — p)TR(P — P
— 772(3(]71 ”2)6([)”2 n/2 e—ppl ) (C6)

In view of (C4), the Boltzmann factor falls off
rapidly when 6 is small, and for p,, p{, and py not
nearly equal. Thus, w(p,, pi, pi') is negligible except
for p, ~ py ~ py. Let

7 =3} + pi® + p{®), (C7)
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and expand the exponentials in (C6) around j}:
et = Pt (p? — ) i ek’
apl
AR _2)2 e + 0[(p} — p°).
(C8)

Before substituting (C8) in (C7), we note the algebraic
identity
a™P(a — by 'P(a — ¢)™*
+ b™P(b — ¢y'P(b — a)!
+ ¢™P(c — a)'P(c — b)™*
— 7%(a — b)Yo(b — c)a™
=1, if m=2,
=0, if m=0,1,3,4---, (C9)
which can be verified easily. Now we substitute (CS)

in (C6) and apply (C9) with p} = a, p;® = b, p{* =
We obtain from (C6)

e P2

w(ps, Y, Py (11 Al
1s V1 1 323(_5)
+ O — B2, i — 2 P — p%). (C10)

In the 6 — O limit, the last term is negligible. Writing
the first term as 1(2/ ae(p)z)e‘”‘“’), we have

43y, = —p f eHO TN, (Cl1)

63()2

where (T")® is the 7-matrix elements whose p de-
pendence we have ignored so far.

2. Structure of T Included

As is shown in Fig. 6(b), the vectors p,, p;, i =
2, 3, 4, are completely determined by p,, p;, and p”.
The two-body T-matrix element

(pipl T'(e(p) — P2 — P2 Ipips)

depends on py, p{, 6;, 6 and the two-body off-shell
energy variable

«(p) — pi — pi = pi + pi

. = PE + v(py, pi, B). (C12)
We may write
(P1pal T' IB{ps) = f(P? + P2, P, P, 61)
= f(p; pr» DL, O0). (C13)

It is easy to verify that fis symmetric in p; and pj if the
first argument is held fixed. Similarly, the second
T-matrix element in (C2) depends on pj, py, 6,, 0
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and the two-body off-shell energy variable

«p) —ps— Pi=pi+ pi

= pt + »(p}, pi’, 62).  (Cl4)
We have
il TV '3y = (0% pi, pi', B).  (C15)
The same arguments show that
el TV Ipipd) = f(03; 0", 2, 65).  (C16)

The product of the T-matrix elements and the Boltz-
mann factor, after being integrated over 6,, 6,, and
6,, is a function

72 mo

g(pi; P, P°, P, (C17)

which is symmetric in the last three variables, similar
to (C5). Now we symmetrize the integrand of (C2)
as we did in (C6). All previous arguments leading to
(C10) hold, and we obtain, in place of the first term of
(C10),

1@

6 9(pD)*
This derivative is equivalent to that taken with respect
to the off-shell energy variable e. Thus, (C11) is
generalized to read

72 "2

g(p%; pi, pi% Pl

(C18)

— 4t 1T g o 71 (e
(b0, = —41p j dp 6[852 &< (pl Th(e) 1)

X (pl Th(e) [B) @l Thi(e) |p>] (C19)
e=e(p)
3. Evaluation Using Off-Shell Forward Amplitudes

This is easily done by making the replacement
(3.13), and keeping the same % in (C1). A little algebra
shows

—(1/27)Im (Tr In S),
- %fdp Re (p| G2 — G1?|p)

_ x (pl T1z |9 (@l Ty [p) (| Tle [P (C20)
Since
(p| G2 — G |p) = 30"[e — e(p)],  (C21)

we have

(ba)y = 4gﬁfd€€_”€(1/2w) Im (Tr In S),
2
= —alp ap [ 2 @l Th w0l Tha

x (pl Tl |p>J , (€22)

e=e(p)

which is the same as (C19).

AND S. MA

APPENDIX D

In this appendix we shall evaluate the contribution
of Fig. 5(c) to b, using the small angle limit prescrip-
tion. Let us first write down their contribution to the
trace of the logarithm:

~(1/27) Im (Tr In S),
= Re Tr (¢ — H,)
X (ThG THG, Th: (1)
+ ThGTHATY,  (2)
+ ThATHG T, (3)
+ ThDTHA Ty (4)
+ TG ThG Ths  (5)
+ T1GoTHG,Ths  (6)
+ TgaGononT;«:), (1) (DY

where Ay = 27id(e — H,), and the labels (1)-(7)
identify the terms with diagrams in Fig. 5(c). We can
simplify this expression by taking advantage of various
symmetries such as time reversal, space inversion, and
particle label permutation under which the trace is
unchanged. We obtain

_ L Im (Tr In S),
2m

= Re Tr (e — Hy)
X {T;(P/e — Ho)T;a(P/€ - Ho)Tiz
+ TI(Ple — H)[T1(Ple — H))T},
+ Ti(Ple — Hy)T},)
+ m*Tid(e — Hy)Thod(e — H)Thy). (D2)

For clarity, we shall again divide the work into three
steps:

(1) Assume all the T-matrix elements in (D2) are
constants, and factor them out. Then the algebra will
be simple and the essential features of the approach
will be clear.

(2) Then we put back in the T-matrix elements with
their full energy and momentum dependence.

(3) Finally, we shall obtain the same result by
using off-shell forward amplitudes.

These diagrams possess less symmetries than those
in Fig. 5(b) and are more complicated. The structure is
very different. It is therefore not surprising that the
algebra here will appear quite different from that in
Appendix C.

1. Constant T Assumed
Again, the z components of the momenta play no

role in the discussion and will be ignored. The geom-
etry is depicted in Fig. 7(a). The vector k is defined
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as
k=p, +p.=—pP;s — Ps- (D3)

We shall regard p, , ps, and k as independent variables
of integration. By geometry, we have

pi = (k — p)* = pi + k* 4 2kp, cos ¢y,
pE = (=k — p)? = pi + k* + 2kpycos ¢s, (D4)
e(p) = 2(p} + pi + k* + kpy cos ¢, + kpy cos ).
We further define

dy = 2(k' — k) - p, = 2kpy[cos ¢, — cos (¢, + ),
dy = 2(k — k') - p; = 2kpy[cos ¢, — cos (¢, — 0)],
dy =2(k — k') - py = 2kpy[cos ¢4 — cos (¢, — 0)],
dy = 2(k' — k) - p; = 2kp,[cos ¢, — cos (¢4 + O)].
(D5)

Substituting (D2) in (3.1) and integrating over e, we
obtain

(b = —41 f dpA,
A = (T"Y[P(1/dYP(1/dy) + P(1/d)P(1/d)]e ™
= AT"YP(1/d,)P(1/dy)e ™, (D7)
We have made use of the identity (C9) with m = 0,
ie.,
P(x + ) {(Px~t + Py™) + #%(x)d(»)
= Px"'Py~!, (DS)

and have changed ¢, to —¢, in d, in arriving at (D7).
Let us make the change of variables

(D6)

¢1 g ¢1 - 6/2,
by — ¢4 + 62 (D9)
and define
x* = pik cos (¢, % 0/2),
y*E = pik cos (¢, £ 0/2). (D10)
Then
-2k P = x_; _2k’ P = x+’
2k-p,=yt, 2&k'-p,=y, (D1l)

e(p) = 2(pi + pi + k) + x~ + y*.
It then follows from (D7) that, under the ¢,, ¢,
integration,
A= 2e—2p(1112+1742+k2)
X ePEOR( — xR — )
Ly LA AN 1)

_ 2 2.4 52 e
—_ %e 268 (p12+py+k )P —

x~ —xt
= %52e—~2ﬂ(p1’+zz42+k2)e—p(:c_+v+)

+ Oo(x~ —ytyt — ),

yt—y"

(D12)
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where we have made use of the fact that x*, y* —
xT, y¥ when wechange ¢, , ¢, t0 —¢; , —¢,. The small
angle limit 6 — 0 is now transparent. As 6 —0,
xt— x~, y* — y~. Equation (D12) becomes, in this
limit, simply
1 &
2 0¢(p)”

which can be substituted in (D6) to obtain (b,),.
The essential feature of the above procedure is thus to
write the integrand as a function of ¢, and ¢,, which
appear to be the convenient variables for the energy
denominators, so that the 6 -— 0 limit becomes
transparent.

e, (D13)

2. Variable 7-Matrix Elements

When one includes the energy and momentum
dependence of the T-matrix elements, the algebra
becomes very involved. We shall still use k, p;, p4,
é,, and ¢, as independent variables. The & — O limit
will be clear as a result of analyzing the ¢,, ¢, de-
pendence of the T-matrix elements. This ¢;, ¢,
dependence of 7-matrix elements comes from (a)
their dependence on the total energy e(p) which
depends on the angles via (D4), and (b) the angular
dependence of the initial and final momenta specifying
these matrix elements.

As will be shown, the effect of the singular denomina-
tors is to differentiate the T-matrix elements with
respect to the angles. Owing to the symmetry proper-
ties of the T-matrix elements, these derivatives with
respect to angles can be conveniently expressed as
those with respect to «(p). The angular dependence
through (b) turns out to have no effect in the § — 0
limit.

Let us examine the role of the energy variable e(p)
first. For the first and last term in (D2), TY,, TJs, Ti,,
regarded as two-body T matrices, have their off-shell
energy variables evaluated at

«(p)=pi— pi=pi + pi for Ty,
«p) — pi— pj=pi+pd for Ti;, (DI14)
e(p) — p} — pt = p3 + p? for T4,.

On the other hand, for the other two terms in (D2),
while T1; and T}, still have the same energy variables
given by (D14), T}, has its energy variable evaluated
at

"

e(p) — pi* — pi = p} + pi + (p3 — pi?). (DI15)

We shall do the problem in two steps. In Step I, we
ignore the pi — py® term in (D15) and complete the

calculation. In Step II, we correct the error.
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Step I: Similar to (D6), we obtain from (D2)

1

d,’
(D16)

1 1 1
A= , P—P— , P—P
u(¢1 954) 4 d, + U(¢l ¢4) d,

where

u(dy, ba) = (psbal T 1950 (Popsl TT IWop)
X (ppsl T' |pips) e,

o(y, ba) = (Papsl T IP4YY (papil T Ipips
pe(p)

"

x (papal T' [psppe” (D17)

Of course, besides ¢, and ¢,, u and v depend on
0, pi, pi , and k2, which are suppressed to simplify the
notation. Since d; — d, when we change ¢, to —d¢,,
according to (D5) and (D6) can be written as
151
A = [u(¢s, — ) + v(¢1, $)IP - P . (D18)
d, d,
Again, we make the change of variables (D9) and use
the variables x*, y* defined by (D11). We then have

A = [u(dy — 02, — ¢ — 0/2)

+ U(¢1 - 9/2, 454 + 6/2)]
X P 1 P 1
xT—=xt oyt =y

(D19)

Before attempting the step corresponding to (D12), we
have to examine the angular dependence of u and v.

Consider u, defined by (D17). The first matrix
element [see Fig. 7(b)]isa function of k%, pi, —k - p; =
—yt, —k-py= —y~ and the energy variable
s+ pi. Here —K is the total momentum of the two
particles. We can express the angular dependence of
this matrix element as

"t

(psDal T 19500 = faa(P2 + D2 ¥%, y).  (D20)

Since f3, is symmetric in the last two variables, it is
unchanged under the change of variable ¢, > —¢,
if the first argument is kept fixed.

Similarly, the third matrix element [see Fig. 7(b)] in
u can be written as

(00l TV [pip2) = fua(p? + p3; xT, x7).  (D21)

We note that (D20) depends on ¢, and (D21) on ¢,,
but the second matrix element of u depends on both
#, and ¢, and is more complicated. We shall param-
etrize it the following way. Label a general perturba-
tion term for TJ; as shown in Fig. 7(c). Written in

R. DASHEN AND S. MA

terms of these labels, this term is
d3q d3 ’ d3 ”
|omos S5 vk-a
2m)®Q2m) 2m)
% V(q . q/) e V(q" _ k/)
X [p3 + ps — 2¢° — pi — pi — 2q- (p; — p)I™*
X [p3+ p3 —2¢" — pi — pi — 2q' - (p; — p)I ™
x - s
X [p:+ P — 29" — p; — p; — 2q" - (p; — )T
(D22)

It is a function of

pr+ s, 2k-(pi—p) =yt +x,
2k’ - (pg — ) = ¥y~ + x¥,
and

(Pi — P1)* = Pi + pi — 2P1pacos (1 — ¢y).
Therefore, we have

e (popyl T Ipips)
= fasPs + p3; x™ + ¥y, x4+ y7, cos (¢ — ¢9)),
(D23)

where we have included the Boltzmann factor in f;.

Equations (D20), (D21), and (D23) summarize the
angular dependence of u(¢; — 0/2, —¢, — 6/2). The
same analysis applies to v(¢; — 0/2, ¢ + 0/2) as well.
The result is

(pupsl TV 1pips) = fio(P} + Pl x¥, %), (D24)

(Prpal T" 1pips) = fas(P2 + pls ¥y, ¥, (D29)

17 11

(P2psl TT )4 e Pet®)
= fou(P3 + P3: X~ 4+ v, xT + y7, cos (¢, + ¢0)).
(D26)

These equations summarize the angular dependence
of v(¢, — 0/2, ¢4 + 6/2). The functions fi, fos, faa
are all symmetric in their second and third arguments
by the space-time inversion symmetry of the T
matrix. It is clear that

u(py — 0/2, —dy — 0/2) + v($y — 0/2, ¢4 + 6/2)

is unchanged under the variable changes ¢, — —¢,
and ¢, — —d¢, if, in f;;, the first arguments are held
fixed. Thus the asymmetry in ¢; and in ¢, comes in
only through the first arguments of these functions via

pi=(k — p)*=Kk*+ pi + x7,

pp=(—k—p) =k +pi+y". (D27
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We now substitute (D20)-(D26) in (D19) and obtain
limA4 = hm 2160 fas(x™ + ¥ fas))
o P(x - xR =y
= 50 a0l + DI, (D29)

where only the x*, y* dependence through the energy
variables, i.e., through the first arguments of fs, fo3,
faa» are kept, and x, y are the § — 0 limits of x*, y*.
We have thus completed Step I.

Step 1I: Now we proceed to include the fact that
the 77, in the second and the third terms of (D2) has
its energy variable given by (D15) instead of (D14),
i.e., a difference of

2 "

ps—pit=y"—y".
The term we have missed in A is
AAd = T23(P2 + Ps)[T12(P1 + p; + ps — p3*
12(P1 + Pz)]T:;4(P3 + P4)
X P(d; + d)7*P(1/d)e P
= fos(x™ + V) filx™ + Y5 =) = fi6)]
X fau(yPO + y" — xt =y
x P(y" —y)y (D30)
We have utilized our knowledge about the 7-matrix
elements summarized in (D20)-(D26) and have
suppressed all irrelevant variables. Now we expand
frox™ + ¥y = y7) = f1ax7)
= f(x)" = y7) + OO — y)?
+ Ol(y* — y)*. (D3
Substituting (D31) in (D30), the 6 — 0 limit can be
taken readily. We find
lim A4 = }(f1afosfsa + frofosS 30 + f1afosf

-0
+ f12f 23 S50 + froS 2 50)-
Step Il is then completed.

(D29)

(D32)

It is now a matter of counting terms to show that the
sum of (D32) and (D28) is

0?
lim (A + Ad) = —[— P (pl T3(e) 1)l Ty 1)

00 o€

’
€=¢(p)

x (p] Th(e) lp>]

(b, = —lim 438 f dp(A +Ad).  (D33)
-0
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3. Evaluation by Using Off-Shell Amplitudes
This is done easily by the replacement (3.13) and

keeps the same 7 throughout in (D1). After a little
algebra, (D1) becomes
—(1/27) Im (Tr In S),.

= [apRe ol G}~ Gi'1p)

X (Bl Tsa 1) (Bl T35 10) (Bl T2 [p)
= [ap 1 Re 8'e = @] 2l T3 11

X (pl Ths 1) (9l T1a Ip)- (D34)

The forward T-matrix elements depend on the off-
shell energy variable e. Thus, we have

(by)e

_4lp f dee™P(1/2m) Im (Tr In S),
= —42ﬂfdp [ e (3l Taa Ip)

X (p| Thy |p) (pl Th Ip>} (D35)

e=€(p)

Equation (D35) is, of course, the same as (D33).
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The relationship between the couplings of the non-Abelian gauge field and the internal holonomy
group is investigated on the classical level, under the requirements of full local gauge invariance and
positive definiteness of the gauge field’s energy density. For the free gauge field it is found that each
solution to the gauge field equation with self-coupling is associated with a simple compact internal holon-
omy group. When the gauge field is coupled to other multiplet fields, an internal symmetry group is
present in addition to the holonomy group J€. In this case the internal holonomy group must also be
simple and compact. In addition, homogeneity and isotropy of event space for closed systems of fields
require that J¢ be identical in group structure with either the symmetry group or a subgroup of the
symmetry group and that all the field equations can be decoupled into sets of equations acting on multiplet
fields transforming under irreducible representations of X. Thus, in local gauge theory, multiplet fields
can be classified with respect to simple and compact internal holonomy groups. Some comments are
offered on the relationship between internal holonomy and symmetry groups.

I. INTRODUCTION

in local gauge theory the geometric properties of the
gauge field and potentials allow a Lie group, the in-
ternal holonomy group JX, to be assigned to each
analytic solution to the gauge field equation.! The use
of the ordinary holonomy group in studies of solutions
to the Einstein field equation®~* suggests that the
internal holonomy group will be of interest in con-
sidering properties of solutions to the gauge field
equation. To be sure, this group has proven a useful
tool in investigating the gauge field’s ability to carry
internal charge,® the properties of gauge fields with
spherical® and plane symmetry,” and the electro-
magnetic part of the free gauge field.®* Compactness of
J¢ also insures the positive definiteness of the gauge
field’s energy density.® Combined with the physical
criteria of positive definiteness of the gauge field’s
energy density, J¢ has also proven useful in establishing
conditions for nonexistence theorems on solutions to
the free gauge field equation® and in establishing the
precise nature of any internal charge carried by the
gauge field.!* Indeed, it is apparent that there must be
an intimate connection between the possible internal
holonomy groups and the physical properties of gauge
fields. In order to determine more precisely this con-
nection, the present paper is concerned with the
relationship between the gauge field’s couplings and
internal holonomy groups, under the restrictions of
full local gauge invariance and the positive definiteness
of its energy density.

The investigation begins with a discussion of the
concept of positive definiteness of the free (self-
coupled) gauge field’s energy density for classes of
solutions to the gauge field equation and of the
consequences of this restriction upon the Lie algebraic
structure of the fields, i.e., the structure of . Keeping
in mind that no internal symmetry group is present in

the free field case, we consider the structure and
decomposition of the free gauge field equation.

When the gauge field is coupled to other multiplet
fields, it is necessary to introduce an internal metric in
order to define a gauge invariant Lagrangian for the
system of fields. This automatically defines an internal
symmetry group. Of interest is how theories of the
free gauge field fit into theories involving coupling
between the gauge field and other multiplet fields
defined by internal symmetry groups. A clarification
of this point should be desirable as a basis for deter-
mining how symmetry breaking can come about in a
locally gauge invariant theory, particularly if the
asymptotic identification is employed to define the
electromagnetic part of the gauge field.® The principle
of homogeneity and isotropy of event space for closed
systems serves here to clarify the relationship between
the holonomy and symmetry groups. It also clarifies
the connection between the classification of gauge
fields given here via internal holonomy groups, and
previous classifications of gauge fields coupled to
other multiplet fields in terms of internal symmetry
groups, based upon generalizations of the so-called
Yang-Mills trick.1213

In the following section some of the properties of
the internal holonomy group employed below are
briefly reviewed.* Full local gauge invariance is
assumed throughout and the development is on the
classical level. No quantized systems are considered.
The event space is taken as Minkowskian, with x*,
k =0, 1, 2, 3, standing for the event coordinates and
0, for 9/ox".

II. THE INTERNAL GEOMETRY

In local gauge theory the particle multiplet fields are
at each event defined with respect to a distinct n-
dimensional internal space. The collection of bases
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over event space is referred to as the internal base or
gauge.! Under coordinate-dependent internal base
transformations, covariant internal vectors, linear
internal operators, and the n X n matrix fields of the
gauge potential transform, respectively, according to
the rules

p =Sy, P'=S§PS, I',=S57T,S— 519,S.
(1)

The transformation property of the gauge potential
allows the introduction of the gauge covariant deriv-
atives

Vy=0y9y—-Tw, V,P=0P—[I,, Pl (2

which transform under (1) in the same manner as the
quantities upon which they operate. The gauge field is
defined in terms of the gauge potential by

?suv = aqu - avFu - [Fu’ Fv] (3)

and transforms under (1) as a linear internal operator.
By virtue of its definition, it also satisfies identically
the “Bianchi” identity

Vu¢xl + Vl¢yx + de)),u = 0. (4)

The internal holonomy group is defined in terms of
the equivalence transport of internal vectors. The in-
ternal vector y(x* + dx*) is defined to be equivalent
to p(x*) provided that the gauge-invariant condition

XV, =0 ®)

is satisfied at x*. In this case y(x* + dx*) may be
considered the result of the equivalence transport of
w(x*) along dx" to x* + dx*.

The element H,(x*) of J(x*) affects through the
transformation

v = H/x ©)

the equivalence transport of covariant internal vectors
about the closed loop 7 in event space originating at
x*.
Consider the potentials to be analytic functions of
the event coordinates. At each event the gauge field
and its covariant derivatives span the Lie algebra
£ of J. One can always choose an internal base such
that the linearly independent generators of J¢(x*),
L(x),, m=1,-+-,p, are numerically the same at
all events.! In addition, the internal base can be chosen
such that I", € £.1% This insures the existence of the
expansions

Fx = bxm Lm’ ¢x/1 = bx}.m Lm’
Vy e Vv¢n/1 = bml,,v---um Lm, (7)

where 0,L,, =0, and the b, b,,™, etc., are real

7

functions of the event coordinates. The following dis-
cussion is in terms of such a basis.
II. POSITIVE DEFINITENESS AND i

The action principle applied to the gauge field
Lagrangian?’

Ly = —}Tr 4,4 ®)
yields the free gauge field equation
V4" = 0. ©)

Note that (8) and (9) are automatically invariant
under invertible transformations of the type (1), and
thus that the notion of an internal symmetry group is
not involved in discussions of properties of the free
gauge field.’® The criterion of positive definiteness is
motivated by considering the initial value problem for
(9) at x* = 0.

The constraint equation, the zero component of (9),
sets restrictions on the initial values that the ¢, and
[;,j, k=1,2,3, may assume on the surface x* = 0.
Consider a gauge in which I'y=0 at x* = 0. It is
easily seen that such a gauge, consistent with (7),
always exists. The constraint equation reduces to

ai‘ﬁoj - [F:" ?W] =0, (10)

where
$% = 9oTY,

Given the I';, (10) is then a linear differential equation
for ¢%, and, in principle, solutions can easily be found
at x0 = 0.1

Using the identity

Vo VUV, = VoV, - - Vo,
= VM toe Vﬁ[va et Vaqskﬁ.’ ¢0y],

we can permute the time covariant derivatives in

Vu e Vv¢xl

with the spatial ones and eliminate them, using either
(4) or (9). Since in the gauge I'y = 0 the time covariant
derivative is just the partial time derivative, it is clear
that an analytic solution to (10) determines a solution
to (9), at least in the neighborhood of the surface
x® = 0. Therefore, one should expect a large number
of possible solutions to (9), corresponding to the large
number of initial configurations of the gauge field.

The gauge invariant Yang-Mills energy-momentum
tensor density is

T = ~Tr (§9, + 18 4y8").

It is a generalization of that used in electromagnetic
theory, and is determined in the usual fashion from the
free Lagrangian (8) by using Noether’s theorem. In
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the basis (7), the energy density takes the form

™ — —%tmn(z bo™bo," + 33 b’”b) (11)
7 ik
where
hw = Tr L, L,

is a tensor in the group space of J.

In a particular solution to the gauge field equation,
not all Lie algebraic components of ¢,, need con-
tribute to (11), since the gauge fields by themselves
need not span £. However, it is clear from the above
discussion that one can always construct a solution to
the field equation such that the expansion coefficients
b,;™ with respect to any desired generator L, are
nonvanishing. The b,,™ are real since ¢, belongs to
the real Lie algebra of J. Since /,,, is symmetric, the
energy density can be real for the whole class of solu-
tions for a given X if and only if /,,, is also real. But
then /,, may be placed in diagonal form by a real
algebra base transformation. It follows that the energy
density will be positive definite for the class of solu-
tions with a given J if and only if /,, is a negative
definite tensor in the group space of J.

The structure constants of J€ are defined through
the commutation relations

(Lo Lol = Ci® Ly (12)

The quantity

fmnﬂ =Tr [eru Ln]Lp = cmnq lqp (13)

is totally antisymmetric, since the trace of any com-
mutator vanishes. The negative definiteness of /,,
allows an “orthogonal’’ algebra basis to be constructed
in the sense that

= —90

lmn mn

or in which
cmnp = _'fmnp . (14)

Thus, if the energy density of the gauge field is positive
definite, there exists an algebra base in which the
structure constants of J¢ can be considered as totally
antisymmetric in their group space indices.

J¢ may be written as the direct product of its in-
variant subgroups. Construct for the invariant
subgroup an “‘orthogonal” set of generators, and con-
struct the remaining generators of J from the orthog-
onal complement of the subspace spanned by them.
This can always be done. Let the indices m, n, and p
refer to generators of the invariant subgroup and 7 and
s to any of the remaining generators of JC. Then, by

definition,
[Lta Lm] = ctmn Ln ’ [Lm > Ln] = cmnp Lp ’

since ¢;,,° = ¢,.,' = 0. However, consistency with

C. A. UZES

(14) requires
(15)

It follows that if the energy density of the gauge field
is positive definite for the class of solutions with a
given X, then J may in its most general form be
expressed as a direct product of an Abelian group
C, its center, and simple groups R,. The direct prod-
uct of simple groups, of course, constitutes a semi-
simple group, denoted here by R.

J is a connected Lie group, each closed loop ¢
defining a transformation of J¢ may be continuously
shrunk to a point. All of its transformations may be
expressed in the form

H/(x") = exp [n,(x)"L,,), (16)

where the 7,(x*)™ are the group parameters of ¥
defining the equivalence transport of internal vectors
about some closed loop £ in event space originating at
x*. It follows that the adjoint and linear adjoint
groups of JC, defined by all possible similarity trans-
formations on the elements of ¥ and £ of the form
H,H,H,/" and H,L,H;™, respectively, are isomor-
phic. But they are not necessarily isomorphic to J
itself ;

8 — t - — _—
Cim == Comyy = Cy" = Cp" =

H\H,H,7* = H,H,H,™

for all H, if the product H,7*H, commutes with all
transformations of X, i.e., if JC has a center.?® How-
ever, the adjoint and linear adjoint groups are iso-
morphic to R.

The generators of the linear adjoint group are the
structure constants of JC. From the antisymmetry of
Smnp and (13) it follows that

Conn® lpq + Cng” lzm = 0.

(17)
Thus /,,, is invariant under all transformations of the
linear adjoint group. Let w,, and v,, be any two vectors
in the Lie algebra space of X, the space in which the
linear adjoint group operates, and let w’',, and v',, be
the vectors resulting from them under any transforma-
tion of this group. It follows from (17) that

o', = v, 0",

Thus, there exists a definite scalar product in the
group space of &, and the linear adjoint group of &
is compact.?! But the latter is isomorphic to R. Hence,
positive definiteness implies that J€ is a direct product
of an Abelian group, its center, and compact simple
groups.
IV. POSITIVE DEFINITENESS AND THE FREE
GAUGE FIELD

The Lie algebra of J€is the sum of the Lie algebras of
each of its invariant subgroups. Using the basis (7)
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and taking into account (15), one can write
rﬂbxl = ax Trl - ai. TFK - [TI‘Ki TFA]:
rvu¢xl = aﬂ T¢Kl - [TF[t’ rd’x).]’
and also

c¢“ = ax GPA - aﬂ. ch’ cvu’#xa = a[t c‘ﬁxb

where the left superscript 7 refers to the parts of
Ty, é.1, and V,é,, belonging to the Lie algebra of
R, and the left superscript ¢ refers to those parts
belonging to the Lie algebra of C.

Due to the linear independence of the generators of
¥, the free gauge field equation and Bianchi identity
decouple into the 7 sets of uncoupled equations

v ‘){’xu =Y, Tvuﬁbxl + Tvl¢ux + TVK¢A# = 0’

while in addition the ‘¢, satisfy Maxwell’s equations.

For a theory in which there is free gauge field and
nothing else, the ‘¢, , are of no interest. One is inter-
ested in localized solutions to the gauge field equation,
blobs of free gauge field energy density which may
interact with one another. The “¢,; cannot participate
in the self-interaction of the gauge field. In this case it
should be sufficient to consider only gauge fields with
simple and compact .22

In the free field case,the nature of the internal space
is not of interest, the field equations may be expressed
solely in terms of the Lie algebraic components of the
gauge fields and potentials, the b,™ and b,;™. Of
interest is whether in a situation in which the gauge
field is coupled to other particle multiplet fields a
similar decoupling of field equations can be made
with respect to the irreducible representations of simple
and compact internal holonomy groups in internal
space.

V. POSITIVE DEFINITENESS AND COUPLED
FIELDS

When the gauge field is coupled to other multiplet
fields, the energy density of the gauge field itself must
still be positive definite for any class of solutions with
a given XK. It is clear that this condition is sufficient to
insure that also in the coupled case JC can at most be
the direct product of an Abelian group C, its center,
and compact simple groups R.. For definiteness, the
gauge field in the following is considered coupled to a
Dirac multiplet field. The coupling is introduced by
replacing in the free spinor Lagrangian all partial
derivatives by their gauge invariant counterparts, i.e.,
through the generalized principle of minimal cou-
pling!2 1323t will be clear, however, that the results
below will apply equally well to any gauge invariant
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coupling between the gauge field and arbitrary
muitiplet fields.

Let ¢(x*),, a=1,-++,n, (spinor indices sup-
pressed)® denote the Dirac multiplet field in question.
In order to construct a free spinor Lagrangian in-
variant under internal base transformations, one
needs an internal (hybrid) metric. Let g be such a
metric, transforming under internal base transforma-
tions according to the rule (in component notation)

a b
8ap: = Sé'ga'bsb' s

where S, is the complex conjugate of S;. and where
ga denotes the components of g, in the new internal
base. The Lagrangian for the closed system of inter-
acting fields can be expressed in the form

(V. 92)y*g" ]
—~ Mpag™yp, — Lp, (18)

Ly = —}i[§ay* g™V, v, —

where?®
p.‘l/)b (a 6 ubc)’pc 3

and where ¢, denotes the Dirac adjoint spinor yzy°.
Note that no internal metric is involved in the ex-
pression for Ly, [(8)].

The representation of J in internal space is its self-
representation, which may be reducible. The principle
problem of this section is to determine the structure
of the “interaction” or coupling in the Lagrangian (18)
and resulting field equations with respect to the sub-
spaces in the internal space transforming invariantly
under the self-representations of the internal holon-
omy group and also with respect to the compact
simple groups R, . It is resolved by invoking the prin-
ciple that the event space must be gauge-invariantly
homogeneous and isotropic with respect to an arbi-
trary displacement of the closed system of fields.

The condition of gauge-invariant homogeneity and
isotropy of space is satisfied if, at each and every
event when each internal multiplet field is equivalence-
displaced along an arbitrary line increment dx* (line
increments emanating from different events being
parallel), the total Lagrangian remains invariant.
The equivalence instead of the ordinary displacement
is required from local gauge invariance, since at each
event the multiplet fields are defined with respect to a
distinct internal base. In making the displacement, it is
necessary to drag along with the fields the internal base
used. The internal metric is not displaced, however,
since it is not a dynamical field.

The gauge field and potentials are included as part of
the closed system of fields. It is necessary, therefore,
to define the equivalence transport of the gauge
potential. This is done by requiring that the equiv-
alence displaced field ¢,, be defined in terms of the
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displaced potentials T', according to (3). Since by
definition

¢llzv = <ﬁuv - dxx[Px9 ¢uv]’ (19)
one can easily verify that this condition requires the
definition

I, =T, + 2,(dxT) + [dxT,,, T, (20)

Using the definitions (5), (19), and (20) for the
equivalence transport of fields along dx*, one finds
that the Lagrangian for the closed system of fields will
remain invariant provided that the internal metric
satisfies the condition

augdb - Fua'zgzb - F,uba 8ac = 0,
i.e., that
Viga =0

Geometrically, this means that the same internal
metric must be employed at each event. It follows from
(6) that g, must be invariant under all transformations
of 3, that is,

Hy g3 Hof = gaa- (21)

Hence JC must be identical to or a subgroup of the
group of gauge transformations whichleave the internal
metric invariant; 3¢ is identical to or a subgroup of the
internal symmetry group.6

Since R is compact, its self-representation in the
internal space may be taken to be unitary. Then there
exists an invariant bilinear form

0,5,

where 6, and {, are internal vectors, {; is the complex
conjugate of ,, and where A% is a positive-definite
Hermitian tensor in internal space, the holonomy
metric. The representation of R in internal space is
then completely reducible. The internal space may be
written as the sum of orthogonal (with respect to
heb) invariant subspaces, each transforming under an
irreducible representation of R in internal space. Of
importance is whether these subspaces are also orthog-
onal with respect to the internal metric g,; appearing
in (18). If so, only the components of the Dirac
multiplet field lying in the same irreducible subspace
are coupled by the non-Abelian gauge field in the
Lagrangian (18).

The nonsingular linear internal operator A4 defined
by

A0 = gabhbc
satisfies
AR — RA =0,

where R is any transformation of R. The eigenvectors
of A with common eigenvalue then form invariant
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subspaces under the unitary transformations of R,
and the different invariant subspaces are orthogonal
with respect to the holonomy metric. From Schurr’s
lemma it follows that an internal base can be chosen
such that 4 has diagonal form. Without loss of gen-
erality, the base can be chosen such that

hab = 6ab .

Let these irreducible invariant subspaces in internal
space be labeled by 7,. Then g, is proportional to
hyy in each I,. Thus the subspaces transforming under
the irreducible representations of R in internal space
are orthogonal with respect to both the holonomy
metric and the metric defining the internal symmetry
ETOUp £yp.

The generators of the center of J¢ commute among
themselves and with all transformations of R. There-
fore, it is also possible to decompose the internal
space into invariant orthogonal subspaces trans-
forming irreducibly under R, where in each of these
subspaces, say I, the generators of C are multiples
of the identity operator. Commuting linear operators
have simultaneous eigenvectors.

The irreducible subspaces I, so defined must coin-
cide with the /, defined above by the diagonal form of
A, i.e., A must commute with the transformations of
C; for in the opposite situation at least two irreducible
subspaces would be required to have a nontrivial
intersection, leading to a contradiction. The /, and
1,- were chosen to be irreducible.

Since the transformations of C commute with 4 and
leave invariant the metric g, they also leave invariant
A%, which is definite in each Z, . It follows that if J¢ has
a center, then the center of J is also a compact group.
Then the irreducible invariant subspaces transforming
under irreducible representations of JC, coinciding
with those of R, are orthogonal with respect to the
internal metric. This result would hold, for example,
even if g,, were indefinite.

Suppose the procedure for decomposing the internal
space into the sum of irreducible subspaces (under
J€) has been carried out. Then in the basis (7) the
L,,, the IT',, and the ¢,;, must have a block diagonal
form with respect to the /,. Furthermore, one has

P(0)a8™ Lmy” 0(B)e = 0,

where y(«) and 6(f) are, respectively, internal vectors
belonging to the irreducible subspaces 7, and ;.
Therefore, the Lagrangian (18) may be simplified to

Ly =3 L(®)p + L(a)p,

L(“)F = —% TI' ¢(“)x}.¢(a)xl5 (22)
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where

o)y = “%i[@(“)d?’uga bvu'l’(“)b
— (V)" g ()] — Mp(@ag™p(e),
(23)
and where

V(@) = (9,07 — T(@),)p()e-

The remaining problem is to clarify the relationship
between the irreducible self-representations of ¥ and
those of the R,. The self-representations of any R,
may be broken down into irreducible representations
in the internal space, and all these representations
must be faithful. The field equation

J@) = Vi),
where
J(o)%* = ip(ay* pla),g™

is the external source current, and the Bianchi identity
(4) may be looked upon from two points of view,
either in terms of their Lie algebraic components or in
terms of their matrix elements in internal space.
Consistency requires faithful irreducible representa-
tions of each &, .

Suppose the subspaces transforming under irre-
ducible representations of a particular group, say R,
have been identified. The matrices representing the
generators of this subgroup must be in block diagonal
form with respect to these invariant subspaces. The
generators of the other subgroups commute with those
of R;, and their eigenvectors can be used to label
the subspaces invariant under R, (not necessarily
uniquely). The subspaces so labeled must coincide for
all the generators of each R, with = > 1, since the sub-
spaces are irreducible. Otherwise one would have a
nonnull intersection of two irreducible subspaces, itself
an invariant subspace, leading to a contradiction. This
means that the matrices representing the generators of
the groups R, with 7 > 1 must be multiples of the
identity operator in each of the invariant subspaces.
However, since each representation must be faithful,
this requires that, in the subspaces transforming under
irreducible representations of R, , the matrices repre-
senting the generators of each R, with = > 1 all
vanish. Hence the irreducible self-representations of
R coincide with those of an &, . The self-representation
of R is constructed by taking the direct sum of irre-
ducible self-representations of simple compact holon-
omy groups in the internal space. The subspaces I,
are those transforming under irreducible representa-
tions of these groups.

The internal holonomy group is further restricted by
considering the nature of the possible interactions and
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conserved charges generated by the components of
“b.1, belonging to the Lie algebra of the center of
¥. Such components satisfy Maxwell’s equations.
Since in each I, the generators of C are multiples of the
identity operator, all components of the external
multiplet field in 7, have equal weight in contributing
to the external source current
jl)*,, = Tr ‘L(e)J(w)*, ‘Le’s.

Therefore, all the particles represented by the different
components of y(«) can be expected to have long-range
repulsive Coulomb-like interactions. Such a situation
would be in conflict with experimental data, the
interaction being the same as that which would be
expected to arise due to a baryon number field and
associated conservation law.?” Thus the center of ¥
must be trivial.

Due to the total antisymmetry of the structure
constants of JC and to the orthogonality of the irre-
ducible subspaces /,, the gauge field equation can be
decomposed into the form

(@) =V, (@),

while a similar decomposition holds for the Lagran-
gian (18) and the field equations for other multiplet
fields. Thus one must conclude that, in a locally
gauge-invariant theory, gauge fields of physical
interest have simple compact J and that all the multi-
plet fields may be classified according to the irreduc-
ible representations of J€.

VI. DISCUSSION

Via the fundamental Lie algebraic and group
properties of the gauge field present in any locally
gauge-invariant theory, the features of solutions to
the gauge field equation were investigated under the
requirement that their resultant energy density must
always come out positive. For a theory involving only
the self-coupled gauge field, this was done inde-
pendently of the notion of an internal symmetry group.
The results indicate that free gauge fields of physical
interest must have simple and compact .

In considering the case where the gauge field is both
self-coupled and coupled to other multiplet fields, it
was necessary to introduce the notion of an internal
symmetry group. The precise nature of the coupling
between the gauge field and the other multiplet fields,
and of the symmetry group, was left unspecified.
Gauge-invariant homogeneity and isotropy of event
space for closed systems led to the condition that J¢
must be either identified with or a subgroup of the
symmetry group. The possibility of the latter being
a subgroup of X, allowed through the requirement
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that J¢ and the symmetry group be compatible,* is
not allowed.

Positive definiteness taken alone requires in the case
of coupled fields only that J€ be the direct product of
an Abelian group C, its center, and compact simple
groups R. However, the subspaces transforming under
the irreducible self-representations of J¢ and R must
coincide. It was further found that the presence of a
nontrivial center could be expected to lead to un-
physical pseudo-electromagneticlike interactions be-
tween external multiplet fields. Hence, in locally
gauge-invariant theories involving either coupled or
free gauge fields, gauge fields of physical interest
should have simple compact JC. Since the multiplet
fields transforming under different irreducible repre-
sentations of J¢ are orthogonal with respect to the
internal metric, all the multiplet fields can be classified
according to the irreducible representations of this
group.

In the classification of gauge fields allowed by
generalizations of the Yang-Mills trick, global sym-
metries of the first kind were generalized through
minimal coupling to local symmetries, following the
lead of Yang and Mills. The result was that theories
derived along these lines should have simple sym-
metry groups, with the gauge field transforming under
the adjoint representation of the symmetry group.
The internal holonomy group played no role. In the
present investigation, the classification problem was
approached from the point of view of how to general-
ize possible theories of the free self-coupled gauge
field and imbed them into symmetry theories involving
other multiplet fields. JC was treated as fundamental.
It is interesting to note that local gauge invariance
alone (with recognition of the homogeneity and iso-
tropy of event space) is sufficient to require that the
gauge potentials are anti-Hermitian with respect to
the internal metric and transform under the adjoint
representation of the internal symmetry group. These
assumptions do not have to be made at the outset, as
is customary in generalizing the Yang-Mills trick.

The precise relationship between the internal holon-
omy and symmetry groups requires further investi-
gation. The statement that 3 must be either identical
to or a subgroup of the symmetry group refers only
to their structure and not to the physical notions
associated with them. This is particularly important
when one recognizes that both groups may have a
strong coordinate dependence.

Although the J¢(x*) at different events are isomor-
phic, they may tend asymptotically away from a
localized region in event space to an Abelian group of
lower dimensionality. This fact has played an impor-
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tant role in leading to the asymptotic identification for
the electromagnetic part of the gauge field.? Therein,
JE tends away from the sources of the gauge field to an
Abelian group, and the long-range component of the
gauge field is identified with the electromagnetic field.
Crucial is the coordinate dependence of the internal
symmetry group. If one requires that the theory be
invariant under the full symmetry group at all events,
there clearly can be no electromagnetic breaking of
isospin symmetry. In this case it would appear neces-
sary to reject the asymptotic identification. On the
other hand, in the context of the asymptotic identi-
fication, the charge measuring operators can be shown
to restrict the allowed symmetry and holonomy group
transformations as one moves away from the sources
of the gauge field. Since the latter governs the dynamic
symmetry of the interactions between sources, one can
construct a model in which the symmetries of the
interactions between sources decreases with their
increased separation. Thus by not attempting to a
priori identify the gauge field with a particle multiplet
field, one can conjecture at a theory in which the
gauge field presents a unified approach to electro-
magnetic and strong interactions within the context
of local gauge theory and which at the same time
accounts for electromagnetic and medium strength
breaking of strong interactions.
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The problem of diffraction of time harmonic electromagnetic waves by a perfectly conducting thin
annular disk is solved when the incident wave is a plane wave traveling in a direction perpendicular to the
annulus. The electromagnetic problem is reduced to two scalar problems with the help of the Hertz vector
representation formulas. Each of these scalar problems is formulated in terms of a Fredholm integral
equation of the first kind, which is subsequently reduced to a system of four simultaneous Fredholm
integral equations of the second kind. This system is then solved by the straightforward iteration scheme.
Low-frequency approximations are presented for various physical quantities such as the components
of the induced surface current density at the disk and the scattering cross section.

1. INTRODUCTION

The problem of electromagnetic diffraction by a
thin circular conducting disk has been solved by many
authors and by widely differing techniques. An
account of these attempts is given in Refs. 1-6.
However, there has been no attempt made so far to
solve the corresponding problem of an annular disk.
The reason is that it is a three-part boundary value
problem, and until recently there were not many
mathematical techniques available for solving such a
problem. With the appearance of a paper by Gubenko
and Mossakovskii’ a great interest has been aroused
to solve three-part boundary value problems. In the
process, several interesting methods have been devised.
An integral equation technique which has its origin in
the researches of Copson,? Williams,® Thomas,® and
the present authors'!'1? appears to be very suitable
for the purpose. In this paper we extend that technique
and present the solution for the problem of electro-
magnetic diffraction by an ideally conducting circular
annulus.

We use a Hertz vector formulation as used by Bazer
and Rubenfeld® in their study of the electromagnetic
diffraction by a circular aperture in a plane screen.

Thereby, the present problem reduces to two scalar
problems which are linked by three arbitrary con-
stants. These constants are subsequently evaluated
with the help of the edge and continuity conditions.
Each of these two scalar problems is reduced to the
solution of a Fredholm integral equation of the first
kind which is subsequently reduced to two Volterra
integral equations and a system of four simultaneous
Fredholm integral equations of the second kind. The
former have a rather elementary kernel and therefore
can be readily inverted, while the latter are solved by
the standard iteration procedure. Although these
integral equations are valid for all wavelengths and all
the ratios of the inner and outer radii of the annulus,
they are specially useful when the waves have long
wavelengths compared with the outer radius and the
inner radius is much smaller than the outer radius.
In Sec. 2 we present the mathematical formulation
of the problem. Section 3 contains the mathematical
technique for solving this problem, and we have
included it for the sake of completeness as well as for
ease of reference. We present the solution in Sec. 4.
The edge conditions are studied in Sec. 5, wherein the
three constants mentioned above are evaluated. In
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representation formulas. Each of these scalar problems is formulated in terms of a Fredholm integral
equation of the first kind, which is subsequently reduced to a system of four simultaneous Fredholm
integral equations of the second kind. This system is then solved by the straightforward iteration scheme.
Low-frequency approximations are presented for various physical quantities such as the components
of the induced surface current density at the disk and the scattering cross section.

1. INTRODUCTION

The problem of electromagnetic diffraction by a
thin circular conducting disk has been solved by many
authors and by widely differing techniques. An
account of these attempts is given in Refs. 1-6.
However, there has been no attempt made so far to
solve the corresponding problem of an annular disk.
The reason is that it is a three-part boundary value
problem, and until recently there were not many
mathematical techniques available for solving such a
problem. With the appearance of a paper by Gubenko
and Mossakovskii’ a great interest has been aroused
to solve three-part boundary value problems. In the
process, several interesting methods have been devised.
An integral equation technique which has its origin in
the researches of Copson,? Williams,® Thomas,® and
the present authors'!'1? appears to be very suitable
for the purpose. In this paper we extend that technique
and present the solution for the problem of electro-
magnetic diffraction by an ideally conducting circular
annulus.

We use a Hertz vector formulation as used by Bazer
and Rubenfeld® in their study of the electromagnetic
diffraction by a circular aperture in a plane screen.

Thereby, the present problem reduces to two scalar
problems which are linked by three arbitrary con-
stants. These constants are subsequently evaluated
with the help of the edge and continuity conditions.
Each of these two scalar problems is reduced to the
solution of a Fredholm integral equation of the first
kind which is subsequently reduced to two Volterra
integral equations and a system of four simultaneous
Fredholm integral equations of the second kind. The
former have a rather elementary kernel and therefore
can be readily inverted, while the latter are solved by
the standard iteration procedure. Although these
integral equations are valid for all wavelengths and all
the ratios of the inner and outer radii of the annulus,
they are specially useful when the waves have long
wavelengths compared with the outer radius and the
inner radius is much smaller than the outer radius.
In Sec. 2 we present the mathematical formulation
of the problem. Section 3 contains the mathematical
technique for solving this problem, and we have
included it for the sake of completeness as well as for
ease of reference. We present the solution in Sec. 4.
The edge conditions are studied in Sec. 5, wherein the
three constants mentioned above are evaluated. In
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Sec. 6 we present the formulas for the components -of
the induced surface current density at the disk and the
scattering cross section.

2. MATHEMATICAL FORMULATION
OF THE PROBLEM

Cylindrical polar coordinates (p, ¢, z) are chosen
with the origin at the center of the annular disk so
that the disk occupies the region z =0, b < p < q,
for all ¢. The medium has the permittivity e and
permeability x, while the speed of propagation of
electromagnetic waves is ¢ = (eu)™}. Maxwell equa-
tions in source-free regions (in rationalized MKS
units) are

curlE — iopH = 0, divE =0,

curl H 4+ iweE =0, divH =0, 2.1

where E and H are the electric field and magnetic
field intensities, respectively. In the above equations
and in the sequel, a time dependence exp (—iwt) is
understood and omitted.

Let an incident plane wave traveling along the z
axis, due to sources in the half-space z < 0, impinge
on the circular annulus. If E©® and H'® are the time-
independent parts of the electric field and magnetic
field intensities of this incident wave, then

= )
E(O) — (E’()O)’ E;,O , EZO))

= (cos ¢, —sin ¢, 0) exp (ikz),
H(O) = (Hzo)’ H‘(PO)’ H;O))

= (e/u)¥(sin @, cos @, 0) exp (ikz), (2.2)

and k = wfc. The time-independent parts of the
electric and magnetic intensities of the total field are

E=E® 4+ EV H=H® 4+ H®Y, (2.3)

where E® and HY correspond to the diffracted field.
We can represent the diffracted field in terms of a
magnetic Hertz vector M:

= (Mps M(p, Mz)
= {M(p, 2) sin ¢, My(p, 2) cos ¢, M,(p, 2) sin ¢},
(2.4)

E® = jou curlM, H® = (grad div M) + ki*M,

2.5)
where

(V2 4+ kDM =0
and
(V2 + k)My(p, 2) = 0
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or
0°M, 19M, oM,
~ + KM; =0, (2.6
o poap Tz THEM=0 (9
(V2 + k®)[My(p, z) sin ¢] =0,
or
°M, 10M, M2 0°M,
— 4= KM, =0. (2.7
o Toon a — + k'M, (2.7)
Besides, from (2.4) and (2.5), we have
EY = iwyu (% - E’%) cos g,
P oz
o°M, 0*M
W _ 1
HY = ( > + 8p622 + k M1) sin g,
EY = iwp (aéwl aMz) sin @,
- 2.8)
10M, 1M (
HY = ( » + 622 + le) cos @,
Ei” = iy (GM) cos @,
op
HY = (ale _ 821\/12 _ 10M, + _1\/13) sin ¢.
0pdz  9p P 0p P’

The boundary conditions are:

(i) The tangential component of E vanishes on the
annulus;

(iiy E and H are continuous across the region
z2=0,p>a,0<L p<b;

(ili) M, and M, satisfy the radiation condition at
infinity.

In terms of the scalar fields M, and M,, these bound-
ary conditions take a simple form. Indeed, for M, we
have

0 oM i
5 =152 =a-—. b<e<a
0z 1, o+ 0z d.eo- W
2.9
oM, .
M, and e are continuous across z =0, p > a,
z
(2.10)
[Ml(P9 Z)]z=0+ - [Ml(Pa z)]z=0—— = B9 0 S P < b’
(2.11)

az 2=0+ aZ 2=0—

where 4, B, and C are three unknown constants
which shall be eventually evaluated with the help of
the edge conditions and continuity considerations of
the quantities [Mi(p,2)],—0. and [Ms(p; 2)].—0s»
which are functions of p.
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The corresponding boundary conditions for M, are
Moliegs = [Mp)ig- = 4p, b<p<a, (213)
M, and aa 2 are continuous across z = 0, p > a,
) (2.14)
aZ I aZ 22=0—
(2.15)
Molmor — [M),o- = Cp, 0L p<b. (2.16)

The electromagnetic problem has thus been reduced
to two scalar problems: one, to determine M, from
(2.6) subject to the boundary conditions (2.9)~(2.12)
and, second, to determine M, from (2.7) subject to the
boundary conditions (2.13)-(2.16). These two scalar
problems are linked by three arbitrary constants 4,
B, and C.

The next step is to give both these scalar problems
an integral equation formulation. We start with M,
and define the jump

I(P) = [M](P’ Z)]z=0+ - [Ml(Ps Z)]z—-—o— .
From (2.10) and (2.11}) it follows that
I(p) =0, p>a, Hp=58, 0<p<b (218

It is traditionally known by applying the Green’s
function method!!? that the differential equation
(2.6) subject to the boundary conditions (2.9)-(2.11)
has the integral representation formula

e = [ R T g

th
< f j z{ } do,di, (2.19)
7 Jo Jo R ), -0

where (¢, ¢, , z;) denotes the point on the annular disk
and

(2.17)

= [p? + 12 — 2pt cos (g — 1) + (z — 2}
Using the boundary condition (2.9) in (2.19), we
obtain

g b
wp

1 a 2 a2 eik’R
477-[)J:) ! (){322( R )}zl=0 h

2=0

1(o* 19 f
== Ay I
2(ap Pap+ ),: ot ©
y f ® pe "I y(pp)o(p?)
0 y

dpdr] , b<p<a,
z=0
(2.20)
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where
y = =ik — pOt, k> p,
=(p -kt p>k (2.21)
But
0° 10
(a P ;)Jo(pp) ~po(pp);

therefore, (2.20) becomes

(-4
wp
= - Mau(z) J;wpve““"Jo(pp)Jo(P‘) dp d’] 2=0

la b d ooty _
= - - — B— A '.V].ZIJ J td dt
Pap[ (L dtJ; » e " Jy(pp)ds(pt) dp

102 {72 oo dp a]
v dtJo p

2=0

b<p<La (222)

where we have used the boundary condition (2.18).

It follows from the integral representation formula
(2.19) for the function M,(p, z) that [M;(p, 2)],—s0
are continuous functions of p for all values of p if and
only if the function /(p) defined by the relation (2.17)
is also continuous for all values of p, and we obtain
from (2.18)

I{a) =0, B=I(b). (2.23)

Furthermore, it is interesting to observe that if the
relation (2.23) did not hold, then we would have
ended up getting a divergent integral (as p — b) on the
right side of (2.22).

From (2.22) and (2.23) it follows that

2p (A — —l—-)
Wi

_ o ([T
= (e[ 0] L riporon apar)
b<p<a, (224)
where
¢1(p)=dip[1<p)1 and I(@)=0. (225)

Now integrate (2.24) with respect to p, and divide both
sides by p to get the Fredholm integral equation of the
first kind,

filp) = (A -~ ;%)P

- f "t (Kt ) dt, b<p<a, (226)
b
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where the kernel K;,(z, p) is

Kut, p) = f L nepnendn. .27

Let us now attend to finding the corresponding
integral representation formula for M, from the
boundary value problem as embodied in the differ-
ential equation (2.7) and the boundary conditions
(2.13)-(2.16). This is accomplished by defining the

jump

blp) = [M} - {@1\4;@__)

. (2.28
0z 0z l=0~ 228

2k(p2+t£‘2pi cos pa2)E
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Thus from (2.14) and (2.15) it follows that
$a(p) =0, a<p< o0,
$a(p) = —Bkp = —k*pI(b), 0< p<b. (229

Again by applying the usual Green’s function ap-
proach, we find that the boundary value problem for
M, is governed by the formula

My(p, z) sin @

1 faj‘mr eikR . d d
_ tpo( ) — t
dm Jo Jo bs( ){ R }zl=osm P69

C bJ‘21F 2{ b (eikR) .
— Hl—— de,dt. (2.
+ 477.[;) o 0z;\ R }ZPOSIH P ah (2.30)

By setting ¢, — @ = yp, after simplification we obtain

Mp, )= — - f [T (r)(

P4 18— 2ptcos p +

Zz)%) cos ydy dt

'Lk[p +4%—2pt cos W {z—21)2)

e N P

The boundary conditions (2.13) and (2.29) lead to the
Fredholm integral equation of the first kind,

filp) = f (i)Knlts p) dty b < p<ar (232)

where

© pJ(pp)J(pt) dp
Ko, (t, = —_— 2.33
ult, p) f (2.33)
and
b [¢'s3
fup) = —24p + BK? f e f fj Ju(pp)u(pt) dp dt,
b<p<a (234)

It is interesting to note that Egs. (2.26) and (2.32) do
not involve the constant C.

In the next section we present a mathematical
technique for solving the integral equations of the
type (2.26) and (2.32).

3. MATHEMATICAL TECHNIQUE

Both the integral equations (2.26) and (2.32) atre of
the form

f(p) = f "Kult, ey dt, b<p<a, (1)

where the functions f and K are given and g(¢) is to be
found. We follow Gubenko and Mossakovskii’ and

set

fp) = b<Lp<a,

S a0 = fip) + e, (3.2)

P=—00

coswdydi. (2.31
2 —2ptcosyp + (z — z 1)2]4 } vev @30

z1=0

where
hilp) = Zoarp'a 0<p<La
-1
flp)= 2 ap’, b<p< oo (3.3)

Furthermore, we define two more functions g;(p) and
ga(p) such that

21(p) + g:(p) =0, 0<p<b,
=g(p), b<p<La,
=0, a<p<w (34

With the help of the relations (3.2)-(3.4), the
integral equation (3.1) becomes equivalent to the pair
of integral equations

fi(p) = f " OK(t p)dt, 0<p<a, (35

Ao =[ 8Ok Pt b<p< @ (36)

The present method is based on perturbing the
kernel K;(z, p) on a known suitable kernel K,(¢, p):

K\(t, p) = Ko(t, p) + G2, p), (3.7

where the difference kernel G(z, p) is in some sense
smaller than the dominant part Ky(z, p). Putting (3.7)
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in (3.5) and (3.6), we have
[kt syt

=10 = [ "6 P a, 0<p<a G
[kt st a

= 1ip) ~ f "6, Dy dt, b<p< . (39)

The choice of Ky(z, p) is such that for all g(r) it
satisfies the relation

f “Koft, p)g(t) dt
0 I3
= hu(p) f Kow, p)lhia(w)]

xf Ky(w, D)g(O)h,5(t) dt dw, 0 < p < o0,

w

= h21(P)mez(Ps W)[hzz(w)]2

x f Kat, W)e®hsstt) dt dw, 0 < p < oo,
{i]
(3.10)

where the functions h;;, i =1, 2,j=1,2, 3,and K,
are known functions. Besides, the kernel K,(, p) is
such that the Volterra equations

L’Kza, e di =f(p), 0< p< oo, (.lN)

f “Kep D) dt = f(p), 0< p< 0, (3.12)
P

possess explicit unique solutions for g in terms of f for
all arbitrary differentiable functions f. This method
also necessitates the introduction of two more func-
tions L,(v, w) and L,(v, w) such that

6(t, p) = hus(P)hast) f ’ f Ko(w, p)Ko(0, 1)
X hyo(W)hio(V)Ly(v, w) dv dw
= o) f w f " K, WK(t, 0)

X hag(W)hso(V)Lo(v, W) dv dw. (3.13)
The result of substituting (3.10) and (3.13) in the
relations (3.8) and (3.9) is the integral equations
4 o
o) [ Ko, OO || Ko, DO it
P ©
= 18) = ue) [ Ko, s [ "L, Wt

xfwKz(v, g (DHhs() dt dvdw, 0< p < a,
(3.14)
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and

has(p) f " Ko, p) a0 f "Kolt WgsOhast) dt dw

= 1u(p) = ha(p) f " Kooy )haa() f ® Ly(o, Whas(o)

x [ K, Db dtdodw, b < p< o,
0
(3.15)

where we have assumed that various orders of inte-
gration can be interchanged.

Let us now define functions Si(p), Sa(p), T:i(p),
Ty(p), C1(p), and Cy(p) such that

hm(P)J;wKz(P, g1 (hs(t) dt = Si(p), 0<p<La,

= _Tl(p)’ a<p< oo,

(3.16)

hzz(p)szo, PeDhd) di = —Ty(p), 0 < p < b,
~S(p). b<p<

(3.17)

ha(p) j "Kolw, YC W) dw = fi(p), 0 < p < a,
(3.18)

ba9) [ Kl WIC0hA) d = 1)
p
b<p<oo (3.19)
The integral equations (3.16)~(3.19) are of the form
(3.11) and (3.12), which can be inverted in view of our
earlier assumptions. Thus it follows from Egs. (3.18)
and (3.19) that the functions Ci(p) and C,(p) are

known in terms of fi(p) and f,(p). Moreover, from
(3.14), (3.16), and (3.18) we derive the equation

Si(p) + L "Ly(o, p)S,(0) do

— o) + j "L, AT dv, 0< p<a. (320)

Similarly, the result of combining (3.15), (3.17), and
(3.19) is
546 + [ Lo, 30 do
b
= P+ [ Lo, T e, b<p <0 (321
0

Since we have four unknown functions S,, S,, T3,
and T,, we need two more equations to supplement
(3.20)and (3.21). They are readily obtained as follows:
From the relations (3.4) and (3.16) we get the integral
equation

Tilp) = hualp) f “Kulps DgaDhislt) dt, a < p < o,
’ (3.22)



728

while the relations (3.4) and (3.17) yield the equation

Tip) = hualp) f "Kolt, PeOhas(t) dt, 0 < p < b.
(3.23)

Inverting (3.17), we find g,(¢) in terms of T, and S5,
and the result of substituting this value in (3.22) is an
integral equation containing the unknown functions
Sy, Ty, and T,. Similarly, inverting (3.16) yields g, (2),
which when substituted in (3.23) results in an integral
equation containing the unknown functions S;, T,
and T,. Thereby, we have succeeded in deducing a
system of four simultaneous integral equations
involving four unknown functions Sy, S,, Ty, and T,.
These equations are the Fredholm integral equations
of the second kind and, as such, can be solved by the
Neumann iteration scheme. Once we have solved this
determinate system, we can recover the values of the
functions g,(p) and g,(p) from the integral equations
(3.16) and (3.17). Finally, the relation (3.4) gives us the
value of the unknown function g(p) of the original
integral equation.

4, SOLUTION OF THE PROBLEM
Comparing (2.26) with (3.1), we have

80 = phls) Kult,p) = [T LLEDNCO 07
0 p
fi(p) = (4 — i[wp)p, (4.1)
fulp) = (A —ijop)p, 0< p<La,
Silp) =0, b<p<o,
&(p) = pdulp),  8x(p) = pra(p), (4.2)

where

$1(p) + dra(p) = 0, 0<p<b,
=¢1(p), < p<La,
=0, a<p<o, (43)

and where the subscript 1 has been introduced to
signify that we are dealing with the scalar problem
for M;.

We split Ky, as in (3.7):

K (2, p) = Ky(t, p) + G1(2, p),
where

Kot p) =L°°Jl(pp)J1(pt) dp, (4.4)

Glts ) = f ) (—; - 1)J1(pp)11(pt> dp. (4.5)
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When we use the formulas

208 1 [*J, mtt g
1,00 = (2) . | fi” W_)sz)% Y @)
_ (%P SN Bl ,,&(pw)w””'& dw
= (ZJor], =R @)
and
W 6 —

with ¢ being the Dirac delta function, we find from
(4.4) that, for all g(z),

[ &t gty
I R J’w tg()dtdw
= , 0<p< oo,
(np)ﬁ (0 — Wit (2 — Wit i
2 (* w2 f“’tg(t) dtdw
== , 0<p< 0.
ﬂ'p.[) (W — p)tJo (w2 — A} P
(4.9)

Similarly, from (4.5) we have

2 ([ (wv)%
Gl P = L L(pz — whk(e® — v

X (L p(lz’ — l)Ji}(pv)J;(pw) dp) dv dw

_em(e[e___ ot
I f f w* — p* — i

X (pr(z - I)Jg(pv)Jg(pw) dp) dv dw.
0 \p
(4.10)
Comparing (4.9) and (4.10) with (3.10) and (3.13)
gives
hlll(P) = 2/77'P,
hyai(p) = 2p/m,

hys(p) = p, has(p) = 1/p,
he(p) = 1/p, hias(p) = p,
Ky(t, p) = (p? — 197},

(4.11)

Lu@ew) = @9} "6 = Dipoa(om) dp, (412)

Lis(o, w) = (ow)t f " = Papo)aow) dp. (4.13)

Since the kernel K, = (p? — #2)~% is a rather simple
kernel, the Volterra integral equations (3.11) and
(3.12) can be readily inverted. Thus the splitting of the
kernel Ki;(¢, p) satisfies all the requirements of the
previous section. We can, therefore, follow that
analysis, and the integral equation (2.26) leads to a
set of the following four simultaneous Fredholm
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integral equations of the second kind:

1
u(p) = Lalp p(mRT(E)
xfbuszFl(%, L %; u')p’) du , a<p< oo,
0 (p* — )
(4.14)
2
T l
12(p) = lu(p) + ( )5[‘(2)
xf u Ta(w) oFa(3s 15 35 p°/u®) du 0<k<b,
« (u* — p%
(4.15)

S1(p) +J:Su(v)L11(Us p) dv

— Culp) + f T Luts p) dv, 0 < p < a,
(4.16)

Sulp) + f ” $,2(6) L, p) do

b
= Culp) + f o) Las(v, p) do, b < p < 0,

) (4.17)
whnere
1) dt
o| G =sue. 0<p<a
1 (?12,q(0) dt
L (—P‘%)ﬁ?=—m<p), 0<p<b,
= S1:(p)s b<p< oo, (419
2 (7 d
l —_ — —— —
1(p) 0 (pF — tz)% at
smw@dt
X | ==——, 0<p<b, (420
J; (u® — 12)1} P (4.20)
0 t_2 d
lop) = f ( — 2)£ d
t,2
u"Syo(u) du dt
X | —————, < p< oo, (421
J; (t — uz)% a<p (4.21)
Culp) =~ f RO o ¢ pca @22
(p" = 1)
t) dt
Clz(P)~—P pitULE S, b<p< o,
dp Jo (1* — p)
(4.23)

and ,F; is a hypergeometric function

oF1(3, 1, %5 x2y?) = (3y/4x®)
X {2xy — (F — xH)log [(y + x)/(y — 0}, x < p.
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Since fuu(p) = (4 — iop)p and jiu(p) = 0, Egs.
(4.22) and (4.23) yield
Culp) = 2(4 — ijwp)p, Cia(p) =0. (4.24)

Now, if we can solve the four integral equations
(4.14)-(4.17) for Sy, S12, Ty1, and Ty, then we can
invert the integral equations (4.18) and (4.19) and
obtain the values of ¢;; and ¢,,, which in turn give
the value of the required function ¢, from the relation

(4.3): ) Zi(fa Suu(u) du _f,, @) du)
mdp\Jo (u® — pz)é a (U — pz)%

¢1(P) =

+ _2_i(_f’ u*Tyo(u) du +f" u*S (1) du)
mptdp\ Je (o — ) b (ot — it
b<p<a (425

The system of integral equations (4.14)-(4.17) is
valid for all wavelengths and the ratios b/a. They are
specially useful for applying the iteration scheme when
the waves have long wavelengths compared with the
outer radius a of the annulus and when the inner
radius b is much smaller than 4. Thus we have the
perturbation parameters

o =ak, B=0bk, A=bla=fu
We shall, therefore, assume in the sequel that « « I,
« = O(4), and f = ad = O(«?). Fortunately, the
kernels of the Eqs. (4.14)-(4.17) tend to zero when
A, a, and f§ tend to zero. Indeed, by using Noble’s
contour integration technique,!* we have
Ly(v, p)

k

= _,-(u,))%ﬁ( — P HY (i) dp, p 2 v,
= —ien! [ ® = D riepHP e dn, 02 1,
(4.26)

where H!Y is a Hankel function of the first kind.
Since the Bessel and Hankel functions of order § can
be expressed in terms of elementary functions, the
formula (4.26) yields the following approximate
expansion:

—k*  2ipvk® (0 + 3pv)k!
Ly, (v, p) = — +
n(v p) =5 3n 48
;) 3\1.5
4 2+ P L b0y, p> o,
457
_ =k 2ipvk® + (0® + 3pP)k?
2 3w 48
2- 3 3 5
+ M + O(ks), v > p.
457
(4.27)
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Similarly,

Lis(p, v) = —k**[6p + O(K?),
= —k*p*/6v + O(k?),

p20,
v> p. (4.28)

With this much data in our hands, we proceed to
solve the system of integral equations (4.14)-(4.17)
and start with (4.16). Setting

Sulp) = Xu(P) + Wulp),

we split Eq. (4.16) into two simpler integral equations

(4.29)

Xu(ap) = 2a (A - —l-)p
o

1
—a f Xyy(av)Ly(av, ap)dv, 0<p <1, (4.30)
0

and

Wiap) = a | "LuGav, ap)Tutan) do
1
— af Ly(av, ap)Wyy(av)dv, 0 < p < 1. (4.31)
0

Equation (4.30) contains only one unknown function
and can be solved by the straightforward iteration
scheme. In fact, when we substitute the value of
alyy(av, ap) from (4.27) in (4.30), an approximate
value of X1;(ap) is obtained as

Xuu(ap) = 2a(A — ifop)
X [en()p + c(e)p® + c13(a)p® + O(a9)],

0<p<l, (432)
o 2ie®  Tot 4lied
yo 14 Ly R T Hind
@) =1+ 10 T Is0m
ol ot io? )
= L e e 4.33
(%) 127 32 30m (4.33)

4
3_2'6 .
The unknown functions occurring in the relation
(4.14)-(4.21) have to be evaluated in the order
Xus hus Thay Sias ey Tu, Wins Sua.

Having found X;,, we proceed to evaluate the other
functions in the above sequence and end up with the
following approximate values of the unknown
functions Sy;, Sqs, T3, and 75, as

Sulap) = Xy (ap) + O((A — ijop)a?l®),

ci5(®) =

(4.34)

0<p<1, (4.35
S1o(bp) = —(4a/45m)(A — iJop)e?2[p! + O(a?)],
1< p< oo, (4.36)
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Tu(ap) = 32a(4 — iop)(W5/4579)[p~ + 0(a2)],
I <p< oo, (437)
T1o(bp) = (8a[3m)(A — i|wp)i?p?
X {len() = eigla) — Jers(@)] + 242p
X [en(o) + 3eis(@)] + 5524%* + 0(«?)},
0<p<l1. (438)
Let us now solve the boundary value problem for

M, as embodied in the integral equation (2.32). The
kernel K, is split as

K2, p) = Ky(t, p) + Gy, p), (4.39)

where K, (¢, p) is given by (4.4) and

61, p) = (f — 1)) dp. (440

It can be easily verified that this splitting of the
kernel K, of the integral equation (2.32) satisfies all
the requirements of the previous section as for (2.26),
and, comparing the corresponding expressions in
Sec. 3, we have in this case
g(p) = pdo(p)s honi(p) = 2/mp, hars(p) = p,
has(p) = 1/p,  han(p) = 2p[m, ha(p) = 1/p,
ha(p) = p,  Kult, p) = (p* — 137,

g1(p) = pdai(p), ga(p) = paa(p), (4.41)

Lus(o, w) = (ow)t f mp(f - 1)J%(pv)J%(pw> an,

(4.42)
Los(o, w) = (ow)? f p(i’ _ I)Jg(pu)J%@w) dp,
0 Y
(4.43)
$an(p) + daa(p) = 0, 0<p<hb,
= do(p), b<p<La,
—0, a<p< oo (444)

The next step requires that we write f(p) = fu(p) +
J22(p) as in the relation (3.2). To accomplish that, we
have to expand the integral occurring in (2.34) in
powers of p. Now

b s3]
f o f 2 5 (pp)r(pt) dp di
o Jo vy
b 0
=["#[“sioprcon dp d

:thzﬁw (5 - 1)Jx(pp)J1(pt) dpdt. (4.45)
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Using the relations (4.6) and (4.8), we have

b 0
L IZL Ji(pp)Jy(pt) dp dt
w? dw dt

2 b ¢
= - ¢ 1 1
WPJ; L(pz _ W2)§(t2 _ w2)2
(" w? (1’ tdtdw
Jo (o2 — wit Ju(er — Wiyt

v . 2~k
- %f Wb — w2)f(1 - %) dw
mp- Jo p

2 b 3 wir
=————2J‘w2(b2—w2) (1+2A -) dw
7p° Jo p

n=1
1 W 2n 2
_ b0(1+zz%——9”—iﬂﬂ—), b<p<a,
8p* = pP (n 4+ 1)(n + 2)
(4.46)
where
n=1x3x5x---x(2n—l). @47
2X4xX6xX-x(2n
Similarly,

f’gf (g - 1)J (pp)Jy(pt) dp dt
el -

t Jy(pw)T3(po)wn)t
Tdvdwd
XJJ; P — Wz)%(t 2‘)? pdt

=%pJ;tJ ft WUL21(:) ;;)(:fv:lw;)i%t
f(p e vam(v )f tdtdv:;:v

o (_—w—)— f Lax(o, wy(b® — o) do diw
p — W

._.l{f v(bz_ Uz)%jﬂ
7p \Jo v

b
w
.
o (ot — wit
b
x f oLyy(v, w)(B® — )¢ do dw}, b<p<a.
(4.48)

wLg (v, w) dw dv

—_—

wz)%

The kernel Ly, (v, w) can be expanded in powers of &
by applying Noble’s contour integration technique4

731
and we have

k 2

. ) )4

l(UW)Ef (k2 2)%
‘”(pW)J%(pv) dp, w>v

b J’
now ——‘—‘——‘“
( ) 0 (k2 _ pZ)%
x Jypw)HY (pv) dp, v > w

Lyy(v, w) =

Ko 4ikPow K, 3
— 4+ — ——(3wv v
2 T 3n 16( )
Slk 6
~asa = (wv® + W) + O(k%), w>v
= 3
[c_w_ 4ik°vw _ K (3wv2 + WY
2 37 16
8lk 6
= asa = (wt® + W) + O0(k%, v>w

(4.49)
Substituting it in (4.48), we derive

th2ﬂm (f - 1)J (pp)Ji(pt) dp dt

K? f” ) 2%J"’uwdwdu
_ b — e
WP( ) (p* — W)}
b w %
-}—J; mf wo(b® — v%)* dv dw)
8ik® (j” widw )
+ 3772P 0 (PZ W2)%
b
x (f o(b? — *)t dv) +O(kY

2

k 2,2 b3 o ¥

wp(f”(” Pt = o) o+ L(p S
x (b® — wit dw) + 2&ik%hp + O(KY)

= (k*[mp){ pli'sb*m + O(b%/p*)] + (1/3p)[O(6%)]}
+ 5k + O(KY), b<p<a. (4.50)

Substituting the values of integrals from Egs. (4.46)

and (4.50) in (4.45), we readily obtain from (2.34) the

values of the functions f;; and f5, in terms of the

dimensionless parameters « and 4 in the form

fulap) = —2adp + Bla*A (¥ + sinp) + O],
0<p<L1, (451)

Jae(bp)
(2n + 1)A2

01.2).2 @
p e R
p T p”"(n+ D(n +2)
1<p< oo,

) +O(*2 4)],

(4.52)
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We are now ready to apply the technique of the last
section for reducing the Fredholm integral equation
of the first kind [(2.32)] to a set of four simultaneous
integral equations of the second kind for four un-
known functions Sy, Syy, oy, and Tp,. These equa-
tions are

Ta(p) = )+~
XJ: uznz(u)zl(;';(j,—l;f); uz/pz) du , a<p< o,
(4.53)
p?
Tos(p) = la(p) + ( )ip( )
[ a0
(4.54)

Sulp) + f Los(t, p)Su®) do

= Culp) + f Lun(v, )Ta®) dv, 0<p < a,

(4.55)
Saa(p) +L Lyy(v, p)Sss(v) dv
b
= Cylp) +J; Lyy(v, p)Tos(v) dv, b < p < o0,
(4.56)
where
2 (£ d
l _— e e —_—
21(P) ) (P _ tz)% it
du dt
xfiz—@—“—% 0<p<b (457
¢ (u2 — t2)
ey = 2 [ 2
=P m Jo (1 — ,02)1} dt
t,,2
xflsﬁ("—)d“T‘“, a<p< o, (458)
b (t2 — u2)
® ?521(’) dt 521(9), 0<p<La
—— = , (4.59
b (£ — pz)% {_TZI(}O)’ a<p<© (4.59)
? 2hoo(t) dt —Tlp), 0<p<b
) 3 = , (4.60
fo (p* — tz)% {Szz(P), b<Lp< (4.60)
1.d [?8,(0)dt _
Cal(p) =;‘7 A m, 0<p<La, (461)
) dt
Cop) = —p " fult) 21 b<p< o (462

dP @ — g’
and L,, and L,, are defined by the relations (4.42) and
(4.43). We have already expanded Ly, in powers of k in

D. L. JAIN AND R. P. KANWAL

Eq. (4.49). Similarly,
Lan(v, p) = (k*p*60) + O(K),
= (k*/6p) + O(FY),

From the relations (4.44), (4.59), and (4.60), it follows
that

2.d ([ Sul)du
wp =22 ) e

L)

mp® dp (0" — udt
p u2S,,(u) du
+f PO (4.64)
b (p" —u)

Putting the values of f;; and f5, from (4.51) and
(4.52) into (4.61) and (4.62), we have

v2p,

p>v. (4.63)

),bSPS&

Culap) = —4adp + Bla'i¥(s5m + Triap) + O()],

0<p<1, (465

_p[EEL e A aq8
sz(bp)—Bl: ; (,02+2zp2"+2( +2)) +0(a,1)]
1<p< . (4.66)

The steps of solving the system of Eqs. (4.53)-(4.56)
are the same as for the system (4.14)-(4.17). First, we

set

Sa1(p) = Xaa(p) + Wu(p), (4.67)

which splits the Eq. (4.55) into two equations:
1
Xu(ap) = Cylap) — aj; Ly (av, ap) X (av) dv,
0<p<1, (468
Walap) = aJ; Ly (av, ap)Tyy(av) dv

1
— af Ly (av, ap)Wy(av) dv, 0< p < 1. (4.69)
0

Equation (4.68) is easily solved to yield

Xa(ap)
= —4Aafcy(®)p + caa(®)p® + c25(x)p® + O(a®)]

+ Bat2 [ + fgiap + O(a®)], (4.70)
where
o 4ic®  19«* . 53id°
eylo) =1 —— —— 4 = ’
4 97 192 2257
o2 o
4 , . @
cas@) = T + s )= 960 (4.71)

The next step is to proceed in the order as given by the
sequence (4.34) with first subscript changed to 2.
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Thereby, the required solutions for Sy, See, Tar, and
Ty, are

Ssi(ap) = Xy lap) + O(azlaA) + O(*4°B),

0<p<1, (472
244 272
Saa(bp) = — M(l + 0(0!2)) + B[a_}“_
457 p 4

1 < 4, 4194
X (P—Z +2 g P2n+2(n + 2)) + 0’4 )]
= —[8A(act2)/457]lp™" + 0()]

+ B [—(1 — o}

— 3% — p ) + 3]

+ 0@}, 1<p < (4.73)
Tulap) = —(644al’[457%)[p* + O(a?)]
+ (8Bazs/45m)[p= + 0()], 1< p< 0, (4.74)

Tou(bp) = —(164aA%p*/3m){[car(a) — Ca3(et) — $cos(a)]
+ $A%p%[cy(e) + 3cgg(@)] + F5Atp?

+ 0(e%} + O(«®B), 0< p < 1. (4.75)

5. EVALUATION OF THE CONSTANTS
A, B, AND C

We found in Sec. 2 that the continuity of [M,
(p, z)],—40 at the inner edge p = b helped us to
get the relation B = I(b). We shall now evaluate 4
with the help of the outer edge condition and then
evaluate B from the solution. To accomplish that, let
us denote the total induced surface current density at
the disk by j(p, ¢, 0) = (j,»j,»0). Then the outer
edge condition demands that

Jo(p> 9,0) = O((@® — pP})  as (5.1)
j(P(pa ') 0) = 0(((12 - PZ)_%) as p —a. (52)
Now at the disk

jp(P’ P, 0) = [H((pl)]z=0-— - [H((pl)]z=0+
= —CO0s ‘p{P—l[‘/’l(P) + ¢a(p)] + k2I(P)},

p—a,

b<p<La, (53)
jolp, @, 0) = [H,(;l)]z=o+ - [H;:I)]z=o—
= sin p[$i(p) + Hi(p) + KI(p)],
b<Lp<a (549

The behavior of the function ¢,(p) at p = a is easily
determined if we appeal to the relations (4.3), (4.18),
(4.19), and (4.25). We get (see Appendix)

Sifa) + Tyy(a)

2
bp =P a0

+owf—ﬁfﬁ

as p—a.

(5.5)
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Similarly,

2 (Ss(a) + Ty(a
b = 22D 4 ot - )
7\ (a° — p%)
as p—a. (5.6)
It therefore follows from (5.3)-(5.6) that the edge
conditions (5.1) and (5.2) are satisfied if

S1(a) + Tula) + Sa1(a) + Tu(a) =0, (5.7)

since we have already made use of relation /(a) = 0
to insure the uniqueness of the solution /(p) of the
differential equation (2.25). Substituting the values of
the functions Sy;, Ti1, Ssy, and Ty from the last
section in (5.7), we obtain

2a(A4 — ilop)en(@) + c13(a) + c15(x) + O(ef)]
+ 32a(4 — ifop)(I5A5T[L.+ 0()]
= 44acy () + ca3(2) + ca5(@) + O(a%)]
— Bt + hio + 0(a2)] 4 (644ar3[/4572)
X {1 + 0(e®)] — (8Ba245/457)[1 + O(A%)],
(5.8)
where B = I(b).

Now we explain the procedure to be followed for
determining the unknown constants 4 and B. Sub-
stituting the values of Syy, Sz, T11, and T, obtained
in the last section into (4.25), we determine the value
of ¢, in terms of the unknown constant 4. Substi-
tuting this value of ¢, in (2.25), we solve it to find the
solution I(p) in terms of the unknown constant 4.
From this expression of I(p), we obtain I(d) in terms
of A. Thus we have determined the value of B in terms
of A, which when substituted in (5.8) gives the required
value of the unknown constant A4, and thereby I(p)
is completely determined. Putting p = b in this value
of I(p), we also obtain the value of the second con-
stant B = 1(b).

Following the above procedure, we obtain

—i 20 4ie® 20t 136ia®
=—(1+=+—+—+— 06),
w,u( 3 T3, T s T s, TO®)

4 (5.9)
; 2 2

= _@[1 p Ly O(as)] (5.10)
TOU 9 3

Having determined both the constants 4 and B, we
can write down the approximate expansions of X,
Sy, and Tij, i=1, 2, j=1, 2, from (4.32), (4.35)-
(4.38), (4.70), and (4.72)-(4.75):

Xulap) = —(4aijow)

X [dy(@)p + dig(@)p® + dig(@)p® + OGO,
0<p<1, (510
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where
Tow 179« 188ia°
dy(@) =14+ — + — 4 — 4 ——
() 12 97 960 @ 225x
17t diod
dyle) = — = = 25 22 5.12
() = =~ 0eg T 45m (5.12)
4
d - ,
15(e) 320
Sulap) = Xulap) + 0(@), 0<p<1, (5.13)
S1a(bp) = (8aia®A4/45mawu)[p + O(a?)],
1< p< o, (514)
Tyi(ap) = —(64iad3[457%uw)[p~® + O(a?)],
1<p< oo, (515
Ty5(bp) = —(16ia/3rwp)
x {A2p2[dyy (o) — dip(a) — Fdis(a)]
+ 344 [dyy (o) + 3dys(2)] + 5%A%p8
+ 0@}, 0<p<l, (5.16)

Xn(ap) = (diafop)
X [du(@)p + das()p® + dus(@)p® + O(9)],

0<p<l, (.17)
with
5q¢%  8ix®  21et | 138id°
d =14+ —4 —4— "
() = o T 0 s
19« 2ie® o
d N L -
(%) = + 28 13m0 P 960’
(5.18)
Sylap) = Xnlap) + 0(«"), 0<p <1, (5.19)
Ses(bp) = (Bian?A45mwu)[p™ + O(a?)]
+ Biajmou)@[l + 2o — 32 + 0()]
X [—(1 = p 9t — 3p2(1 — p D)t + 3p?]
+ 0(@*Y)}, 1< p < oo, (5.20)
Ty(ap) = (64ia2®/d5m2wp)[p~® + O(a?)],
1<p< o, (521)
Too(bp) = (16ia/3wop)
X {A2p?[dy () — dag(e) — 3da5()]
+ E24p4[dyy (o) + 3da(w)]
+ 54+ 0@}, 0<p<l. (522)

Substituting these values in (4.25) and (4.64), we
obtain

$1(p) " e
- ww,u(((l - 92/a2)%)

8ia®
1
[:( + + w+360

474" 168ioc5)
2257
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2 2 4 E:1

P [a®  19«°  Bia

a’/\6 + 180 + 457
22 4 5 3
p 82° a
2/ 120 06| + 457° p*

Pt (-3l

4 2,3
+— {ema(éﬁsxn"1 b (1 - I—)~) 2 )
3nl 2\ p Pl (-t
- b

Bp15p R\
+ e [ — - 2(1 ——-Z)
g p? ! p I
2 5.4
p) (1= b¥pY) 48b°
3

2. % 23
x [msfsin*Ié 8(1 —f’—) + 38(1 - b-)
b p P

. P
2
— 87(1 - b—z) -
p
202M4ab

457 pX(1 — b2[p%)}

(1 —282/&)*}}

+ O(a“)), (5.23)

where
ey = dyy — dig — 3dys
=1+ §o? + (8io®/97) + 2
ey = ¥(dy + 3dyg) = (1 +

ot + 208ix5/2257,
+ 1o? + 8ia®/97),

€15 = 3% (5.24)
and
¢2(P)
=l )
mop\(1 — p*/a®)}
o Bia®  47a*  168ia°
X{{l+=—4+—+4+—+—
[( + 2 + 97 360 2251:)
2 23t 4ied
()
+( a® 6 180 15w
22 5 .3
-E_ 6 82& a
+(1 a)(360)+ ()] 4523

3
3a . ip ( p2) 2 :]
X | ——sin" = + 1 — = + —_—
[ P a @) " (1—pYad)?

o gt (1,,9?)*_ 2]
377{222 b P Pt (1= b%pt

3 2 2. %

+ezf—f—{15” “‘b+2(1—b—2)
8 b P p

15 p4

3

b 8
91—} ——— | e, =2
( p:> (1—b2/p2)%] °2 48 bt
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2. % 2,3
13—8(1—5’—)+38(1—b—)
P p p

b? 48
—871 =) ———3
( pz) (l—bz/pz)%]}
2 2 b2
st
3 9 31Lb p p

2 20iab )
(1—b2/p2)*} Sl — Bl )
(5.25)

X [105 L sin”
b

where
€0 = 1 + %02 + (8io®/97) + 108i05/225m,

g = 2(1 + 30® + 8ia3/97), ey = 5. (5.26)
Finally, substituting the value of ¢,(p) from (5.23)
into the system (2.25), we obtain I(p), given by

o= 21~ 2]

o | Bio® | 470t 168im5)
x | {1 oot 360t s
[( Tty 360 2257
1 p2) (oc2 19 , 81&5)
1 =ENE 4+ =+ =
t 3( 2J\6 180 457
2\ 2 4
_Py > 6
+ (1 2) 00 + O(« )]
82° a’f . ap_ P _P
- 45m% p3 a” a\"  a?
4 ).2 3p2 o -1 b
+3w{122 w2 P

5.27)

Thus we have completely determined the values of
the unknown functions I, ¢,, and ¢, which, when
substituted in the Eqs. (5.3) and (5.4), give rise to the
values of j, and j, at the disk, as explained in the next
section.

Note that the edge conditions (5.7) and (5.8) do not
involve the constant C at all. However, to evaluate
C, we observe from the integral representation formula
(2.31) for the function M,(p, z) that [M,(p, 2)],_.0
are continuous functions of p for all values of p if and
only if C vanishes. It also follows from the continuity
consideration of these functions at p = 4 and the
relations (2.13) and (2.16) that

C =0. (5.28)
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6. INDUCED SURFACE CURRENT DENSITY
AND SCATTERING CROSS SECTION

The components of the total induced surface
current density at the annulus are given by the formu-
las (5.3) and (5.4). Substituting the values of ¢,(p),
és(p), and I(p) from Egs. (5.23), (5.25), and (5.27) in
the formulas (5.3) and (5.4), we readily obtain the
values of j, and j, at the disk. It follows from these
values that

Jo(ps @, 0) = O((p? — b3 %) as
]«p(P’ p,0) = O((P - b% 2) as

We are not giving the values of j, and j, explicitly,
for the economy of space, and these can be determined
as explained above.

Finally, to determine the scattering cross section,
we first find the far field amplitudes of M, and M,.
In terms of spherical polar coordinates (r, 6, ¢),

p—b,
p—b.

p=rsinf, z=rcosb,

the far field amplitude for M;, i = 1, 2, is defined as
M(p, z) = A(8)(e*[r) + O(r?), (6.1)

Comparing it with the integral representation formu-
las for M, and M, as given by (2.19) and (2.30), we
obtain, after a slight simplification,

¥ — 0.

icoth

A(0) = — L "It) dit [tJ,(kt sin 6)] dt

_ icot ert _d_t [I(H))J(kt sin 6) dt

_icoth

j t¢y(8)J,(kt sin 0) dt

icot@

L t[du(t) + d1a(t)y(kt sin O)dt,
(6.2)

where we have used the relations (2.18), (2.25), (4.3),
and (5.28). Now via the relations (4.6), (4.7), (4.18),
and (4.19), there results from (6.2) after some manip-

)
271 Sin 6

A,(0) = ia cos 6(
B 1
X ( J- v28,(av)Jy(e sin Gv) dv
0

—~ f oA Tyy(av)Jy(x sin 6v) do — 1*
1
1

x _[) v To(bv)J3(Bv sin 6) dv

+ At f “ o4 4(bo)T3(Bo sin 6) dv). (6.3)



736

Similarly,
b
Ay(0) = —%i(Bk2f t2,(kt sin 0) dt
0

_ L “tho(1)T (Kt sin 6) dt)

= —T15iBaa®)* sin 6[1 + O(c*)] + ia (oc_;i%@)é
X ( fo 1u’}Sm(av)J%(cx sin 6v) dv
— fl 00v%Tm(av)J,g(ocv sin 6) dv — )L%
X le‘}Tzz(au)Jg(p’v sin 0) dv
+ A J; 001;’}522(611))J;;(,80 sin 0) dv). (6.4)

Substituting the values of Sy;, Si2, T11, and Ty, from
the Eqgs. (5.13)-(5.16) in (6.3), we obtain, after some
simplification,

4a%x cos 0 8io®
a4,(0) = Hmoos O | 8a  Siol
@) 3nw [ 15 97
+ 5
16a’ | 176i0” at_(l 11o® " 8!&) sin? 6
105 2257 10 21 97
+ 2 sin*f — 16%° + O(cx“):l. 6.5)
280 1577
Similarly,
4oa® sin 6 8ia®
A[0) = — 1 —
+(0) 3nwu [ + 30 +9ﬂ
174 408la 174 4ioc5)
Lt + co + T
+ 280 t 75 6757 ( 420 t 45
+ —‘l—cos“f) _ 16k + O(x 6)] (6.6)
280 15+°

Having found 4,(6) and A4,(6), we use the formula
2
o= % (uk)®

x J "UALO)E + cos? 6 |A,(6) + Ay6)["] sin 6 db,
6.7)

where
Ay(6) = —tan 0A4,(0),

for calculating the scattering cross section o. After
substituting the values from (6.5) and (6.6) and
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simplifying, we obtain
_ 1280(4( 22« | 7312a*
277 25 18375

3245
1572

+ O(as)) .
(6.8)

When 4 — 0, (6.8) and the values of j, and j, agree
with the known results for the whole circular disk.!

APPENDIX

We give here the proof of result (5.5).
One readily deduces from the Eqgs. (4.3), (4.18), and
(4.19) that

)
(LU

a<p<oo (Al

If the function Ty,(p) is extended over the range
b < p < a, the Eq. (A1) will also hold for the range
b < p < a. But then the Eq. (4.25) yields

2 d {(*[Syu(u) + Ti,(u)) )
= ——— =" du],
¢1(P) 4 ( (u2 _ pz)% u
b<p<La (A2
This equation gives, after some manipulations, the
required result
2 (Sy(a) + Ti(a) 2 __ pz)\}))
as p—a. (A3)

¢i(p) = —(
1 ar (az — PZ)%
Similarly, the result (5.6) can be established. We have
verified that the solution ¢,(p) satisfies the formulas
(A2) as well as (A3).

+ O((a
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Ma has shown that, in the case of an exponential potential, in the s-wave S matrix there exist poles that
do not contribute to the completeness, even though they appear in the same part of the £ plane as the
bound state poles. These poles were called “‘redundant” poles. Subsequently, other examples of redun-
dant poles have appeared in the literature. Recently their importance with regard to the concept of
*‘shadow”’ states has been stressed by Sudarshan. If we construct the Green’s function for the Schrodinger
equation with the boundary conditions of regularity at the origin and the outgoing spherical waves at
large distances, the singularities of it in the k plane completely determine the L? class of eigensolutions.
From this Green’s function, the T matrix (and hence the .S matrix) is constructed explicitly. This §
matrix is found to be the same as the one defined through the usual Jost solution, and it is shown that
the singularities of the S matrix, besides corresponding to those appearing in the Green’s function, also
contain the ‘‘redundant” singularities. Thus it is shown that the wavefunctions associated with the
“redundant” singularities do not belong to the L* class. By a careful derivation, we resolve the Ma
paradox concerning the Heisenberg identity. In the particular cases of the exponential potential and the
Eckart potential, the redundant solutions correspond to the vanishing of a Wronskian pointing to the
breakdown of the linear independence of the starting wavefunctions in defining the S matrix through
the Jost functions. It is stressed that when singularities appear in the S matrix other than those corre-
sponding to the bound and scattering states of the given problem, the “redundant” singularities can
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only be understood by a “dynamical” equation such as the Schrodinger equation.

I. INTRODUCTION

Almost a quarter of a century ago, Ma! and, soon
after, Jost® discovered that, for exponential potential
for s waves, the singularities of the S matrix in the
physical plane are of two kinds. One set of poles
corresponds to genuine bound states, and another
set does not correspond to anything physical, in the
sense that they do not appear in the completeness
statement concerning the entire set of solutions for
this Hamiltonian. This was exhibited in terms of a
“Heisenberg identity,®”” which is derived from the
completeness statement concerning the L? class of
solutions of the problem, when one applied it to
the asymptotic region of the configuration space where
the scattering solutions in this region are written in
terms of the phase shift in the usual way. The Heisen-
bergidentity (HI) thus derived relates the spatial Fourier
transform of the S matrix, defined by exp 2i(k)
[6(k) is the phase shift] for real &, to the sum over the
square of the modulus of the asymptotic bound
state solutions. This integral can also be computed by
a method of contour integration when S(k) is assumed
to be the suitably analytically continued function in
the upper half k-complex plane which coincides with
exp 2id(k) for real k. This evaluation then led to the
paradox that certain new terms now appear besides
the known bound state contributions. Since the
complete solutions of this problem can be written
down, Ma verified explicitly that the completeness of

the set of solutions does not contain terms corre-
sponding to these “redundant” states. We resolve
this paradox in this paper by showing that HI is, in
actual fact, a tautology when the terms left out in the
asymptotic expansions are examined with care.
Subsequently, other examples of redundant poles
appeared in the literature.*® Peierls® later showed
that if the potential is a cutoff exponential, these
redundant poles do not appear at all. Moreover, by
arguments of perturbative character, by considering
a superposition of exponential potentials, he associated
the “left-hand cut” for the Yukawa potential with the
“redundant’ states, in that this does not appear in
the completeness of solutions for this case. Quite
recently, Biswas, Pradhan, and Sudarshan’ have
investigated these poles to elucidate the concept of
“shadow” states.

In this paper, we wish to put forward an explana-
tion of these “redundant” singularities of the
S-matrix in terms of the associated wavefunctions
belonging to a non-L? class. Moreover, by a careful.
consideration of the derivation of HI, we explicitly
show that, in actuality, a correct derivation yields a
tautology and not HI. This resolves Ma’s paradox.
In nonrelativistic potential theory, a complete identifi-
cation of the states for given boundary conditions
can be made by constructing the Green’s function for
the system.® From the Green’s function the complete-
ness of the entire set of solutions is derived; also,
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following the usual operator relationship between the
T matrix and the full Green’s function, one may
derive the S matrix for real values of the momenta
and energy. This is done purely fo bring out the
appearance of an extra term in the S matrix. Also this
gives us a check on the usual identification of S from
the Jost solutions. All these are given in the next
section. In the third section, two examples discussed
in the literature are re-examined in the light of our
approach, and it is shown that the “redundant poles”
correspond to the breakdown of linear independence
of two basic solutions employed in constructing the
usual S matrix. Thus the redundant poles correspond
here to vanishing of the relevant Wronskian. A
summary of the results is given at the end.

II. GREEN’S FUNCTION, COMPLETENESS
RELATION, AND S MATRIX FOR
SHORT-RANGED POTENTIAL

The solutions and definitions employed here are
those of Newton.? For simplicity, we will throughout
discuss the s-state Schrodinger equation only, and
a discussion of the higher angular momentum states
does not in any way alter the conclusions drawn from
this simple case. Since most of the details of con-
structing the Green’s function can be found in either
Ref. 4 or Ref. 8, we here give only the results. The
radial Schrodinger equation to be solved is

—y" + Uy = k%, M
where U = 2uV and other symbols have their usual
significance.® We will assume that r = 0 is “regular”
in the sense of the theory of ordinary differential
equations of second order, so that it will be assumed
that lim r2U(r) = 0 as r — 0. Only regular solutions
are acceptable for the discussion of the physical
problems. If £, (k, r) exist such that

lim ™™, (k, r) = 1 (2)
r—®

and are solutions of (1), then, if these two solutions
are linearly independent, we can construct a general
regular solution of (1) as

gk, r) = Qik)? [k, 0) [, (k, 1)
—fik, 0)f(k, 1)} (3)
Sk, 0) is fi(k, r) evaluated for r = 0 and is called
the Jost function. Note that &(k,r) —0 as r — 0.

We now construct the Green’s function associated
with (1), and it satisfies the equation

2
(— 5 + V() — k2)9‘+’(k; rr)y=—4r—r),
or
4)

NELSON, RAJAGOPAL, AND SHASTRY

with the boundary conditions that it be regular at
r = 0 and contains only outgoing waves for r — co.
Then, in terms of (2) and (3), we have?
SHk; r, ")
= —~ ik, OIS (k. g, rym,(r — 1)
+ [k, gk, N, (r" = 1)) (5)
where 0, (r — r’) = 1 for r > r"and is zero otherwise.

We may also state here that the functions f.(k, r)
are such that their Wronskian

Wy, f) = —2ik, (6)
and f.(k, 0) are the Wronskians
W(fi(ka I‘), (p(ksr))=fi(k50): (7)

Wy, v2) = viys — yiy,. The linear independence
of the various solutions are implied by nonzero
values of the corresponding Wronskians. The com-
pleteness of the entire set of solutions that obey the re-
quirements of regularity at the origin and outgoing
wave at infinity is at once arrived at from (5) in the
usual way. Defining the normalized bound state
solutions and the “outgoing” scattering solutions by

y"(r) = ¢"N(r)/N, = @(iK,, )N,  (8a)

Yy Mk, r) = ko(k, r)|f.(k,0), (8b)

where N, is the normalization constant, we then find
that the completeness statement is

and

z tp(n)(r)w(n)'(rr) + 2 (wdky)(+)(k, r)ip('”‘(k, )
7 T JO
=8r—7). (9

This also determines the complete set of the L2 class
of solutions for this problem.® The iK, here are the
poles in G (k, r,r’) or the zeros of f,(k,0) in the
upper haif k-complex plane. It may be noted that,
for a short-ranged potential, f, (k, r) and f, (k, 0) are
analytic in the upper half-plane in & but ¢(k, r) is
analytic in the entire k plane.> From (5) then, only
the zeros of f.(k, 0) contribute to the completeness of
the L2 class of solutions of Eq. (1). It may be remarked
that, for k = iK,, ¢(k, r) is such that it vanishes for
r— co.

From (5) we now proceed to construct the T
matrix by employing the relation

T = U + VGHY, (10)

We take the diagonal matrix element of (10) corre-
sponding to the energy k2, so that we directly obtain
T on the mass shell. Thus, for s waves, we need to
compute

k|l Tik) = By + M,
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where B, is the term corresponding to U, the usual
Born term, and M stands for the matrix element of
the second term of (10). Here (r I k) = jo(kr). Thus

B, =f dr rj5(kr)V0(r)
0

and

* o

M =J r drfmr' dr’
0 0
X jo(kr)U(r)SF ks v, )V jo(kr').  (11)

We now employ (5) in evaluating M. We use the
Schrodinger equation obeyed by f (k, r) in the pres-
ence of VU and that obeyed by j,(kr) in the absence of
U, to simplify the above expression for M. After
some algebra, we obtain

_ S0 e
= T 2ikf (k. 0) ik, 0) = 1]" = B,
0k 0) gL -
+ 0 Lk 0) 1] S [/-(k, 0) — 1].
(12)
Thus we get
k| Tk) = Qik)y™[1 — f_(k, 0)/f.(k,0)] (13)

after clearing the algebraic expression. It is interesting
to note that the usual Born term is cancelled by a
corresponding term in M and the remainder adds up
to (13). Using the relationship

S(k) = 1 — 2ik (k| T(k) \k), (14)
we arrive at the familiar S matrix, which could be
identified even at the starting point when ¢(k, r) is
defined by (3). The point of this calculation was to
show explicitly that the expression (9), which displays
only the appearance of f,(k,0) through S has
hidden in it the usual S(k). The algebra outlined
above shows another feature that the Born term in
(9) does not appear explicitly if T is evaluated by
making use of G,

This demonstration serves to indicate the appear-
ance of the singularities of f_(k, 0) in S(k) but not in
S (k; rr’). The corresponding eigenfunctions thus
do not appear in the completeness statement, and
hence by exclusion they do not belong to the L?
class of solutions of (1). In the next section we will
show two examples where the corresponding f_(k, 0)
have poles, which are then explicitly identified to be
zeros of the Wronskian of f, (k, r) and f_(k, r) when
appropriately redefined.

We will now show that Ma’s puzzle is really not a
puzzle at all by re-examining with care the derivation
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of the Heisenberg identity. Let us write
fulk,r) = 5 4 [fulk, r) — e=]
= etikr +_fj:(k, r). (15)

fu(k, r) is designed to vanish for r — co. From (3),
we then have

glh, r) = ¢°(k, r) + ¢°(k, r), (16)

where

Pk, r) = Qi) f(k, 0)e™ — £, (k, 0)e="]
and
Gk, r) = Qi) [f_(k, 0)f; (k. 7)

— fi(k,0)/_(k,1)]. (16'b)

Let us substitute (16) in (8b) and subsequently in the
completeness relationship (9). Then an exact restate-
ment of the completeness relation (9) is

(16'a)

S 0y ) + 2 f dky (e, rywst "k, 1) + A
n T JOo

=d(r—r), (17)
where
w('*')(k’ r) = y)(()+)(k, r) + 1/)~(+)(k: l‘)
©) ~(0)
LS G S UL RS
filk, 0 fi(k, 0)
and so
2 (® (+) VSN !
A== dk["/)o (ks r )1/’ (k’ r )
T J0
+ Pk, s (k1) + TR, Pk, 1)),
(19)

By construction, when (17) is applied to r, r’ in the
asymptotic region, we obtain

LS je, 2 el
277 n

+ 2 foodk sin [kr + 6(k)] sin [kr’" + 6(k)] + A’
=6(r — r'). (20)

A’ now contains A plus the left-out terms of the second
term in (17). If it is assumed that if A" — 0, then one

arrives at the Heisenberg identity upon using the
definitions S(k) = e2°® = 1/S(—k):

f dks(k)eik(r-+—r‘) — 2 |Cn|2 e~ | Kallrir), (21)
By a contour integration method, the integral on the

left side can also be calculated, in which case we
would obtain an extra term corresponding to the
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redundant poles. Ma suspected that, even though
P is zero, in the asymptotic region, an actual
evaluation of 4 (or equivalently A") may yield the
missing contribution due to the redundant poles, thus
giving the result of the contour integration method.
This was Ma’s puzzle. However, if one explicitly
calculates A by using only the definitions and proper-
ties of f.(k,r), fi(k,0), and S(k) but not evaluating
anywhere the Fourier transform of S(k), one merely
obtains, after straightforward algebra, the result that

A= __z 1'U(n)('.)w(fn)'(’,,/) + 2' f dk S(k)eik(r“").
n T J—0
22)
Note that we have not used any asymptotic expansions.

When (22) is substituted in (17), we merely obtain the
well-known identity

2

w

f " dk sin [kr + 8(k)] sin [kr’ + 8(k)]

o0

= 5(1‘ _ r:) — _l_f dk S(k)eilc(r+r'), (23)
27 J—w

which thus leads us to a tautology!

To make this a little more explicit, we reconstruct
the above calculation for the simple case of Eckart
potential, where all the terms can be explicitly written
out. The pitfall then is an actual evaluation of certain
integrals that make up A by contour methods, in
which case one merely verifies Cauchy’s theorem on
contour integration for S(k). Thus we have resolved
the original paradox posed by Ma. This tautology
also reaffirms the fact that, for a given set of param-
eters, the non-L? solutions are distinct from the L2
set and by such methods as asymptotic expansions of
the L? set one cannot glean at the structure of the
non-L? solutions.

III. THE EXPONENTIAL AND THE
ECKART POTENTIALS
A. The Exponential Potential'
Here
V(r) = —veele,

The complete solutions for s waves exist, and

(24)

Folle, 7) = W EOD — 2igk)T_y,(2avke ',

Sk, 1) = fi(=k, 7). (25)
Then
A (X
1k, 0)
_ e DO+ 2i000uQad) oo

'l — 2iak)J —2iak(2avg) .
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The zeros of £, (k, 0) corresponding to

J_sa(2a08) = 0 @7

define the usual bound states. The poles of f_(k, 0)
occur when I'(1 + 2iak) = <0, or when 1 + 2igk =
zero or negative integer, or, equivalently,

2iak = —n, ninteger (5 0). (28)

The Wronskian of J,(z) and J_,(z), which are actually
the two solutions £ (k, r) without the factors in (25),
is given by

WJ,(2),J_,(2)] = —2 sin (vm)/mz. 29

This therefore vanishes when » is an integer. Thus,
the starting solutions (15), where J_,,,, and J,,,, are
assumed to be linearly independent, are not so at
values of k given by (28). In fact, ¢(k, r), defined by
(3) and (25), for such values of k£ can be computed,
and, after some algebra, one obtains

7k 1) ——> —alJ, ()Y, (xe")
— J,(xe Y, ()] (30)

with x = 2a(v,)}. One thus obtains J, and Y, as the
two linearly independent solutions.’® ¢(k,r) does
not have the required behavior as r — o since it now
involves Y,,(0), not as for bound states.

B. Eckart Potential

Here

V(r) = =22 (1 + ﬁe’*')z,
0<1 —1<f<0 (31
Then,

folk,r) = e¥r{[2k — idg(] 2k + i)}, (32)

with
g(r) = (Be™™ — DJ(Be™ + 1),
and other quantities follow as before:
S(k) = 2k + i)[2k + iAg(0)]/[2k — iAg(0)J(2k — iA).
(33)

The bound states correspond to zeros of f,(k,0),
and we locate them at

k = i3ig(0) (34)

and the corresponding ¢(k, r) — 0 as r — co. For the
present choice of f, this pole does not occur in the
upper half-plane. A pole of f_(k, 0) is found at

k = iif2. (35)

Defining 7, (k, r) = e*"[2k — i2g(r)] to be the solu-
tion instead of (32), we find that the Wronskian of the
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two basic solutions is
W(f(k, 1), f_(k,r)) = 2ik(4k? + 2%),  (36)

and this vanishes for k = iA/2. Computing ¢(k, r)
for k = il]2, we see that

i {lrh(r) + (e}.r/z _ e—).r!Z)

ok 1) o 5
x [1+ g(Ng@l}, (3N

where
h(r) = 4Be™**((B + 1)(Be™ + 1).

Again, ¢(k, r) diverges as r — oo.

It may also be noted that the location of these poles
are independent of the strength of the potential in
contrast to the bound state poles.

We now demonstrate explicitly that the redundant
poles do not appear in any computation of the sort
employed by Ma. From (32) we note that we may
rewrite it in the form

folk,r) = &% — e[l + g()/(2k + ih)
= e + f,(k, 1),

and similarly for f (k, r). Hence one can explicitly

compute A, given by (18). All these integrals can be

done by the methods of contour integration or other-
wise, leading in actuality to the statement that

(32)

A = (Z/W)f dks(k)eik(r+r')
= 2mi Res {(2/ W)S(k)eik(r+")]k=u/2 .

This is obviously true. If we do not evaluate the
integrals by any technique, but rewrite it in terms of
S(k), we merely obtain (23). This then verifies our
resolution of the Ma paradox for the Eckart potential.

IV. CONCLUSIONS

From the analysis presented here, it is now possible
to make a definite statement in potential theory
about the nature of the solutions corresponding to
the singularities that occur in the S matrix, viz., that
the poles of f (k, 0) correspond to non-L? class of
solutions of the Schrodinger equation and the zeros
of f.(k,0) to the L? class of solutions. This is in
conformity with one’s intuitive feeling that, had there
been L2 class of functions corresponding to the
redundant poles, it should have been manifest in the
completeness relation. From the two examples given
above, for the exponential type potential, poles appear
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in f~ (k,0) which correspond to vanishing of the
Wronskian of the solutions, f,(k, r), and hence their
linear independence required for the definition of
¢(k, r); hence the definition of S(k) breaks down.
Since £, (k, r) were chosen to obey (2), the new linear
independent set will necessarily correspond to those
which do not obey (2), and hence, also, for such a
case, the non-L? type of solutions appear. It is known®
that for any cutoff potential of the exponential type,
poles do not occur at all for f_(k, 0), and, in fact,
fi(k, 0) do not contain any singularities. Following
the argument of Peierls,® the cut replaces the re-
dundant poles in the case of the Yukawa potential,
and the corresponding wavefunction seems to diverge
at infinity, just as for the redundant poles. We have
thus resolved the original Ma puzzle and given a
meaning to the redundant poles by characterizing the
corresponding wavefunction.
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Erratum: Properties of Overcomplete and Nonorthogonal Basis Vectors
[J. Math. Phys. 10, 1774 (1969)]

D. J. Rowe
Department of Physics, University of Toronto, Ontario, Canada

(Received 6 October 1970)

In this paper a simple alternative orthogonalization
procedure to the well-known Schmidt procedure was
presented with the principal objective of showing
how equations-of-motion calculations could be per-
formed for excitation operators expanded in a space
of nonorthogonal, and even over-complete, basis
operators. It has since come to my attention that this
orthogonalization procedure is identical to the
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“Method of Canonical Orthonormalization” pre-
sented by Léwdin! many years ago and used by him
in subsequent papers.? I wish, therefore, to draw
the attention of the reader to these papers and to
apologize to Lowdin for my failure to refer to his
work.

1 P.-O. Lowdin, Advan. Phys. 5, 1 (1956).
2 P.-O. Lowdin, Rev. Mod. Phys. 39, 259 (1967).
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Erratum: Maxwell’s Equations Having a Gradient as Source
[J. Math. Phys. 11, 2075 (1970)]

M. MURASKIN
Department of Physics, University of North Dakota, Grand Forks, North Dakota 58201

(Received 6 October 1970)

A gradient source also appears in the work of
J. S. Dowker and Y. P. Dowker [Proc. Roy. Soc.
(London) A294, 175 (1966)] and of J. Frenkel [Wave
Mechanics—Advanced Theory (Oxford U.P., Oxford,
1934), pp. 266ff]. Other pertinent references are J. M.
Whittaker, Proc. Cambridge Phil. Soc. 24, 501 (1928),

JOURNAL OF MATHEMATICAL PHYSICS

G. Rumer, Z. Physik 65, 244 (1930), and M. Sachs
and S. Schwebel, J. Math. Phys. 3, 843 (1962). This
last reference has some expressions similar to ours,
except that f = 0 is found there. I am grateful to Dr.
J. S. Dowker for drawing my attention to these
references.
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Erratum: Direct Canonical Transformations
[J. Math. Phys. 11, 2776 (1970)]

Davip P. STERN
Laboratory for Space Physics, Goddard Space Flight Center, Greenbelt, Maryland 20771

(Received 8 October 1970)

In this article the claim was made that a perturbation
method derived by Lacina® was in error by neglecting
the lower limit of an integral. I am indebted to
Dr. Lacina for pointing out and proving that the
contribution of this limit vanishes. The proof is by
induction, as follows (numbers refer to equations in
the author’s paper).

To show that one possible solution in Eq. (42) is
obtained by setting u* equal to zero, suppose that this
has already been proved for m < k — 1; then, for

those orders, {{™ vanishes at 5, = C. Now f®

depends on these ™ and on their derivatives, and
any term in f*) contains at least one such component
in undifferentiated form, associated with 0/dy; . There-
fore, with the given choice of ,u,,f’”’ of lower order§,
f® (p, = C) vanishes. Choosing y'*) = 0 in (45) then
shows that ui® also vanishes. To show this inductive
process can be started, it is only necessary to observe
that f® = 0, not only for y, = C but also in general.

1J. Lacina, Ann. Phys. (N.Y.) 51, 381 (1969).
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